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Foreword 


“And the science which knows to what end each thing must be 
done is the most authoritative of the sciences, and more author¬ 
itative than any ancillary science; and this end is the good of that 
thing, and in general the supreme good in the whole of nature.” 

(Aristotle, Metaphysics, Book I, 2) 

Operations research claims to say how, but does not say to 
what end. This “end” will remain the ultimate question for men 
to ask themselves, and it is certainly not logic that will provide 
the answer. 


* 

* * 

This book is not a work of political economy or econometrics; 
neither is it a book on statistical methods or probability theory. 
Its aim is far more modest. Many engineers, management con¬ 
sultants, accounting experts, etc. have not been able to devote 
sufficient time to mathematical studies. It is with these people in 
mind that the author has provided a book which, while it makes 
use of mathematics, avoids over-complicated and often useless 
developments—useless, that is, except for those who intend to 
become economic engineers or operations research analysts. 

For the latter, this book will offer little, because we believe 
that^ a good analyst should have far more background in mathe¬ 
matics than is required to understand this book. The perfect 
analyst must be a statistician, a well-informed economist, and 
a man of experience. Does this mean that nobody else should be 
interested in operations research? We do not think so, because 
the procedures of this discipline will develop only to the degree to 
which it becomes generally accepted by executives in top manage¬ 
ment, no matter what their areas of special responsibility. 

Actually, as we see it, there should be some kind of communi¬ 
cation between the engineers, managers, and accountants, on the 
one hand, and the analysts on the other. This implies a common 
language and mutual understanding. Other specialists are also 
interested in this new discipline: mathematical engineers and 
programmers of electronic computers. They too, inorder to develop 
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FOREWORD 


the methods of numerical calculation, need to familiarize them¬ 
selves with the methods and models of operations research. 

Adapted to the mathematical level of both groups, concerned 
with factors currently utilized in industry for the examination and 
analysis of economic or management phenomena: these charac¬ 
teristics describe the present work. 

No doubt there are some who will consider our concept of op¬ 
erations research a bit arbitrary. Actually, we place it in the class 
of artificial phenomena, i.e., those created by man to serve him: 
the field of structures, of machines, of products. 

We ask our readers to bear with us for the inevitable imper¬ 
fections in this work, and also for not having explored in detail 
the subjects of sequential problems, game theory, dynamic pro¬ 
gramming, and information theory, which would have required 
another book. This book presents the reader with models derived 
directly from, or associated with, only the more practical prob¬ 
lems; the explanation of these problems will, it is hoped, inspire 
him to go on to the study of new and fruitful theories. 

We wish, finally, to thank our good friend, Professor Reeb, 
of the Faculte' des Sciences of the University of Grenoble, whose 
encouragement was invaluable; R. Cruon, former student at the 
Ecole Polytechnique, now Ingenieur Militaire des Poudres; and 
P. Simionesco, Ingenieur de P Ecole Nationale Sup^rieure de 
PAeronautique. 

This book is divided into two parts. 

For Part One, no mathematical background is needed beyond 
what is taught in the first year of our second-degree classes. 
We have deferred to Part Two all the mathematical developments, 
the difficult proofs, and the complicated calculations. At the 
end of some of the sections in Part One, a number is given 
which refers the reader to the section in Part Two where he will 
find those developments whose understanding requires more ad¬ 
vanced studies in mathematics. In closing, we might note that 
a brief summary of matrix calculations, probability concepts, 
the concepts of statistics, and symbolic calculus is presented at 
the beginning of Part Two. 


A. K. 


* 

* * 
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Methods and Models 
of Operations Research 




Introduction* 


Operations research was christened in the cradle Mars built 
for it. But, although it was born in 1937, at a time when the storms 
were gathering over our world, its real origins reach far back in 
time. Let us briefly scan the principal stages of its history before 
going on to analyze its characteristics and explain its amazing 
growth. 


* 

* * 

As a beginning, let us accept a simple definition: Operations 
research is the scientific approach to decisions. 

It might be said that to decide is the nature of man, for decision 
implies a conscious choice among several possible solutions. While 
this is the diametric opposite of instinct and reflex, it is neverthe¬ 
less quite often dictated, to a greater or lesser degree, by intuition— 
that mental apprehension of the truth which finds in the data of 
experience what rational method seeks in applying a chain of 
reasoning to knowledge. 

The great strategists, like the great businessmen, have for the 
most part been intuitive men; but it would seem that the day is past 
when the “Chief” could find within himself all the data needed for 
his decisions. The “Experience-Intuition” approach is fast giving 
way to one of “Information-Reasoning.” This evolution has come 
about in two stages: first came the recourse to statistical informa¬ 
tion; then, the application of scientific reasoning. 

While statistical method is a very ancient means of treating 
information,** its analytical techniques and the breadth of the data 
collected are recent developments. Despite its present-day short¬ 
comings, statistics endows information with an objectivity it would 
otherwise lack. Only numbers make it possible at the same time 
to define and limit the object, to measure phenomena quantitatively, 
and even to distinguish qualitative aspects, provided always that 
appropriate criteria have been defined and selected. 


* Translator’s Note: The Introduction and author's Foreword 
are translated from the original French edition. 

**See our preface to the work of R. Dumas: L’Entreprise et la 
Statistique (“Business and Statistics”) (Dunod: Paris, 1954). 
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Today, businessmen have an increasing need for information. A 
man who heads an enterprise of complex structure and expanding 
dimensions cannot efficiently control his organization without the 
aid of copious, swift, and analytical information. But the moment 
that economic growth deprives the head of an enterprise of direc 
and personal contact with all aspects of his operation, it becomes 
vitally important, in order to avoid any personal bias which might 
have dangerous consequences, that the information gathered for him 
by others be “depersonalized.” In other words, it must be expressed 
in incontestable, objective figures. 

In this connection, statistical research is the first aspect ot 
rational management; the second appears at the point where 
scientific reasoning replaces intuition and rough calculation. This 
new stage is operations research. The first manifestations of it can 
be found in certain studies in econometrics, which for some thirty 
years has made great progress (thanks to its discovery of models) 
in analyzing economic phenomena within a strictly defined frame 
of reference, by means of mathematics or statistics. 

The risks of war, and the conduct of military operations, pro¬ 
vided operations research with favorable conditions for develop¬ 
ment. Doubtless, one could describe the mission entrusted to 
Archimedes by Hiero, King of Syracuse, of finding a way to fend 
off the attack of the Roman ships, as one of the first military 
problems in operations research. But operations research did not 
really come into its own until after the start of World War II. The 
substantial results it produced then were made possible by the 

conjunction of two essential factors: 

_first, the requirements of defense, which demanded effective 

protection while maintaining a “cost-is-no-object” attitude towards 
high research expenses; 

—second, the progress already achieved: m mathematics, which 
provided new analytical procedures for research workers; and m 
the field of high-speed computers, which are essential when the 
number of variables in a problem becomes very great. 

* 

* * 

Although operations research has continued to grow and develop 
since that time, it has not yet reached maturity. It is still too early 
to decide whether it should be categorized as science or as 
methodology. And yet one thing is certain: it already enjoys 


♦Utilization of radar in anti-aircraft defense; bomber flight 
programming to obtain the maximum ground destruction; calculation 
of the optimum size for seagoing convoys so as to reduce torpedo 
risks to a minimum, etc. 
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complete autonomy. In the world of science or technology, a dis¬ 
cipline can claim a separate identity only when it answers a real 
need and comprises a body of principles that are not limited by 
excessive specialization. On this last count, we may note that a 
number of operations research procedures can be used to solve 
problems that are organically very different from one another. In 
every case, the situation presents (a) one or more objectives to be 
achieved for optimum conditions, and (b) constraints, i.e. limiting 
conditions that are imposed. And yet we notice very often that 
problems of different natures arise under analogous conditions. 
In other words, the essential identity is replaced by an analogy 
among the solution procedures. Hence we can say that, in dpera¬ 
tions research, there is no such thing as a specifically military or 
specifically economic problem. What we have are problems of 
certain types, which although they may arise in the most widely 
diverse fields, lend themselves to certain types of solutions. This 
same state of affairs can be found, furthermore, in disciplines 
closely allied with operations research: no statistical method, for 
example, is restricted to use in such-and-such an area. To spe¬ 
cialize the methods of operations research would therefore mean 
compromising its opportunities for growth, which require, on the 
contrary, precisely this polyvalence. 

Taking as a pretext the expanding, and highly promising, state 
of operations research at the present time, some people resist 
defining it, as if precise definition would necessarily cause it to 
harden into a mold. Without accepting the inverse notion that the 
choice of term can, of itself, confer boundless riches, it seems to us 
a sound move to propose a definition. As we see it, operations 
research is “the body of methods which makes possible a rational 
determination of .the most efficient or economical solution in 
policy-decision problems concerning the management of an eco¬ 
nomic or human phenomenon, drawing upon statistical-mathematical 
procedures which sometimes require the use of high-speed com¬ 
puters. These methods are based upon a prior analysis of the 
relationships among the technical and psychological factors in the 
phenomenon’s structure, which is achieved by recourse to the 
various appropriate scientific disciplines.*” 

Of course, by choosing this way of stating it, we are considering 
solely the help our discipline can provide in making decisions. 


*This is, save for certain modifications in form, the definition 
we suggested in 1957 in our opening lecture to the Course in 
Mechanographic Studies at the National Conservatory of Arts and 
Trades (Paris, 1958). By mechanographic machine we mean any 
device or process used to perform manual or intellectual work in 
the area of recording and calculation. 
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However, we are dealing here with a methodology whose useful 
potential must not be limited exclusively to the domain of action. 
Research, of whatever nature, can and should make use of it. If 
we wish to indicate in this definition the general applicability of 
operations research, we have only to include as its aim the ex¬ 
planation of a particular phenomenon. This is one of the concerns 
with which we shall deal when we come to discuss terminology. 

Recherche operationnelle is the French translation of the 
British term “operational research” and the American version, 
“operations research.” The Anglo-American term “operation” 
designates both military activities and the understanding of a 
phenomenon for purposes of action. While the first meaning has 
entered into French terminology, the second does fall a bit harshly 
on the Gallic ear. Therefore, we would be tempted to suggest 
another term: rational computation*, which suggests both calcula¬ 
tion and scientific rigor, and hence would have the advantage of 
covering both corporate management studies and research in pure 
theory. 


* 

* * 


Rather than dwell on this question of terms—which doubtless 
would be excessive purism, although precision in language is often 
the first condition of rigorous thinking—let us now ask what 
advantages might derive from the widespread adoption of our 
discipline. As we see it, there are two objectives: to encourage 
practical application, and to develop a particular state of mind. 

If one is convinced, as we are, of the need for placing business 
economics** on a sound numerical and rational basis, it is essential 
to encourage the use of rigorous procedures. Contrary to the 
beliefs of some people, operations research does not always re¬ 
quire the use of very advanced mathematics, which would make it 
the prerogative of large organizations alone, or of those that could 
afford to call in specialists. It includes a number of simple forms 
whose usage could well be more widely adopted in the field of 
moderate-sized business. In every case, it brings an analytical 
and integrating view to the study of problems. 


*This is the term under which we intend subsequently to explore 
the problems of business management. 

**For our views on business economics, see particularly La 
Normalisation Comptable au Service de l’Entreprise, de la Science, 
et de la Nation (“Accounts Standardization in the Service of the 
Corporation, Science, and the Nation”) Goals and problems; French 
and foreign solutions. (Dunod: Paris, 1951). 
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But the spread of operations research also has the advantage 
of encouraging research in business economics, whose develop¬ 
ment is, we believe, the essential condition for a renaissance in 
economic thought and science. For the analysis of the phenomena 
of production and exchange at the level of the enterprise, then at 
the level of economic sectors, is the only thing that will enable us 
to grasp the reality and nature of these phenomena, whose features 
often are lost or blurred in the overall economy.* 

As we have demonstrated in our teaching and in our work since 
1945, the development of research in business economics implies 
several conditions: 

first, abundant documentation, which statistics cannot provide 
in the old form of partial and occasional samplings; it must be 
found within the organization itself, by means of standard book¬ 
keeping methods, which greatly facilitate the gathering and handling 
of numerical data; 

—second, an opportunity for fruitful discussion: first of all, 
within the organization itself, among engineers, salesmen, market 
specialists, administration and management experts; and then, 
among the research workers and the economic policy-makers. 

—lastly, approaches and research methods that make it possible 
to exploit the collected information so as to solve the problems 
posed both by management and by the scientific study of economic 
phenomena. 

The remarkable progress achieved on the first two points 
during the last fifteen years indicates that it is now time to attack 
the third. In fact, it is undeniable that, under the influence of 
various factors, the documentation is piling up and an eagerness 
for discussion is widely felt. It remains now to provide the methods 
needed. That is the aim of this book. 

* 

* * 


It is worth noting that the phases of M. Kaufmann’s training in 
operations research reflect somewhat the growth pattern of the 
discipline itself. Assigned during the last years of the war to an 
American operations research service, our colleague, at war’s 
end, pursued his studies in that field. He now holds the position of 
mathematical engineer in a major French company manufacturing 
electronic machines, where his great scientific learning is in¬ 
valuable. Called upon as he is to solve numerous practical prob¬ 
lems in operations research, M. Kaufmann has acquired an 
experience in depth which, it seems to us, gives him particular 


*See Note ** on preceding page. 
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qualifications to be the author of the first work on this discipline 
to be written and edited directly in French. We believe he has 
produced a work in no way lacking originality and of considerable 
us efulne s s * 

Another contributing factor to this success must be emphasized. 
Experience has shown repeatedly that the best book is the one 
whose subject matter has been taught before it is ever committed 
to paper, because the lecture hall is the true test bench of scien¬ 
tific and technical literature. Our colleague has already proved 
his pedagogical prowess as an expository writer in the many 
courses he has taught, particularly those he now gives to the 
mathematical engineering students at the University of Grenoble, 
the students at the Faculte des Sciences at Toulouse, the auditors 
of the Swiss Automation Association in a course sponsored by the 
University of Geneva, and the job-trainees at the Center for Study 
of Industrial Problems at Lille. 

It is therefore with the fullest confidence that we present M. 
Kaufmann’s work on Methods and Models of Operations Research, 
certain as we are that it will greatly further the development of 
business economics. 


Andre A.-Brunet 
Professor 

at the National Conservatory of Arts and Trades 
and at the Institute of Political Studies 
of the University of Paris. 



PART I 


METHODS AND MODELS 



Chapter 1 


General observations 
and remarks 


Section 1 
INTRODUCTION 

Before we describe a number of mathematical models employed 
in operations research, and before explaining the methods that are 
generally used with these models to reach meaningful conclusions, 
we shall try to establish the real nature of our subject and the area 
in which our concerns will lie. 

In writing this book, we did not have in mind presenting a com¬ 
plete course in operations research; we placed ourself in the 
position of an “applied” mathematician who wishes to describe 
the mathematical tools of physics, without pretending to be a 
physicist. The situation is the same here: the author makes no 
pretensions to a work of economic research on the grand scale nor 
does he intend to lecture management engineers. As the title of the 
book indicates, we are concerned with presenting methods and 
models; it is left to the individual reader to make use of them or 
not. We might have called this book “Applied Mathematics of 
Management,” but those who still do not accept mathematics as a 
working tool would have been mislead as to the elementary charac¬ 
ter of the book. 


Section 2 

NATURAL PHENOMENA AND ARTIFICIAL PHENOMENA 

The physical sciences emerged when it became possible to 
evaluate, first on a qualitative, and then on a quantitative basis, 
the phenomena of nature. The first attempts of the ancients in this 
direction were made solely with the aim of unearthing facts that 
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would confirm metaphysical or cosmological hypotheses. Like 
geometry, physics was found exciting because it served no other 
purpose than the elevation of thought. In the eighteenth century the 
first utilitarian achievements of experimental physics appeared; 
then came mathematical physics, whose models and apparent laws 
made possible an almost perfect analysis and prediction of a vast 
number of natural phenomena. A very similar pattern of develop¬ 
ment has taken place in our knowledge and use of another science— 
that of artificial phenomena, those phenomena that owe their 
existence to the application of man’s genius. Is the word “artifi¬ 
cial” preferable to the word “economic?” Would it not be better 
to speak of “management phenomena?” At the risk of some criti¬ 
cism, we shall use the expression “management phenomena’’ 
whenever we are speaking of active wholes (ensembles) consisting 
of men, machines, and products, in either their concrete or ab¬ 
stract forms. 

Although physics did not become a practical science until the 
eighteenth century, the science of management phenomena—which 
in certain of its aspects is called “economics”—did not have 
meaningful utility until the twentieth. We should not like there to 
be any confusion as to the word “utility.” To us, this word means 
that theory has made possible certain technological or organic 
achievements in human society. Long before our time, and even 
before Adam Smith or Quesnay, political economy was a philo¬ 
sophical subject for certain men who, almost without exception, 
centered their attention on its qualitative aspects. It was the 
growth of the mathematical sciences that permitted a development 
in economics similar to that of physics; and it was this develop¬ 
ment that made possible our knowledge of structures and of laws. 

Operations research is not, in itself, a science, but rather a 
scientific attitude towards management phenomena—unfortunately 
we are afflicted today with the habit of using a single word to 
represent both the method of observing facts and the facts them¬ 
selves, precisely as happened with physics and the science of 
physics. However, this question of semantics is not of major 
interest to us: all we seek is clarity as to what we are talking 
about. Another word, “econometrics,” is used to represent the 
entire body of knowledge which relates to the quantitative aspects 
of management phenomena. When one speaks to an economist 
about operations research, he will state, quite accurately, that 
we are just discovering what people like himself have been study¬ 
ing for at least a hundred years. Then why use this phrase “oper¬ 
ations research” which has little difference of meaning? This 
issue is hardly worth arguing. One fact is unquestionable: rea¬ 
sonable men have changed their attitude towards management or 
economic phenomena; instead of being satisfied with intuition or 
qualitative deduction, they now demand a quantitative description 
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of the facts. In order to make a decision, they want to have a 
formal or probabilistic knowledge of events, a knowledge that will 
very often be derived from statistical measurements. This is the 
origin of the definition—not a bad one, at that—of operations 
research as the scientific approach to decisions. 

Since we shall be referring to management phenomena, let us 
here present a few concrete examples: 

—the total set of operations involved in assembly-line manu¬ 
facture of a product; 

—variations in the level of inventory; 

—the distribution of rolling-stock in a railroad system; 

—the management of funds; 

—a problem of strategy; 

—sales promotion decisions; 

—the economic implications of a product mix; 

—the development of a waiting line; 

—organizing a sea convoy in wartime; 

—the planning of agricultural production; 

—the location of a factory. 

These examples indicate the variety of things that can be 
studied in operations research. In each example there are struc¬ 
tures, machines, or products, combined with the activities of man. 
The borderlines between the economic and the physical areas are 
not always very clearly defined—economics and technology are 
often closely linked; for example: the manufacture of a chemical 
product on an industrial scale poses both technological and eco¬ 
nomic problems, and may also pose problems that are physiologi¬ 
cal, psychological, or social in nature. The concept of economic 
function, which will be developed subsequently, provides some 
illumination of the borderlines among the various arbitrary fields. 


Section 3 

MEASUREMENT AND THE MATHEMATICAL MODEL 

Two equally fruitful avenues are available to the physicist in 
his research: one is based on measurement and experiment; the 
other is based on mathematics. The same holds true for those 
interested in management phenomena. The methodology of physical 
measurements is better established than that of economics. 
Basically, this is because one can repeat a physical experiment 
many times under identical conditions and arrive fairly easily at 
an objective measurement, as well as a calculation of the maximum 
experimental error. In the management situation, it is rarely 
possible to carry out experiments, due to the high cost. Is it con¬ 
ceivable to arrange at will the traffic load on a highway, or to 
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calculate the selling price of an item made by machines of a new 
type that has never been used before in production? Therefore we 
must content ourselves with statistical measurements, obtained by 
observing a great number of cases; analysis of such statistics 
allows us to discover functional relationships or theoretical dis¬ 
tributions. Starting from such analyses, we construct a mathemati¬ 
cal model; this is nothing more than a set of functions and prob¬ 
ability distributions which, when the measured values of the 
variables and parameters are introduced, satisfies all the rela¬ 
tionships, for all possible cases or for a very large number of 
them. 

We have no intention of presenting here a 
'A. course in statistics,* but we must emphasize the 
n importance of statistical measurements. For ex- 

/j ample, to cite a mean without specifying the 

/1 standard deviation, or to give the measurements 

1 1 I drawn from a sample without specifying the con- 

h 'j ditions under which the sample was obtained, can 

/ ; be very misleading. Hence a preliminary study 

/ I of statistics is essential, and measurements 

J^ j must always be accompanied by the necessary 

f m J j information as to the circumstances which they 

' ' were made. 

When a physicist looks at a pendulum, such 
Fig. 3.1 as the one in Fig. 3.1, he can immediately asso¬ 

ciate its behavior, once it has been set in oscil¬ 
lation, with a differential equation: 


d*0 

ml* + mglQ — 0 


or, to simplify: 


Equation (3.2) is the mathematical model of the phenomenon 
which occurs when the pendulum is displaced by a very slight angle 
from its equilibrium position and allowed to swing freely. From 
this model, the physicist can derive a law: the uniform period 
(isochronism) of oscillations; 


T = 2tc 


and he can also use this model for other measurements. 


*On this point, the reader may consult Dumas, L’Entreprise et 
la Statistique (“Business Statistics”) (Dunod: Paris, 1954). 
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By carrying out another experiment with an electrical circuit 
(Fig. 3.2), and proceeding to describe the 
phenomenon by an equation, one obtains, 
if q equals the instantaneous value of the 
charge on the plates of capacitor C: 


d a <7 

~dt*~ 


+ 


0, 


3.4 


Inductor! 


C 

Capacitor 


or 


d*q 

dt* + LC 


= 0. 


Fig. 3.2 


3.5 


Equation (3.5) is the mathematical model of this electrical phe¬ 
nomenon, from which the physicist can derive a law: that of the 
uniform periodicity of the electrical oscillations produced: 


T == 2n VTC. 


A comparison of Equations (3.2) and (3.5), and then laws (3.3) 
and (3.6)—replacing 1 with L, g with l/C, and 6 with q—shows 
that they are the same. Thus, we find that one and the same model 
may apply to completely different phenomena. It is easy, then, to 
appreciate the importance in physics of having a number of such 
models to serve as guides for new research. 

If we may philosophize a bit, we might point out that analogy is 
playing and will continue to play an increasingly important role in 
research, since by employing it we can take into account the ever¬ 
growing heritage of preceding discoveries. 

It is possible to operate in the same way on a management 
phenomenon; having constructed a representative mathematical 
model, we will often find it very similar to one derived from a 
phenomenon involving entirely different entities. 

For example, an observer measures the intervals at which 
vehicles arrive at a customs checkpoint and the length of time they 
are stopped there. After a fairly large number of observations, 
he notes that the average arrival rate everyday from 2 to 4 p.m. is 
constant, that the average customs check time is also constant, 
and that it is possible to predict the average length of the waiting 
line (queue). Knowing the mathematical description of this situa¬ 
tion, he will construct the following model: 

“ PnO) = * Pn-i(t ) + P Pn+i(t) — 0* + (X) p n {f) , n > 0 3.7 


THE HUNT LIBRARY 
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where X is the average arrival rate, and fi, the average customs 
check time; p^t) is the probability that at time t there is a waiting 
line of n cars, including the car which is being serviced. 

Assuming that he knows how to solve such equations, which are 
not, after all, excessively complicated, he will find that the average 
number of cars in the waiting line, including the one now going 
through the checkpoint, is 



3.9 


Th^s, for example, if the average rate of arrival is 12 cars per 
hour, and the average check time is 16 cars per hour, the value of 
n, which is the mathematical expectation of the number of cars in 
line or going through the checkpoint, will be 3. Of course, this 
information alone is insufficient, since one would also wish to 
know the probabilities of a waiting line of zero length, or of length 
one, two, three, or x cars. The reader will already have realized 
how useful such a model can be in predicting what will happen 
under analogous circumstances. 

Suppose now that our observer goes to a telephone switchboard 
and measures the intervals between calls, and the time a certain 
line is busy. He will quickly see that this phenomenon is governed 
by the same equations as the preceding one. The same mathemati¬ 
cal model is applicable to both. 

We have thus obtained models which describe management 
phenomena of the most diverse kinds; some of them are simple 
and contain few variables. In these instances we can analyze the 
problem very easily for some values of the variables. For others, 
very large calculating machines are needed, because the calcula¬ 
tions are complicated or very numerous. 

We will distinguish two basic kinds of models: first, formal or 
deterministic models; and second, probabilistic models. 

In the first group, the variables are linked by functional rela¬ 
tionships; in the second group, a given dimensional value is asso¬ 
ciated with a probability, and such dimensional values are called 
random variables. Queuing or waiting-line problems, for which we 
have just provided a very sketchy example, are described by a 
probabilistic model. The pendulum and oscillating circuit prob¬ 
lems, on the contrary, have a deterministic model. In physics as 
well as in operations research, one finds both types of models. 
Some models are valid for physics and for management: for 
example, in the theory of equipment wear, a physical model of 
the phenomenon can be constructed and used. 
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Section 4 

OBJECTIVES, CONSTRAINTS, ECONOMIC FUNCTION* 

There is a fundamental distinction between natural and artifi¬ 
cial phenomena. With natural phenomena, the “purpose” is entirely 
unknown to us, and research is limited to a description of causes 
and effects. With artificial phenomena, there is almost always a 
purpose, a goal, or a body of objectives which one plans to achieve. 
Every organization has a purpose; the motives behind this purpose 
may be moral, material, or a complex combination of factors. The 
description of this purpose takes explicit form when one defines 
the objectives to be attained. For example: 

—in an industrial problem: to reach a certain production rate 
in a given time, to meet certain qualitative specifications for the 
product, to capture a given share of the market. 


*Since the word objective has many shades of meaning, we think 
it important to examine it carefully. 

For many authors, objective and economic function are syno¬ 
nyms. And in this case, to state that “there can be one objective, 
and only one, to be optimized,” must mean that “there can exist 
only one economic function to be optimized, and no more.” 

Other authors take objective and goal to be achieved as syno¬ 
nyms. In this case, one can conceive of a problem with several 
objectives; for example: to equal or better a given output, not to 
exceed a certain investment level, not to exceed a given per¬ 
centage of overhead. These objectives are actually constraints. 

Unfortunately, opinion on this point is sharply divided, and, 
contrary to what we have done in our opening explanations, we 
shall employ the following definitions from now on: 

By objective we shall indicate the goal to be achieved, the goal 
to be bettered, or the limit not to be exceeded (as the case may be); 
and note that there can be several objectives. 

By constraint we shall indicate a limitation over which we 
have, or do not have, control (as the case may be). 

The objectives and the constraints taken together constitute the 
mathematical restrictions. 

As for economic function, it is the function to be optimized, 
which represents the value associated with the system or the 
operation. This function is always unique; i.e., there can be only 
one. 

We should point out that, in certain problems, the economic 
function can be an objective, which is then unique. For example, 
an industrialist may take his own profit as his sole objective. 
In this case, the other limitations are only constraints. 
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—in a military problem: to occupy a certain portion of terri¬ 
tory, to destroy certain designated installations. 

Almost always, the purpose or the body of objectives can be 
fixed or attained only if prior consideration has been given to the 
price or the sacrifice that is acceptable as the cost of carrying out 
the operation. According to the nature of the problem, this price 
or sacrifice will arise in the form of an economic function or a 
function of the cost of operations that is to be “optimized,’’ which 
is to say rendered maximal or minimal as the case may be. An 
industrialist will wish to achieve his production objectives while 
maximizing the economic function that represents his annual 
profit. A general will wish to achieve the military objectives that 
have been assigned to him, while minimizing the cost of operations 
function, which will represent, in this case, loss of life and mate¬ 
riel. 

Hence, logically, every organization or operation must have an 
economic function; and, since we propose to seek the optimum of 
that function, it must be unique. We shall now state this observa¬ 
tion in the form of a principle: 

“In every organization or operation, one may encounter or 
prescribe several objectives that are to be achieved, surpassed, or 
not exceeded; but there can be only one economic function to be 
optimized in relation to that organization or operation.” 

It is regrettable to hear the heads of companies state their pro¬ 
duction problems in some such way as this: “I should like to 
boost my sales volume to the maximum, while cutting my annual 
manufacturing costs and my rate of investment for the next year 
to a minimum.” A correct statement of the problem might be this: 
“I should like to reach or surpass such-and-such a sales volume, 
not exceed my fixed investment rate, and cut my manufacturing 
costs to the minimum.” A problem stated this way is understand¬ 
able, and can be solved. The first statement has no real meaning.* 

Therefore, let us repeat: a management phenomenon may con¬ 
tain several objectives, but one, and only one, economic function 
to be optimized. 

This economic function may be evaluated, according to circum¬ 
stances, in dollars, in time, in distance, etc. Thus, we might be 
well advised to use another name for this function, since the func¬ 
tion may sometimes relate to activities that cannot be classified 
as economic phenomena (military operations, for example). 


♦This is not to deny the propriety, in certain special cases, of 
simultaneously optimizing several economic functions, each of 
them relevant to a system or operation, or to the total property of 
many individuals, each taken separately (Pareto’s optimality). 
Cf„ for example, Ref. [G-22], page 49. (see Bibliography). 


GENERAL OBSERVATIONS AND REMARKS 


17 


Evaluation function, or value function, would probably be the most 
suitable term. However, we shall conform to a habit acquired by 
operations research specialists and use the expression economic 
function for the industrial field, which is the principal concern of 
this book. 

We should point out again that the objective can be the economic 
function itself. For example, to go back to the problem of the 
waiting line, we can attempt to discover what value must be as¬ 
signed to jU in order to achieve a minimum total figure for the cost of 
customs services (wages) plus whatever value may be assigned to 
the waiting time of the drivers who pass through the check point. 

Now let us present some specific examples in which an eco¬ 
nomic function appears. The first concerns the analysis of an 
economic series in a manufacturing process. 

Let c s be the cost of stocking one piece or part for one unit of 
time; ci, the total set-up cost for one lot (a lot is defined as the 
number of units produced in a single production run); n, the number 
of pieces or parts in a lot; T, the duration of the production run; 
and 0, the supply period during which N pieces or parts are pro¬ 
duced. Then, the total cost for the period 0 can be expressed as: 


m 


N 


Cl + \ 6 n c s . 


4.1 


The problem will then be expressed as follows: Produce N 
pieces or parts in the time 0 (objective to attain), in lots of n 
pieces or parts, in such a way that the total cost T (n) is a minimum 
(economic function), with costs c s and ci known. 

This minimum will occur for: 


n = n o 



4.2 


the cost value is therefore: 


r = .To = V 2 N 6cic S ' 4.3 


A manufacturer sells 5 products, whose unit selling prices are 
Ci, c 8 , c 3 , c 4 , and 05 . Manufacture and inventory are subject to re¬ 
strictions (constraints); it is desired to attain a maximum value 
for the volume of business as a whole (economic function): 


r = Cl Xi + Ci Xi -f C 3 Xs -f c t Xi + C & Xs , 


4.4 


where sq, Xp, Xq, x 4 , and x s are the quantities of each product to be 
manufactured, with the factory output as a whole subject to the 
restrictions or constraints. 
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Another example has to do with the replacement, one by one or 
all at once, of machines now in service. If c x is the unit cost of 
replacement all at once, c 2 is the unit cost of one-by-one replace¬ 
ment, and ISb is the initial number of new machines put into service 
at the beginning of each period, then the cost per unit of time will 

h<=!- 


m- ^- + C ^L, 4.5 

where r(t) is the function that gives the total number of replace¬ 
ments up to time t. The objective is to arrange the replacement, 
singly or all at once, of the Nq machines so as to maintain a con¬ 
stant number in operation at all times. The economic function to 
be optimized is the cost per unit time y (t). This function is a 
minimum (as we shall show in Section 50) for an interval ^, or 
period of general replacement, corresponding to equality between 
the cost of the rate of variation r '(t) and the average cost. 

It is equally interesting to see how the constraints may appear 
in a simple, practical problem. 

A man intends to manufacture two products, P x and P 3 . The 
first is sold at a unit profit of 100 francs, the second at a unit 
profit of 50 francs. If x x and x 2 are the quantities of each manu¬ 
factured per day, the total daily profit will be: 

B » 100 xj + 50 * 8 (economic function). 4.6 

The products are subjected during their manufacture to a 
certain treatment that lasts 5 seconds for P x and 1 second for P 2 . 
This is done by means of a single machine which is in operation 
24 hours a day (or 86,400 seconds). One restriction would then be: 

5xt + x 8 < 86,400 (first constraint). 4.7 

The products must be held in inventory for 24 hours before 
delivery to the customers. The unit volume is 0.02 cubic meter 
for P 1# and 0.03 cubic meter for P 2 ; the warehouse capacity is 
only 1,000 cubic meters, which gives us another limitation: 

0.02*j + 0.03* 2 < 1,000 (second constraint). 4.8 

Thus, the total daily profit is limited by the capacity of the 
machine and by the available warehouse space. 

In other problems for which probabilistic models have been 
constructed, the constraints appear in the form of probability 
values to be surpassed or not to be exceeded. Thus, we could 
specify that the probability that a plane wishing to land at an airport 
would not have to circle and wait for a runway must be higher than 
0.99. 
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Section 5 
POLICIES 

In certain problems, it is extremely difficult to evaluate some 
parameters; in fact, these parameters may be purely subjective. 
For example, in calculating a total inventory cost, the value as¬ 
signed to the impossibility of supplying a requested item—the unit 
cost of a shortage—is very hard to determine. Under these condi¬ 
tions, the determination of the optimum value of the economic 
function would have only theoretical significance. In cases like 
this, we can proceed as follows; determine the optimum value of 
the economic function for certain arbitrary values of the param¬ 
eter; often, we may even construct a family of curves giving the 
value of the economic function as related to the most important 
variable, with each curve corresponding to one arbitrary value of 
the parameter. The results corresponding to each of the curves 
constitute what is called a policy. The following is an example. 

A large department store delivers customers’ purchases in 
trucks whose daily delivery capacity and hourly cost, including 
personnel and overhead, are known. The problem is to determine 
the number of trucks that the store should own in order to minimize 
delivery costs. Further, we know that every purchase must be 
delivered within a certain time, either by company truck or by an 
outside delivery service that charges considerably more than it 
costs the store to make the delivery in its own trucks. The number 
of parcels to be delivered each day varies in a random manner. 
The same applies to the number of parcels loaded on any one truck. 
For the problem to be meaningful, it is necessary to set a deadline 
for delivery. Then, it is possible to study the total cost of deliveries 
as a function of the number of trucks in service. For policy P lf the 
delivery deadline will correspond to a maximum of 24 hours after 
the day of purchase; for policy P 8 , a delay of 48 hours; for P 3 , a 
delay of 3 days; etc. It is all but impossible to assign a numerical 
value to the effect of an increase in delivery delay on the loyalty of 
customers. Management will pattern its policy on those of the 
competition, or choose one of its own. But, for any choice, it can 
determine the best number of trucks to assign to delivery service. 
If it chooses policy P x while its competitors have adopted P s , it 
may well find out just how much of a sacrifice it has agreed to make. 

Policies can sometimes refer to several different parameters; 
special graphic procedures can then be used to study and justify a 
choice. 

Without wishing to push the analogy too far, the situation of the 
operations research analyst, as compared to that of the manager or 
executive, is similar to that of a ship’s navigator, who advises the 
captain as to what course to chart to accomplish the objectives of 
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the voyage, taking into account the ship’s capabilities, the elements, 
and events foreseen or unforeseen. There are several ways to 
navigate, there are several possible policies; for each of them, the 
navigator tries to work out the minimum cost for the voyage. 


Section 6 

BASIC CONCEPTS 

With every advance or forward step in the physical sciences, 
new concepts have been born; thanks to these, physicists or engi¬ 
neers can exchange accurate information about phenomena, define 
methods of measurement, and state laws of almost universal 
meaning. For example, the mechanical concepts of energy, mo¬ 
mentum, moment of inertia, and natural frequency, and the elec¬ 
trical concepts of impedance, resonant frequency, etc. are basic 
concepts that play a fundamental role in the mathematical models 
of physics. The discovery of these concepts comes about step by 
step, and not without error and transformation. 

The same thing holds good in our field. We know a certain 
number of these basic concepts, i.e. concepts that play a funda¬ 
mental part in many management phenomena, but we are still far 
from the richness of expression of physics. Operations research 
has as one of its goals the discovery of such concepts; this is the 
means by which we will gain insight into problems and be able more 
readily to give quantitative expression to our aims. The problem 
of vehicular traffic in a city, for example, has made little or no 
progress towards solution because we still have no clear idea of 
what dimensions are characteristic of urban traffic, and also 
because we do not know what economic function describes it. 

Let us look, just for example, at a few of the typical dimensions 
that play an essential role in some important problems. 

In a waiting line problem, the basic dimension is the intensity 
of traffic: 


where X is the average rate of arrival and j a is the average rate of 
flow through the checkpoint. In the theory of inventory, the basic 
dimension is the rate of allowable shortages or service level; 


where c s is the cost of storing one piece or part and c p is the value 
assigned to the lack of that piece or part. In the same way, we find 
an important variable in the theory of replacements: 
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where n(t) is the number of machines still operative at time t. This 
dimension, called the damage rate, plays a basic role in replace¬ 
ment theory. 

In every model or theory, there are one or more particularly 
significant dimensions: it is important to recognize them or to 
define them; they will be the most important parameters or 
variables. 

As in physics, the discovery of basic concepts in the model 
makes it possible to explain a phenomenon more clearly, and to 
relate it to others. 


Section 7 

SUB-OPTIMIZATION 

To demonstrate the danger, which is often inevitable, that lies 
in attempting to find an optimum in a problem that is too restricted, 
i.e. not inclusive enough, let us consider the problem of inventory. 

Sales management generally wishes to have a wide variety of 
products, highly diversified and ready for delivery on very short 
notice to prevent the loss of sales. The economic function, logi¬ 
cally, is the volume of sales, and inventories should be analyzed, 
in the opinion of this branch of management, with an eye to opti¬ 
mizing this sales volume. 

Production management, on the contrary, seeks an intensive 
program involving very little product variety, and allowing con¬ 
siderable savings through mass production. The economic function 
that interests management here is the unit cost of its product. 
Very large inventories will result from optimization of the unit 
cost of the product. 

Financial management would like to see inventory handled so 
as to cut investment costs to a minimum. 

Personnel would like to lower employee turnover, improve the 
working conditions and the security of the workers. It is possible 
to give objective meaning to these intentions, and to translate them 
into a function to be optimized, which can also involve inventory 
because of limited assets. 

The warehouse manager has still another point of view. As he 
sees it, the best possible inventory policy is the one that will give 
the lowest ratio of warehouse personnel salaries to inventory 
value, unless he prefers to optimize ease of handling. 

And so we see that in one single company, five distinct eco¬ 
nomic functions can be considered as paramount, and that the 
inventory policy affects many departments. 
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It is because we do not yet know how to construct the general 
mathematical model, the most general model of a business enter¬ 
prise, that we regretfully limit ourselves to constructing models 
for a part of the activity. When we achieve a sub-optimization, 
we must carefully examine the effects of the solution we have 
chosen on the other parts of the whole. The best solution from the 
point of view of production can be extremely dangerous from the 
point of view of the comptroller. 

For example, there is an increasing tendency not to consider 
the problem of inventory as separate from that of production.* 

There is another form of sub-optimization, which occurs when 
too short an interval has been chosen to define the economic func¬ 
tion: for example, when we attempt to minimize the unit cost of 
the product over weekly, or, still worse, daily intervals (the latter 
is to be dismissed a priori in certain cases). The production opti¬ 
mum considered over the whole year may be quite different from 
the sum of the optima week by week, and, much more so, day by 
day. It very often happens that rapid changes in demand, in tech¬ 
nology, or in supply require weekly or monthly planning. In such 
cases, it is important, and sometimes unavoidable, to proceed by 
successive optimizations. 

One should not dismiss in advance the idea of sub-optimization; 
it allows us to define the structure of a part of the whole, to dis¬ 
cover basic concepts, and to find relationships to the other parts. 
Almost always, it gives one a better grasp of the more general 
problem. 

Moreover, isn’t it wiser to deal first with partial problems 
when an analyst approaches the study of an organization’s func¬ 
tioning for the first time? 


Section 8 

THE DESCRIPTION INTERVAL 

The time interval during which the phenomenon is observed 
and described by the model is very important. For example, in a 
queuing or delay phenomenon, the measurement of the average 
rate of arrival can produce markedly different results according 
to whether it is taken for ten minutes, an hour, or six hours. This 
is due to the fact that we are dealing with a phenomenon that is 


*See, for example, the article by J. Lesourne, 44 La Regulation 
Simultanee de la Production et des Stocks” ( 4 ‘Simultaneous Regu¬ 
lation of Production and Inventory”), Revue de Recherche Opera- 
tionnelle, Vol. 1, No. 2, 1st quarter 1957. 
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variable in time. It is very rare, furthermore, for a system to 
be really permanent. Therefore it is important to make sure, by 
means of measurements taken over varying time intervals, that 
the fluctuations are properly described. 

Quite often, the phenomenon is quasi-periodic, and one can 
select the period (a simple example of this would be an economic 
series): the choice that is made can be most important. In inven¬ 
tory management and replacement decisions, one must take the 
complete cycle into account. 

In some cases, one is lead to study transitional states of the 
system. 

Figs. 8.1 through 8.4 show what we mean by stationary, non¬ 
stationary, permanent, or constant phenomena. A phenomenon 
is stationary if its formal representation or its law of probability 
does not depend on the initial instant such as t', t", or t'". It is 
permanent if the phenomenon reproduces itself identically in equal 
time intervals. 



Section 9 

GENERAL ASPECT OF PROBLEMS 

To analyze the structure of situations and then predict by means 
of scientific method: this might be a definition of operations re¬ 
search. Situations may be briefly classified as follows: 

A) The structures are described by dimensions that are known 
with certainty, and the future can therefore be treated as deter¬ 
mined. If the structures are very simple, then simple recourse to 
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logic and experience makes it possible to choose the solution (or 
solutions) appropriate to the objectives, and to optimize the given 
economic function. If the structures are more complicated, the 
known dimensions can: 

—form linear relationships: for example, those found in linear 
programs; 

—involve relationships of rank order: for example, those found 
in priority problems; 

—form systems which should be examined with respect to their 
combinatorial aspects: for example, planning problems; 

—constitute sequential relationships, in which each state deter¬ 
mines the following state. 

Man exists in a determined universe. 

B) Each decision is associated with a series of random states: 
certain dimensions are determined, others are random, i.e. having 
values depending on chance, but we know the probability distribution 
of each value. Relationships of all kinds can exist among the deter¬ 
mined dimensions and the randomly distributed dimensions. Very 
often, we find phenomena of a stochastic nature, where the proba¬ 
bilities of the states vary with time. 

In such situations, we try to make a prediction on the basis of 
our statistical knowledge of that which is observable and meas¬ 
urable; these situations arise, for example, in inventory problems 
(random demand), replacement problems (random wear), and the 
like. 

Man exists in a universe governed by chance, but he can 
deduce certain probabilities from statistical measurement. 

C) In the two preceding situations, no intelligent reaction from 
the outside environment was considered; however, such a reaction 
often exists, e.g. from competitors. Making a decision then takes 
on the aspect of a game of strategy. One conceives of all of the 
possible courses of action that the opponents may take, and asso¬ 
ciates each with a value or probability. A decision can then be 
considered as a strategy. 

Man has an intelligent competitor. 

D) One has some knowledge of the structures, but the proba¬ 
bilities of future events associated with one’s decisions are un¬ 
known. One considers nature as an opponent, and step by step one 
looks for the most favorable outcome. Here scientific method 
fails, and is often replaced by intuition. 

Man lives in an unknown universe. 
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We could not close this first chapter without recalling the 
prodigious work accomplished by John von Neumann, founder of 
the game theory of strategy, and his disciples in the application 
of mathematics to the analysis of economic and social phenomena. 
While we cannot thoroughly explore these matters here, since it 
would demand extensive discussion of certain developments that 
would carry us quite far from our subject, we do earnestly advise 
the reader to consult von Neumann’s work and that of his suc¬ 
cessors, There the reader will find the scientific bases for the 
theory of the behavior of intelligent beings when dealing with 
nature or with one another. 



Chapter 2 


Linear programs 

Section 10 
INTRODUCTION 

Among the forms of mathematical models encountered in eco¬ 
nomic or management phenomena, linear programs occupy a very 
important place. In physics, linear systems have a similar impor¬ 
tance, both because our knowledge is often, unfortunately, too 
limited to allow us to go any further, and because of a certain 
facility with which one can define concepts in these systems. 

In this chapter, we shall not attempt a complete presentation 
of the theory of linear programming; our aim will be to explain, 
with the use of simple examples and illustrative cases, what linear 
programs consist of and how they arise. We shall avoid all theo¬ 
retical questions; however, for those interested in mathematical 
developments, Chapter VII presents the methods of calculation 
that are used, some of which are basic and already classic. 

We can define in a few lines what we mean by linear program¬ 
ming. An economic or management phenomenon involves a number 
of variables that are meaningful only when they are positive or 
null (some say “non-negative”). These variables are linked with 
one another by linear relationships and form a system of equations 
or inequations; these are the objectives or the constraints of the 
phenomenon. Of necessity, one adopts a linear function z of these 
variables, which will constitute the economic function that is to 
be maximized or minimized, as the case may be. These ideas will 
become clearer to the reader with the help of the first two of the 
following examples. 


Section 11 

CHARACTERISTICS OF LINEAR PROGRAMS 

To begin with, let us clarify the distinctive structure of linear 
programs. 
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To manufacture two products, P x and P s , they must be proc¬ 
essed by three machines, M x , M@, and M 3 , one after the other but in 
any order. The unit times for the operation of each machine on 
each product are given in the table below. Here, for example, we 
find that it takes 7 minutes for product P x to be processed by ma¬ 
chine Mg. We assume that there is no wasted time while a ma¬ 
chine waits for a product to emerge from another operation. We 
can assume this, since the order in which the operations are per¬ 
formed makes no difference. 



Mi 

Mg 

p--—-- 

m 3 

Pl 

11 min. 

7 min. 

6 min. 

p s 

9 min. 

12 min. 

16 min. 


The hours that each machine will be available for operation 
during the month are as follows: 

165 hours = 9,900 minutes for machine M x , 

140 hours = 8,400 minutes for machine Mg, 

160 hours = 9,600 minutes for machine Mg. 

Product P x yields a unit profit of 900 francs, and product P ? 
yields a unit profit of 1,000 francs. 

Under these conditions, how much of product P x and product 
P 8 should be manufactured each month in order to maximize total 
profit? 

Profit in this case is the economic function we wish to repder 
maximum; let us call x x the number of units of product P 1} and 
x 2 the number of units of P s . Then: 

z = 900x x + 1,000x^5 the function to be maximized with the 11.1 
condition £ 0, Xg 2 = 0. 

The constraints are: 

IIx-l + 9Xg ^9,900 for machine M x 11 # 2 

7x i + 12x s ^8,400 for machine Mg 11*3 

6 x x + 16xg £9,600 for machine Mg 11,4 

There is an infinity of possible solutions; among them is one 
or more for which z is maximum. All our readers know how to 
draw a straight line in a plane when the equation for the line is 
given. In Fig. 11.1, we draw the following straight lines: 
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11.5 

11.6 

11.7 


\\ Xl + 9x 2 = 9,900, 
7 Xi + 12 x, = 8,400 , 
6 Xi + 16 x 2 — 9,600 . 


A possible solution must lie in the unshaded portion (in the first 
quadrant, formed by the Ox 1 and Ox s axes) in order to satisfy the 
constraints [(11.2), (11.3), and (11.4)]. Let us consider, for ex¬ 
ample, the solution x x = 450, Xg = 100 (point Ag), which gives us: 

z = 900 X 450 + 1000 X 100 = 505,000 F. H* 8 


It is obvious that this is not the maximum, since if we move in 
the direction of the arrow we increase x 1 and Xg, and hence z , while 
continuing to meet the requirements of the constraints. 



Fig. 11.1 

In the same way, if we consider the solution x x = 266, Xg = 500 
(point Ag lying on line A 3 ), we obtain: 

z = 900 x 266 + 1000 x 500 - 739,400 F. 11.9 

This point Ag lies on the perimeter of the polygon; we shall see that 

this is still not the optimum choice. _ i ^ o 

Let us use a dotted line to represent the function (11.1) lor a 
particular value of z. Since the coefficients 900 and 1,000 are in¬ 
variant, this line will remain parallel to itself when the value of 
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z is changed. The greater z is, the further away the line will mpve 
from the origin, and vice versa,* 

When we shift the line corresponding to z, we note that at point 
A 3 , where the line A 1 and A s intersect, we obtain the highest value 
for z; thus: 

*max = 900 X 626 -f 1000 X 334 = 897,400 F. 11.10 

It will be observed that the maximum must always correspond to 
one of the vertices of the polygon, that is, to A lf A 2 , A 3 , or A 4 ; we Have 
just seen that, in this example, point A 3 is the one we must choose. 

The solution x x = 626, Xg= 344, which yields the maximum, corre¬ 
sponds to the full use of machines M* and M s , with machine Mg on 
standby for a time equal to: 

9600 — (6 X 626 + 16 X 334) = 500 mn. 11.11 

An examination of Fig. 11.1 will make it readily understand¬ 
able why we necessarily have one partially idle machine in the 
solution that yields the optimum. The three machines would all 
be fully used only if the three lines representing the constraints 
intersected at a single point. 

Let us now study another problem with a similar structure. 

Our objective is to find an economical feed for livestock. It 
must contain 4 kinds of nutrient ingredients. A, B, C, and D. The 
feed industry already produces two feeds, M and N, which contain 
these ingredients. One kilogram of feed M contains 100 grams of 
A, 100 grams of C, and 200 grams of D; a kilogram of feed N con¬ 
tains 100 grams of B, 200 grams of C, and 100 grams of D. 

The minimum daily requirement per head (animal) is: 0.4 kilo¬ 
gram of A, 0.6 kilogram of B, 2 kilograms of C, and 1,7 kilogram 
of D Feed M costs 10 francs per kilo, and feed N costs 4 francs 
per kilo. What mixture of feeds M and N should be supplied per 
day per head to get the least expensive feed blend? 

First of all, let us draw up a table summarizing our data: 



M 

N 

Amount 

A 

0.1 

0 

0.4 

B 

0 

0.1 

0.6 

C 

0.1 

0.2 

2 

D 

0.2 

0.1 

1.7 

Costs 

10 

4 



*If the line for the equation ax +by= c is drawn, the distance from 
the origin to the line is proportional to c. More precisely, d = 
c 

/a® + bs * 
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Now let us denote as x x and Xg the quantities of feed M and feed 
N, respectively, to be supplied per day per head. The economic 
function is the total cost of feed per day per head, or: 


z = 10 x x + 4 x g . 11.12 

The objectives to be attained are: 

0.1xi>0.4 Xx > 4 11.13 

0,1 >0.6 x a > 6 11.14 

0.1 + 0.2x a > 2 or x x + 2x 2 >20 11.15 

0.2 x x + 0.1 x a > 1.7 2xx + x a > 17. 11.16 


Now let us construct Fig. 11.2. 





Fig. 11.2 

As in the preceding problem, there are an infinite number of 
possible solutions. To find the optimum solution, the one that 
corresponds to a minimum value for z, we shall draw the four 
lines: 


At 

*1=4 

11.17 

A a 

x 2 “ 6 

11.18 

A 3 

*x + 2 x 8 = 20 

11.19 

A< 

2xi + x a = 17 . 

11.20 
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A possible solution will be found in the unshaded portion. Let 
us consider, for example, the solution x l = 9.5, x 2 = 10.5 (point As). 
This gives us; 

z = 10 X 9.5 + 4 X 10.5 = 137 F. 11.21 

Obviously, this is not the point corresponding to the minimum. In 
the same way the solution x x = 4, x^ = 15 (point A 4 ) does not corre¬ 
spond to the minimum we are seeking. If we draw the family of 
lines 10 x l + 4x a = z, we see readily that point A lt with the coordi¬ 
nates x x = 4, x 3 = 9, is the one for which z is minimum. Actually, 
the smaller z is, the closer the line will be to the origin, and vice 
versa. Here again, we observe that the minimum must of necessity 
correspond to one of the vertices of the polygon, either A lf A 2 , or 
Aq, We have seen that it was A l# Hence the minimum value for z 
is; 

2 = 10X4 + 4X9 = 76F. 11.22 

By using this mixture, we have obtained precisely the required 
quantities of components A and D; there is an excess of 0.3 kilo 
of B, and an excess of 0.2 kilo of C. It will be noted that point 
A 2 provides a solution in which z is very close to the minimum.* 

Section 12 

GENERAL FORM OF LINEAR PROGRAMS 

1. General explanation. — 2. The case of inequations. 

1. General explanation. 

The two very simple problems for which the reader easily 
found the optimum of the economic function are examples of a 
general class of problems that frequently arise in management 
systems and in political economy. The mathematical models for 
such problems are called linear programs. The word linear means 
that all the relationships involve variables of the first degree. We 
shall present these relationships in their most general form. 

An economic or management phenomenon involves a certain 
number of variables that are meaningful only when they are positive 
or null. These variables are linked together by linear relationships 
that are independent of one another and form a system of equations 
or of inequations; these are the objectives or the constraints of the 
phenomenon. We also choose a linear function z of these variables 
which constitutes the economic function. We then set about finding 
the maximum or the minimum for this function, according to the 
circumstances, while still satisfying the objectives and constraints. 


*See part Two, Sections 57 to 67. 
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In mathematical language, we describe models of this kind in the 
following manner: 

Let there be N variables, x lf Xg, . . . , xn, which we shall call 

activities, and which shall be positive or null: x x ^ 0, x s ^ 0. 

xn ^ 0. We write a linear function 

z = Ci x t + c 2 x a + ... + c N x N 12,1 

in which each of the coefficients c may be positive, negative, or 
null. For example, the coefficients c x , c 3 , . . . , c N may be unit 
costs, and the variables may be the corresponding numbers of 
units; in this case, z would be the total cost. 

The variables must satisfy M equations or inequations which 
constitute the mathematical constraints. 

Let us consider first the case in which there are M equations 
making up a linear system which can be written: 


a ll *1 + #ia X t + ... + Chy Xy = b\ 

Qai Xi + #aa *a 4 " ... + CltN Xy = b t 

12.2 

tfAfi Xx + (Im 2 X a + ... -f- a My Xy = b&f • 

in which the coefficients a and b may be positive, negative, or null. 
Given the fact that the system (12.2) is made up of linear equations, 
assumed to be independent: the number of equations (M) must be 
less than the number of variables (N) for there to exist a set of 
variables that satisfy the equations (12.2); thus, M < N. 




The problem can be stated as follows: for which values of 
x i> x s> . . . , xn is the function z optimized (maximum or minimum, 
as the case may be)? 

Mathematicians are able to discuss, and, if necessary, to solve 
such a problem numerically. The reader interested in mathematics 
will find in Part Two of this book the methods of calculation 
employed. We shall limit ourselves here to a study of these 
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structures with a minimum of mathematical impedimenta, while 
clearly establishing some of their fundamental properties. 

Let us therefore investigate the structure of linear programs, 
making use of simple geometry, and beginning with the case of 
2 variables and 1 equation, then going on to 3 variables with 1 or 
2 equations, then 3, . . . , n variables. 

Let us take the program: 

Z=‘C 1 Xi J r C i X a Xi S? 0, Xi> 0 

(economic function), 

an + a 12 x t = bi (constraint). 

In Fig. 12.1, a single constraint and the economic function are 
shown. In view of the general condition x n > 0, x 9 0, all solutions 
must lie in the first quadrant, along the line AB. Obviously, the 
maximum and minimum must be B and A, since these points corre¬ 
spond to the greatest and the smallest distances from the line 
representing the economic function to the origin. Hence, the 
optimum is either x 1 = a, x 2 = 0 or x x = 0, x s = b, where a and b are 

the coordinates of A and B; the solution corresponding to the 

optimum must necessarily include a null variable* if a solution 
exists. This is a point to remember. 

Let us now take the program: 

Z = Cl Xi -f C 2 X 2 + C 3 X 3 . Xi > 0, X a 3= 0, x 3 > 0 . - 

(economic function) 12,5 

an Xi + ai 2 Xi + an x 3 = b x . 

an Xi -f an Xi + an x 3 = b % , _ 

12.0 

(constraints). 

Since each constraint represents a plane, the two constraints 
define a line that lies in the first octant, cutting two at most of the 
three planes x l Ox 2t x 8 Ox 3 , x 3 Ox 1 at points A and B. The economic 
function defines a family of planes parallel to one another; it is 
clear, then (Fig. 12.2), that the optimum will be at A or B; it should 
be noted that the optimum will always lie at a point where at least 
one of the variables is null. 

Let us proceed to the program: 


12.3 

12.4 


Z = Cl Xx + Cl Xi 4 - Cs X 3 . Xi> 0. Xi> 0. x 3 2s 0. 

(economic function) 


12.7 


*The reader will note that it is possible to conceive of cases 
having configurations different from Fig. 12.1, in which, among 
other things, the line of constraint might not lie in the first 
quadrant; in such cases, there would be no solution to the problem. 
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#1 + #12 *8 + #13 Xz = bi , 12.8 

(constraint). 

We see in Fig. 12.3 that the single constraint corresponds to a 
plane that cuts the trihedron of reference to form the triangle ABC 
(if that triangle is in the first octant). The optimum must lie at 
A, B, or C. Hence, in the case of three variables and one con¬ 
straint, the optimum will correspond to a solution in which at 
least 3-1=2 variables are null. 

Let us now return to the general case where we shall consider 
N variables and M constraints (12.1 and 12.2), and in which M is 

necessarily less than N. Every solu- 
. tion corresponding to the optimum 

must lie at one of the vertices of the 

> convex polyhedron formed by all the 

constraints and the planes of refer¬ 
ence. We are no longer necessarily 
in 3-dimensional space: although we 
^ cannot easily represent such a figure, 
^ 2 , the properties are still valid. Hence, 
any solution for the system of con¬ 
straints, if it is to correspond to the 
optimum, must fulfill the necessary 
' condition: contain at least N - M null 

Fig. 12.3 variables. A solution that fulfills such 

a condition is called a basic solution. 
We can point out at once that, in the case where the plane 
(hyper-plane is the preferred term) representing the economic 
function is parallel to one of the faces or edges (in n-dimensional 
space) of the convex polyhedron formed by the constraints, we have 
a degenerate case in which the optimum is no longer a point, but 

an edge or a face. . 

We shall now present an idea of the difficulties encountered m 
finding the optimum in a linear program. Assuming that we can 
readily construct a basic solution (although this is not always the 
case), how many basic solutions are there in a program with N 
variables and M constraints? Let us consider a few numbers: 

Number of 

Number of Number of basic 

variables constraints solutions 


Fig. 12.3 


Number of 
variables 


Number of 
constraints 
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The numbers of basic solutions given above are maximum limits, 
since they include basic solutions that must be eliminated as 
containing negative values for the variables. 

It can be shown that the number of basic solutions has as its 
upper limit the number of combinations* of N objects taken M at 
a time. This number very quickly becomes astronomical; for 
example: when N = 17 and M = 8, it is 24,310; when N = 21 and 
M = 11, it is 352,716; if N = 50 and M = 14, it is a number of 11 
digits; for N = 100 and M = 38, it is a number of 26 digits. Ob¬ 
viously, there is no question of trying all of the basic solutions to 
find the one that corresponds to the optimum; fortunately, a method 
of calculation developed by G. B. Dantzig makes it possible to find 
the optimum by means of a series of iterations.** 

The principle of the Dantzig method is as follows: having obtained 
a first basic solution, we then find a neighboring basic solution for 
which the value of the economic function will increase (or decrease, 
if our objective is a minimum), considering only those basic solu¬ 
tions in which all variables have nonnegative values. This operation 
is repeated until one no longer finds any increase or decrease; at 
that point the optimum has been found. It is certain that the optimum 
will be found in a finite number of steps, because the form of the 
geometric figure is a convex polyhedron. 

2. The case of inequations. 

Now that we have considered the case of equations, let us examine 
the case of inequations. Every linear program containing inequations 
can be reduced to a program containing only equations, by the 
introduction of supplementary variables known as slack variables. 
For example, let us take the program***: 

[max]z =5*! — 2*2+3*3. x x > 0. 0. x z > 0. 12.9 

*! -— 4 *2 + 3 *3 < 8 . 

+2x,*z9. 12.10 

2*1 + 5 *2 - *3 < H * 

*1 + *2 + 7 *3 =< 3 . 


♦Thus c£ =Mi ( /"-M)7 where N1 = 1 • 2 • 3 ■ 4 .. . . (N - 1)N. 

**The method is explained in the second part of this book, 
Sections 57 to 67. 

***When the symbol [MAX] or [MIN ] is written before a function, 
this indicates that we intend to find the maximum or minimum of 
that function. We shall write max z or min z to indicate the maxi¬ 
mum or minimum itself. 
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We introduce 4 new nonnegative variables: Xg, Xg, and x?, so 

as to transform the inequations into equations: 

*1 — 4 x 2 + 3 * 3 + Xi 

Xi + 2 * 3 + x 6 

2 Xt + 5 * 2 — *3 + *« 

Xi + * a + 7 * 3 + * v 

Thus, we must obtain an optimum solution for a program with 
7 variables and 4 equations. 

The X 4 , Xg, Xg, and x? variables represent margins or slacks that 
appear in each constraint. 

A program such as*: 

[MIN] Z = 3 * x 2 * 2 + *3 Xi, *1, *2 , X3 , X4 > 0 12.12 


-9, 
= 3. 


12.11 


*1 + 5*2 - * 3 + * 4 ^ 2 , 

*! — 2 *2 + 4 *3 + 8 x A > 4 , 
would be transformed to yield the equations: 

*1 + 5 *2 - *3 + *4 - *5=2, 

* X — 2 *2 + 4 * 3 + B * 4 — *# = 4 . 


12.13 


12.14 


The variables Xg and Xg must also be nonnegative: Xg, Xg ^ 0. 

Contrary to what one might think at first, it is often easier to 
calculate a program made up of inequations than one made up of 
equations, even though the number of variables is considerably 
greater. This is due to the fact that we can quite simply obtain one 
basic solution immediately by setting, for example (in equations 
12.11): x 1 = Xg = x 3 = 0, x 4 = 8, Xg = 9, Xg = 11, X 7 = 3; in this case, 
z = 0 as we begin our search for the maximum. If a minimum is 
required, it is still possible to use this procedure by changing the 
variables,** or by introducing new variables known as artificial 
variables. 


Section 13 

STUDY OF A MONTHLY PRODUCTION PLAN 

We have three rolling mills, A, B, and C. We plan to manu¬ 
facture, as cheaply as possible, 14 classes of plate, of the following 


*Same as footnote three on preceding page. 

**See Part Two, Sections 57 to 67, for further explanations and 
numerical examples with solutions. 
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thicknesses: 5/10, 6/10, 8/10,10/10;12/10,14/10, 16/10,18/10, 
20/10, 22/10, 24/10, 26/l0, 28/10, and 30/10. We know the cost 
per ton of each class of plate in each of the mills. We also know 
the output in tons per hour for each plate thickness, the capacity 
of each mill, and the production forecasts. The capacities and the 
forecasts are given for one month. 

Table 13.1 presents: 

—the cost per ton cy of plate j in mill i (in francs); 

—the output dij of plate j in mill i (in tons per hour); 

—the production pj planned for plate j (in tons); 

—the upper limit bj of time available in mill i (in hours). 

The problem is to find the minimum total monthly production 
cost. 

Table 13.2 presents the linear program for the model of the 
problem. The mathematical constraints involve 14 equations, 3 in¬ 
equations, and 31 variables. By introducing 3 slack variables, Xa> 
Xq, and Xc t to represent the unused capacity, we obtain a system 
of 17 equations and 34 variables. All basic solutions must contain 
at least 34 - 17 =14 null variables. 

Simply by examination of Table 13.1, some interesting intuitive 
conclusions are immediately apparent. First of all, mill A has 
the lowest costs and yields the highest hourly output; thus, we 
should assign the largest possible number of tons in our plan to 
this mill. The 600-hour limitation on the capacity of mill A means 
that considerable work will have to be assigned to mills B and C. 
This is the point at which difficulties arise and we begin to appre¬ 
ciate that intuition, like rule-of-thumb reasoning, is simply not 
adequate to determine how the extra work should be assigned. 
Calculation becomes indispensable. For this example, calculations 
were performed according to Dantzig’s method, or rather accord¬ 
ing to a variation of that method (see Chapter VII). A Gamma-type 
magnetic-drum computer was used. The computation took 10 
minutes and required 21 iterations. Done by hand, it would have 
taken a good man several months. 

pie optimum program is shown at the bottom of Table 13.2. 
Intuition would certainly not have dictated an assignment of 4,212 
tons of 5/10 plate to mill B, where the cost is highest (10,422 
francs), or an assignment of 3,811 tons of 12/10 plate to mill C. 

If we compare a common program solution, worked out by 
intuition or on the basis of experience, with the optimum program, 
we find that the latter provides a saving of 6%. Even if thq dif¬ 
ference had been slighter, it would have been very important to 
know the optimum. 
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Section 14 

ADAPTING PRODUCTION TO DEMAND* 

1. General explanation.—2. The economic function.— 

3. The mathematical constraints.—4. Final linear program. 

1. General explanation. 

In order to keep production from corresponding exactly to sales 
when the latter are variable and seasonal—which would require 
considerable expenses in overtime—as well as to avoid the very 
high inventory expenses that would follow if production were held 
at a constant rate, we wish to prepare the production schedule to 
cover a whole year. 

We shall take as our economic function the minimization of the 

total annual cost of manufacture. 

To simplify matters, let us assume that we are dealing with a 
certain number of items for which we have been able to find a 
common measure of evaluation or standard unit, to use a current 
management term. We shall distinguish between the case of a 
“fixed system,” in which the inventory at the end of the year is 
the same as it was at the beginning, and a “transitory system,” 
where these two inventory figures differ. 

We shall assume: 

pi = normal production (no overtime) during month i; 

xi = production at time-and-a-quarter rates (from 40 to 48 
hours) in month i; 

yi = production at time-and-a-half rates (over 48 hours) m 
month i; 

s = inventory at the outset; 

s ' = closing inventory. 

These values are given in standard units. 

The xi and yi values are the unknowns in the problem, with the 
s and s / values being either known or unknown, according to the 
case. All the Pi values, however, are known. 

We shall further assume that: 

P = unit cost of production at ordinary wage rates; 

Q = unit cost of production at time-and-a-quarter rates; 

R = unit cost of production at time-and-a-half rates; 

S = unit cost of inventory for one production unit carried for 
month; 

Vi = sales forecast for month i. 


*This example was inspired by an article by A. Seigneurin: 
“Regulation de Production dans une Industrie a Vente Saisonniere” 
(“Regulation of Production in a Seasonal-Sales Industry”), Revue 
de Recherche Operationnelle, Vol. 1, No. 2, 1st quarter 1957. 
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2. The economic function. 

It is the total annual cost of manufacture which we wish to 
minimize. This includes the cost of production C x and the cost of 
inventory C s . For the first figure, we have*: 

12 

Cl = SOty + Qxj + Ryj). 14.1 

For C 8 , we assume the regularity of production and of sales for 
each month. Hence we have, for each month, an average inventory, 
which is the mean of the beginning and the final inventories. We see 
that the average inventory for month iis represented by the follow¬ 
ing expression: 


t i-i 

s t = i I s + X} + yj—Vj)+s +S (# + Xj + y J — Vj)] 


i-1 


14.2 


5 , (pj + xj + yj — Vj) + i (pt + xi + yi — Vi ). 




Fig. 14.1 illustrates what the average inventory represents. For 
the benefit of those who may find the mathematical expressions un¬ 
familiar, we shall expand the formula (14.2). 


* For those of our readers who have forgotten the meaning of the 
symbol £, we cite a few examples: 

4 

Ci X i ~ *1 + c a X % + C 3 X 3 + C t X 4 , 


or, in other words: the sum of all the terms like cixj when i varies 
from 1 to 4 by integral values, or i = 1, 2, 3, 4. 

Another example: 

3 

+*f + yj — Vj) = Pi Hb + y x — V x -f p % + x 2 + y t — F 8 

+ Pz + *3 -f ^3 - Vz 

n 

+ Xj + yj — Vj) = Pt + *1 + yi — Vx + Pt + * a + y* — v t , 

+ Pz + * 3 4- y* — v 3 4- .-f Pn + x n + y n — Vn . 

It should be noted that the symbol used as an index for the addition 
does not enter into the final result. 

5 5 5 5 

i=i Qi ^j=i ai ^ ^\ Qct “ aLi° a = + a 3 + + a 6 
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Inventory 
at beginning ■ 
of month i 


Average inventory 


Inventory 
tat beginning 
of month i 


Fig. 14.1 

Average inventory for the first month: 

si — s + \ (pi + Xi + yi — Fi) 14.3 

Average inventory for the second month: 

Si = s + Pi + Xi -f yi — F, + \ (j>% + x 2 + yt — F a ) 14.4 

Average inventory for the third month: 

s 3 = s -f Pi + xi + *2 + yi + ya—Fi — V t + ^3 + y% F 8 ) 14.5 

Average inventory for the 12th month: 

S ia = s + (pj + Xj + yj — Vj) + i (pia + *12 + yit — Fia). 14,6 

Finally, the annual cost of inventory will be: 

Ci — 5 [12 5 + £ (12,5 — j) (P) — Vj) (12.5 — j) C Xj + y;)3. 14.7 

Collecting the known factors in one group and the unknowns in 
the other, the total cost can be written thus: 


C = 12 5 s + ^[Ppj + 5(12,5 — j)(Pj— Vj)] 

12 12 
+ £ [Q + (12,5 — j)S]xj + ; 2[* + (12,5 — j) S] yj. 


Let us assume: 


a = £ [Ppj + S (12.5 — j)(pj — Vj )], 

14.9 



ft = Q +(12,5-y)5. 

14.10 

yj = R + (12.5 — j) S . 

14.11 




LINEAR PROGRAMS 


43 


Thus we have: 


12 12 

C ~ 12 S s 4- a 4-^2 Pj xj 4-^2 Yi YI • 


14.12 


The quantity a. is known, and the economic function to be minimized 
will be: 


P — 12 S S + fit Xi + /?*■** + ... + fill Xu 


+ Yi yi + Yi yt 4- ... 4- Yi» Yu 


14.13 


3. The mathematical constraints. 


These are of two kinds: commercial and social. 

Commercial constraints.—We shall write that every month the 
inventory is either positive or null: 

i i 

s + X 1 + yj) , V} ( month i)s 14.14 

this is applicable to the first 11 months of the year. 

12 12 

s 4- 2 (pj 4- X) 4- yj) — s' + 2 Vj {12th month). s'> 0. 14.15 

j =i y**i 

In the case of a fixed system, s ~ s'. 

Social constraints.—The xi values are limited to 20% of the pi 
values (weekly work-hours beyond 40 and up to 48). We assume that 
the yi values are limited to 15% of the pi values (i.e. no work week 
may exceed 54 hours). This gives us: 


Xi < 0.2 Pi. yi < 0,15 Pi . 


14.16 

14.17 


4. Final linear program. 


Economic function: 


r = 12 S s 4-^ xj + yj y } ) . 


14.18 


Mathematical constraints: 

i i 


s +^(*1 + 

Pj) 

i = 1. 2.... 11 

14.19 

12 12 


(s> 0) 

14.20 

f ' + , S , (** + *)= ,2 <K,- 

Pj) 

\V 

© 

V 

3 


y=i y=i 




0 < xi < 0,2 pi 

i 

= 1. 2, .... 12 

14.21 

0< 0.15 pi 

i 

= 1.2, .... 12. 

14.22 
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If we note that in a fixed system s = s ' is unknown, while in a 
transitory system s and s ' are different but known, we see that we 
have, according to the case, 24 or 25 variables to consider. Neg¬ 
lecting the inequations showing that the variables are nonnegative, 
we have 36 constraints, comprising 35 inequations and 1 equation. 

Mr. Seigneurin conceived the idea of using cumulative variables, 

14.23 

Xi = xi + x t + ... 4 - Xi, Yt = yi + y% + ... + yt; 14.24 

which allowed him to simplify his calculations considerably. He 
pointed out in his article that an actual application of this program 
produced a saving of 40 million francs a year, while the cost of 
the study and the calculation amounted to only a small fraction of 
that sum. 


Section 15 

CHOICE OF ENERGY SOURCES IN ELECTRICAL 
POWER GENERATION* 

For an enterprise like tflectricite de France, working out a 
production plan consists in minimizing an economic function that 
includes the total cost of investments plus the operating expenses 
adjusted by the market interest rate, while at the same time satis¬ 
fying consumer power demand. Satisfying this demand involves 
meeting specified conditions for the following three dimensions: 

—guaranteed power—average hourly consumption during the 
heavy business hours in wintertime, in megawatts (Mw), i.e., 
thousands of kilowatts; 

—peak power—average hourly consumption during the four daily 
peak hours of the same wintertime business days, in Mw; 

—the annual power consumption, in gigawatt-hours (Gwh), i.e., 
millions of kilowatt-hours. 


*See: R. Gibrat, “Le Probleme General des Plans de Produc¬ 
tion d’l£nergie iflectrique et les Usines Maremotrices” (“The 
General Problem of Electrical Power Generation Plans and Tidal 
Power Plants”), £lectricite de France Document, November 1955. 
G. Mass<§, Nouvelle Revue d’^conomie Contemporaine (Feb., 1955). 
E. Ventura, “Un Exemple de Recherche Operationnelle: la De¬ 
termination d’un Plan Optimum de Production d’^nergie ^lectrique 
par la Theorie des Programmes Lineaires” (“An Example of Oper¬ 
ations Research: Determining an Optimum Plan for Electrical 
Power Generation by Means of the Theory of Linear Programming”), 
SOFRO Document, 1956. 
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To satisfy consumer demand, one can utilize various types of 
power plants: 

—steam (thermal), 

—hydroelectric (river-current, reservoir, dam, etc.), 

—tidal-power, 

—nuclear power. 

We assume, to simplify matters, that all plants of a given type 
constitute a homogeneous series—in other words, show the same 
characteristics. This will give us the steam-plant series, the 
hydroelectric series, etc. For the typical plant in each scries 
(series i for example), we shall define: 
aj - guaranteed power, 
hi - peak power, 
cj - total annual power, 
di - investment cost, 
fi - annual operating expenses, 
xi - number of plants* of the series-i type. 

We then construct the following basic hypothesis: the quantities 
a i} bi, ci, d,, and fi are constants. This hypothesis is practically 
acceptable. Further, let us define: 

A - total guaranteed power (for the entire system comprising 
all the plants, no matter what their type), 

B - peak power output (for the entire system), 

C - total annual power output. 

A production plan must meet the following three conditions or 
constraints: 

+ ... + ^ 15.1 

bi Xi -{■ bt Xi bn B 15.2 

c, Xj 4~ c 8 Xi 4~ ... 4- Cn Xn ^ C . 15.3 

To these technical constraints we shall add a fourth financial 
constraint: let D be the ceiling on investment expenditures. This 
will give us: 


X\ 4 ~ di *2 + ... 4 * d% Xn. ^ D - 15.4 

Lastly, by introducing the slack variables xa, x^, Xc, and x^, the 
inequations from (15.1) - (15.4) can be written: 

a x x x + Qi Xi + ... 4 - a n x n — x a — A 

b i Xx + + ... -f b n x n — xb = B is 5 

Cl *1 + Ci x t + ... + C n Xn — x c = C 

d x x x 4 - d t Xi 4 - ... + d n x n + xa D 


*We can relate the plants by a unit of output in megawatts, and 
an actual plant will embody a given number of such units. 
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The economic function will include: 
—the initial investments: 


dx x x + d % x a + ... + d n x n ; 15.6 

—the annual cost of installation maintenance, which will bring 
into play a coefficient of capitalization k. If ei denotes the annual 
maintenance cost for a plant in series i, we obtain for the total 
maintenance cost: 


k(fii Xx + e t x t -f ... 4- e n x n ) ; 15.7 

—the annual cost of coal for the steam plants. We shall adopt 
the index 1 to represent these plants; let us call c \ the annual 
power supplied by a steam plant, andp 0 the cost of coal per thermal 
kilowatt-hour produced. We note that actually c \ will differ from 
o l because the steam plant does not operate for the total number of 
hours per year that its guaranteed power output would allow. Hence 
the annual cost of coal will be kp^ c 

In fact, we choose c x in such a way that*: 


c t xx = ex xx — x c 15.8 

where x c is the margin of power saved each year in steam. Hence: 


c\ xx = C — c z x s — c 8 x 9 —... — c n x n . 15.9 

Therefore, the economic function will be: 

n n n 

z — Z t diXi + k'L e{Xi + kp 0 C — kp 0 S qx(. 15.10 

1 = 1 /*=1 /= 2 

The annual operating costs fj will then be represented by: 

A = ex, fi — — p Q c%, fn — e n — p 0 c n . 15.11 

Let us now define: 

” dx + k fx, gt = dt + k / a , .... g n = dn + k fn . 15.12 

The economic function will then be written: 

Z ~ gi Xx + *2 + ... + gn x n + kp 0 C. 15.13 


*The c V c i ratio is called the rate of steam utilization for the 
year. 
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Taking: 


15.14 


we will then attempt to find the minimum value of: 

z ~ g ' Xl +g*x, + ... + gn x„-, 15.15 

while the n variables must satisfy the 4 constraints (15.5): 


a i *1 4+ 4* a n x n ■ x a — A 

bi x 1 4- bi x t 4- ... + b n x n — xi, = £ 

Ci Xi 4- c 2 * a 4 ... 4- c n x n — x c = C 

d x x x 4- d t xt 4- ... 4 - d n x n + x d = D 


15.16 


The linear program (15.15 and 15.16) contains n+4 variables- a 
rnuula£l°s’ ° rder t0 be ^mum, must contaTnSleast 

n null variables. Thus, since there are only 4 constraints an 
fa P ot im T ! ol . utIon can contain at most 4 means of production t This 

S adoSS a*™ lntU \ tiVe - 18 indeed; it shows That 

Ji ns« P f- n f a flft ^. C0IlstraiIlt (as, for example, a social constraint) 

wW^ rf lnd a “ optlmum that can contain an extra non-null variable 
which means an extra means of production. ’ 

in 0 ! ^ ke i he 4 r ° bl , em practical . let us use some actual figures 
hi 1955, the French Parliament set these goals- ^ 

A (guaranteed power) 1,692 Mw 

B (peak power) 2,307 Mw 

O (annual power output) 7,200 Gwh 

and as a constraint: 

stitSisTp^S! ° eiling): “ arbUrary Sum < a value of Dcon- 


Table 15.1 



ai 

bi 

Ci 

di | gi 
in millions of franca 

1. - Steam plant 

-fH 




1.15 

7 

97 

136 

x\iver-current plant 
3. - Reservoir plant 

1 

1 

1 1.10 
1.20 

^12.6 

420 

56 "" 

4. - Dam plant 

1 

3 

X.O 

7.3 5 

130 

310 

101 

104 

5. - Tidal-power plant 

1 

2.13 

5.47 

213 

—-——- 

79 


. .... .-uk opeuuications tor the 5 types of plant if 

in addition, we have the following data- 34 1 plant * H > 

-interest rate: 8%, or k = 12.5 

of we obtain the - 
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The linear program to be optimized is then: 

Z = 136 X! 4 - 56 x* 4 - 101 x 3 4 - 104 x 4 4 - 79 x 5 

Xi 4 - X* 4 - *3 4 - x t 4 - x a — 1>692. 
1.15 x x + U0 x a 4 - 1,2 x 3 4 - 3 4 - 2,13 x 5 - x b = 2,307 
7 x x 4 - 12.6 x, 4 1.3 * 3 4 - 7,35 x 4 4 - 5.47 x s — x c = 7,200 
97 Xi + 420 x a 4 - 130 x 3 4 - 310 x 4 4 - 213 x 6 4 - x d = D 


Let us select as a possible basic solution the one that corre 
sponds to: 


Xa — X3 — Xt X b X b 


15.18 


or, in other words, a solution where only steam power is used, and 
^ urixiov, total oeak power load is met. This yields. 


Xx = 2,006, *. = 3H, *c = 6,842, «-D - 194,582. 15.19 

It appears that such a solution requires an investment that must 
exceed 195 billion francs (rounding off 194,582). 

With a solution in which: 

xi = x# = X 4 - x 5 = Xb = 0 15.20 


we would obtain: 

2097, x„ = 405, x c - 19,222, x d = D — 880,740 1 5.21 




in which case D must be greater than 881 billion francs (rounded 

° f ^it is nossible to make a comparative study of all the basic solu¬ 
tions There are, a?the most, 126 basic solutions in this program 
(we do well to emphasize “at the most ” since among these 126 
solutions, some will contain negative values of the variabies ana 
must be discarded). The basic solutions can include one, two, 

* hr °,!n?T,h P “',W ol Masse and Gib,., as well 

as in the article by Ventura, a very complete and particularly m 

fprpstins: discussion of this problem.* 

Using an electronic computer, or even by paper-and-pe 

calculations, we can study the variation ^^^s wh 

different values of D, and examine, for each of these values, whicn 

kinds of plants should be used. 


*See Bibliography: C-53 and C-59. 
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treated in this section make it possible to 
e basic problem of the theory of plans This problem ean 
be stated as follows: What modifications*^weti elZrto 
the objectives of a plan or in the costs of the varTous types of 
plants available for the formulation of a plan ® in order that the 
optimum solution may keep its structure? 




EXAMPLE OF TWO COMPLEMENTARY PROBLEMS 
THE CONCEPT OF DUALITY. 

. We . ®b a ll first of all present an example of an important prop 

pr«“«t”, "a. 8 ra, “ 1W ’ r,i “ h * »«= abstract 

Let us go back to the problem stated in Section 11 A farm 
mmai must consume, every day, at least 0.4 kilogram of ingredient 

in , g bck ,_ t0 the complete statement of the problem sriven 

in Section 11, we obtain the following linear program? S 


[MIN] / = 10 y t + 4 y 2 , 

0.1 yt 2* 0.4 , 

°-l y*> 0 . 6 , y x , y s ^ 0 

0.1 y t + 0.2 y 2 > 2 , 

0.2 y t + 0.1 y 2 ^ 1.7. 


16.1 

16.2 


We have already seen that the 
spond to the solution: 


minimum value for f will corre- 


y 1 y 2 — 9. For these values, / = 76. 

The following table sums up the statement of the problem. 



M 

N 

Prescribed 

quantities 

A 

0.1 

0 

0.4 

B 

0 

0.1 

0.6 

C 

0.1 

0.2 

2 ~~~ 

D 

0.2 

0.1 

1.7 

1 cost 

10 

4 
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Now let US consider the problem of someone ' ’ W “ h 

wmwmm 

therefore, is: 

[max] g — 0.4 Xi + 0.6 Xi + 2 x 3 + 1.7 x 4 . 

R„t on the other hand, he does not want to charge higher prices 

.h.» hi. o^Stor., .» he Imposes these e.nstr.mt. on 

himself: 


Xu Xz, * 3 , * 4^0 


16.6 


0.1 Xi -f 0.1 x 3 + 0.2 x 4 ^ 10 
0.1 x 2 + 0.2 x 3 + 0.1 * 4 ^ 4 

If we now find the maximum for g, we will obtain as our solu- 
tion:* 

16.7 


20 , 


0 , 


x 3 = o, x 4 = 40, g = 76. 

Thus, the competitor knows that his maximum profit will corre- 

SP °Now to shall P draw S up a table showing the data for the program 


—- 

A 

B 

C 

D 

cost 

M 

0.1 

0 

0.1 

0.2 

10 

N 

0 

0.1 

0.2 

0.1 

4 

Prescribed quantities 

0.4 

0.6 

2 

1.7 



16.8 


Program (16.5, 16.6) corresponds tu jjV I' 

^ /1ft c ic data have been reversed, as can be seen 

program (16.5, 16.6) the tata navie oee A very important 

from an examination of tables (16.4) and ( • ) * 

property is connected with this reversal of data: 

max g = min/ = 76 . 16.9 

This orooertv which is clearly shown in our example, is a 
een JJal one Without going into the mathematical developments, we 
lhan slate this general property, called duality, as follows: 

♦ The reader interested in these calculations will find several 
methods discussed in Chapter VII of Part Two. 
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The programs 


[ max ] g Cj Xj , 

and 


m 

[ min ]/ = b t yi , 


jZaijxj^bi, la nyi > Ci . 

/= 1 , 2 , 

f 

which correspond by duality, are such that: 


16.10 

16.11 


Thus, the search for the optimum of a program can be replac ed 
by a search for the optimum of the dual program. 

Duality is a very Important concept, in relation both to the 
economic concepts with which it is connected and to the special 
methods of calculation that derive from it. It is always of interest 
to examine what the dual of a program may represent.* 


Section 17 

TRANSPORTATION PROBLEMS** 

1. General explanation.—2. A variation.— 

3. Approximation method.—4. An example.—5. Other methods. 

1. General explanation. 


n^? ef ° re examini ?S the general form of certain kinds of linear 
programs concerning transportation problems, we shall present 
a simple example. Since the calculations required for transporta- 

from^he^outset 3 ^ 1,6 elementary ’ we sha11 describe them fully 

In three plants, A, B, and C, we have a certain tonnage of a 

be°deliverpr?V T’ 120 ^ -actively. The producTis to 

rLtflT + 5 warehouses, 1, 2, 3, 4, and 5, each of which must 

Fif? 17 i* a H . quota: 50 * 70 » 90 » a &d 90 tons, respectively. 

Fig. 17 is a diagram of the transportation involved. * 


*See Part Two, Section 66. 

**We shall dwell particularly on linear 
portation because their solution requires no 
matical methods. 


programs of trans- 
complicated mathe- 
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Fig. 17.1 

The transportation cost for a given unit of the product is shown 
in Table 17.1. For example, the cost of transportation from plant 
to warehouse 4 is 5. The problem is to work out a transportation 
plan such that the total cost of moving the 340 tons will be mini¬ 
mized. 





(1) 

(2) 

(3) 

(4) 

(5) 

(A) 

4 

1 

2 

6 

9 

t B ) 

6 

4 

3 

5 

7 

(C) 

5 

2 

6 

4 

8 


40 

50 

70 

90 

90 


100 

120 

120 


To begin, we can show that such a problem constitutes a linear 
program containing 15 variables and 7 independent equations. We 
shall number the variables in such a way that they will correspond 
to the rows and the columns of Table 17.1. 


T?Armnm fnnntimv 


[min] z — 4 *n 4 x lz + 2 x xs 4 6 x Xi 4 9 x 16 

_l_ 5 Xzi 4 Xti 4 3 Xn 4 5 Xt t 4 7 x Zft 

4- 5 X31 4 2 a' 32 -}* 6x33 44 x 3 4 48 x 3 5 


17.1 


Constraints: 

Xu 4- *18 4- *13 4 *14 4- *15 = 100 

*21 4- *28 4- *23 4- *24 4" *86 = 1^0 

*31 4- *32 4- *33 4- *34 4* *35 = 1^0 

*n 4 - *21 4 *31 — 40 

*12 4 * 28 4 *32 = 50 

*13 4 *23 4 *33 — 70 

*14 4 *24 4 *34 = ^O 
*15 4 * 2 5 4 *35 — 90 


17.2 
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But these 8 constraints are not independent, because we have: 
Total quantities supplied = Total quantities received: 


100 + 120 -f 120 = 40 + 50 + 70 + 90 + 90 = 340 . 17.3 


Thus we have, finally, not 8 independent constraints, but only 7. 
If we recall what was stated in Section 12, a basic solution will 
contain N-M = 15-7 = 8 null variables. We can determine the 
optimum for such a program by means of the algorithms described 
in Part Two of this book; however, the particular structure of this 
kind of problem yields to a special method that is very simple in 
principle and can be understood and applied readily by a person 
who has not been trained in advanced mathematics. We owe this 
very elegant method, known as the stepping-stone method, to the 
American mathematician G. Dantzig. We shall present it now by 
means of an example. 

Let us construct a basic solution using a very simple rule, 
known as the north-west corner rule. We start in the north-west 
corner (upper left) of the distribution table (Table 17.2). Where 
the first row intersects the first column, we enter the smallest 


Table 17.2 



(1) 

(2) 

(3) 

(4) 

(5) 

(A) 

40 

50 

10 



(B) 



60 

60 


(C) 




30 

90 


40 

50 

70 

90 

90 


100 

120 

120 


of the two numbers representing supply (100) and demand (40); in 
this case, 40. We complete the first row (the first column, in 
another example) until exhaustion of supply has been achieved (or 
fulfillment of demand, in another example). In this way we obtain: 


•*u 40, Xu — 50, X 13 — 10 , Xu — = 0 . 17.4 

Next, we fulfill the demand in the third column, and then exhaust 
the supply in the second row, which will give us: 

•**1 *23 ” 0, X ,3 == 60, = 60, ^25 = 0. 17.5 

Now, let us fulfill the demand in the fourth column, and, finally, 
exhaust the supply in the third row, giving us: 


*31 = *32 = x 9i = 0, = 30, * 3S - 90. 


17.6 
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We have thus arrived at our basic solution. We can now calcu¬ 
late the total cost: 

z = (40)(4) + (50X1) + (10X2) + (60X3) + (60)(5)+ (30)(4) + (90X8) 17#7 

= 1550. 


Starting from this solution, we shall now search for a new one 
that will correspond to a lower total cost, but will still contain at 
least 8 null variables. 


Table 17.3 
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Table 17,3 (continued) 




(g) (h) 


In order to arrive at a more profitable solution, let us assume 
that we assign one unit to square 1,4 (first row, fourth column, 
table 17.3a); this means that we must take one unit out of square 
1,3, add one unit to square 2,3, and lastly take one unit out of 
square 2,4. This circular transfer of a unit changes the total 
cost* by a quantity 6 14 (square 1,4), which we can easily evaluate 
by consulting our table of unit costs (Table 17.1): 

<5i4 = 6 — 2 + 3 — 5=2 . 17.8 

In the same way, we evaluate similar changes for the other 
squares: 

Table 17.3b: <5 1S = 9 
Table 17.3c: d %l = 6 
Table 17.3d: = 4 

Table 17.3e: <5 aB = 7 
Table 17.3f: d ai = 5 
Table 17,3g: <$ 3a = 2 
Table 17.3h: <5 33 = 6 

The name “ stepping-stone’’ comes from the arrangement of the 
path taken in the calculations, moving from one square of the table 
to another. 

Now, let us determine which exchange lowers the cost; for this, 
6 must be negative, which is the case for 6 2B = -2. But, instead of 
shifting just one unit, let us shift as many units as we possibly can. 
To do so, we choose among the stepping-stones that square which 
corresponds to the smallest quantity where there is an entry of 


•2 + 3 — 5+4 —8 = 1 

3 + 2 — 4 = 1 

■ 3 + 2 — 1 =2 

■ 5 +4 — 8 = —2 

4 + 5 — 3 + 2 — 4 = 1 
.4 + 5 — 3 + 2 — 1 =1 
4 + 5 — 3 = 4. 


17.8 


*The 6y quantities represent the unit variations when a shift 
is made from one base to another; they constitute the marginal unit 
costs. 
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-1. Table 17.3e shows us that this will be square 2,4, which con¬ 
tains the number 60. We shall now shift 60 into square 2,5, sub¬ 
tracting this quantity from square 2,4; then, in order to reestablish 
the necessary balance of supply and demand, we shall write 90 
instead of 30 in square 3,4, and 30 instead of 90 in square 3,5. 
This gives us: 


Table 17.4 



The corresponding cost is: 

z— (40)(4) 4 (50)( 1 ) + ( 1 0)(2)+(60)(3)+(60)(7) + (90)(4)+(30)(8)= 1 430 17.9 

(a predictable result, since we know that the exchange of one unit 
cuts the total cost by 2, and that therefore the exchange of 60 units 
will cut it by 120). 

We shall repeat, for this new solution, the preceding set of 
calculations. Examining Table 17.4 we observe: 


Table 17.5 



40/ 

50/ 

A 

+1 

■ 



60 / 

■ 

60/ 



A 

■ 

A 

m 

■ 

■ 

90 / 

30 / 

U 

■ 

■ 

/-I 

k 
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Table 17.5 (continued) 



( 8 ) 



(*) 


Table 17.5a: <5„ -6 — 2 + 3 — 7 + 8 — 4 = 4 

Table 17.5b: <5 15 = 9 — 2 + 3 — 7 = 3 

Table 17.5c: r5 ai =6 —3 + 2 —4 = 1 
Table 17.5d: <5 aa - 4 — 3 + 2 — 1 = 2 

Table 17.5e: <5 a4 = 5 — 7 + 8 — 4 = 2 17.10 

Table 17.5f: <5 al =5 — 8 + 7 — 3+2 — 4 = — 1 
Table 17.5g: a 3 « = 2 — 8+7 — 3+2 — 1 = — l 
Table 17.5h: <5 88 = 6 — 8 + 7 — 3=2. 


We now have a choice between 6 31 and 6 3S which both yield 
6 = -1. Just for example, let us use 6 3 i. We take a number of units 
equal to the smallest number to be found in the squares of Table 
17.5f where there is an entry of -1. 


Table 17.6 


100 

120 

120 


Then we shift 30 units, beginning with square 3,1. This gives 
the solution shown in Table 17.6, for which we have: 

2 =(10)(4) +(50)(1)+(40)(2)+(30)(3)+(90)(7)+(30)(5)+(90)(4) = 1 400. 17.11 

(a predictable result, since the exchange diminished the cost by 
30 x 1 = 30). 

Let us repeat the operation still another time, but without 
developing the tables: 


10 

50 

40 





30 


90 

30 



90 



40 50 40 80 90 







58 


LINEAR PROGRAMS 


<5 14 = 6 — 4 + 5 — 4 — 3 

<3„ = 9 — 2 + 3 — 7 = 3 

(5 2 i — 6 — 3 + 2 — 4 — 1 

2 ^ 
$z 4 = 5 — 3+2 — 4 + 5 — 4 = 1 
$ 3a = 2 — 5+4 — 1 - 0 
$33 = 6 — 5 + 4 —'2 = 3 
a, # = 8 — 5+4 — 2 + 3^7 = l. 

No exchange can lower the cost, because all values of 6 are 
positive; we conclude then that it is impossible to obtain a better 
solution; on the other hand, there is an equivalent solution, because 
there is a null 6. An exchange with 6 33 will give the solution found 
in Table 17.7: 


Table 17.7 



This solution yields the same value* for z. 

^=(40)(4)+(20)(1)+(40)(2)+(30)(3) +(90)(7) +(30)(2)+(90)(4) = 1400 . 17.13 

The reader will have gained from this example a specific knowl¬ 
edge of the nature of this kind of problem, and we can now proceed 
to a more general formulation of transportation problems. 

A linear transportation problem consists of determining a 
diagram of transportation from m given origins, each of which 
provides a quantity ai of supplies (i = 1, 2, ..., m), to n destina¬ 
tions, each of which must receive some quantity bj of supplies 
(j = 1, 2, ...» n), in such a way that the total cost of transportation 
will be a minimum, where the known unit cost of transportation 
between an origin i and a destination j is found among the m x n 
values: 


Cij 



,m 


, n . 


cij > 0 . 


17.14 


*In actuality, there is in this case an infinite number of solutions 
corresponding to the optimum, if quantities less than 30 are assigned 
to square 3,2. But these would no longer be basic solutions. 
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m origins L 



n destinations 

Fig. 17.2, ;; 

p : . P 

It is assumed here that the total demand equals the total supply: 


m n 

Gi — ^ bj Qi 0, bj 0. 17«15 

If this were not the case, i.e. if the total supply were greater 
than the total demand, we could provide a fictitious additional desti¬ 
nation, which would again give us equation (17.15). 

If we denote as xij the quantity transported from origin i to 
destination j, the table formed by the xy coefficient (i = 1, 2, ..., m; 
j = 1, 2, ..., n) is called the flow matrix or transportation diagram. 
We see then that the problem constitutes a linear program with a 
particular structure. 


[MIN] Z 

^ II 

jTm?* 

"“4 

C 

X 

Q 

\ 

H 

\V 

O 

17.16 

II 

H 

= Gl 

i — 1,2,...» m. 

17.17 

m 

= bj 

j = 1, 2, n , 

17.18 


m 

2 Gj 
i-1 

-S' 

li 

17.19 


*The sign of double summation can easily be understood: 

3 4 3 

/?1 Jii iS Xi} = Xil + Cit Xii + c ** + c i* x i*> 

= Cxi Xu 4- Cxt *12 + c 13 *« + Cit Xu 

4" C* 1 *21 + Cja *22 + C J3 *23 + <?24 *24 
4- c, 1 *31 + C 38 *3* 4- C a3 *33 4- C 3 4 *84 . 
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This yields m x n variables and m + n equations (17,17 and 
17.18). However, these m + n equations are not independent, in 
view of (17.19); taking (17.19) into account, it is easy to construct 
m + n - 1 independent equations, which are: 


m n m n 


1 equation : 2 


*w7 

r 

swj 

II 

17.20 

(m — 1) equations : 

n 

= at 

i = 1, 2, m — 1; 

17.21 

in — 1) equations : 

m 

- h 

j = 1,2.» — 1 . 

17.22 


A basic solution will therefore contain at least: 

N — M — nm — (m + n —1) = (m — 1 )(n — 1) 17.23 

null variables.* 

There are methods other than the stepping-stone for solving 
transportation problems, as well as variations of this method. We 
shall now examine a few of these. 

2. A variation. 

It is often advantageous, when there are several possible ex¬ 
changes that will reduce total costs, to choose not the one that 
gives the largest unit decrease but the one that yields the greatest 
total, or overall, decrease. An example will demonstrate this. 

Let us consider the transportation problem given in Table 17.8. 

Table 17.8 


Destinations 


Origins 


10 

20 

5 

9 

10 

2 

10 

8 

30 

6 

i 

20 

7 

10 

4 

30 

50 

40 

60 

30 


90 

40 

80 


*If a solution contains more than (m - 1) (n - 1) null variables, 
the stepping-stone method should be followed to evaluate all of the 
marginal costs, by arbitrarily employing one or more zeros, ac¬ 
cording to need, in the stepping-stone path; under no circumstances 
can an entry be made that involves the transportation of a negative 
quantity. Sometimes the calculations become highly complicated. 



LINEAR PROGRAMS 


61 


We shall use the basic solution obtained by starting from the 
north-west corner. 


Table 17.9 


90 

40 z = 2510 
80 

30 50 40 60 30 

Now we calculate: 

+ 

$i* = 9 — 5 + 8 — 30 - — 18 

$16 — 10 — 5 + 8 — 30+ 10 — 4 = — 11 

$21 = 2 — 8 + 5 — 10 = — 11 

$22 - 10 — 8 + 5 — 20 = — 13 

$36 = 6 — 30 + 10 — 4 = — 18 

<9 31 = 1 — io + 30 — 8 + 5 — 10 = 8 

<S ;t2 = 20 — 10 + 30 — 8 + 5 — 20 — 17 

$ 33 = 7 — 10 + 30 — 8 = 19. 


30 

50 

10 





30 

10 





50 

1 30 


17.24 


For each negative variation, which is to say for 6 U , 6 ^, 6 ^, 
6 ss, and 6 ®, we shall work out the largest possible shift compatible 
with the values given for the origins and destinations. We then 
obtain: 


For 

6 U = -18 we can move 10 units, or a difference of -180 

6 15 = -11 we can move 10 units, or a difference of -110 

6 gi = -11 we can move 30 units, or a difference of -330 17,25 

6ss = -13 we can move 30 units, or a difference of -390 

635 = -18 we can move 10 units, or a difference of -180 

Thus, it is dgg that yields the greatest difference; we obtain: 

Table 17.10 



z = 2120 


30 50 40 60 30 
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This approach sometimes allows a more rapid determination 
of the optimum value, but it requires calculation of each variation, 
and, if one considers the amount of analysis, the advantage does 
not always lie with this approach. 

We might point out, for those who have some mathematical 
training, that the first method consists in optimizingby performing 
iterations in relation to the greatest slope, while the variant refers 
these iterations to the greatest difference (iterating in terms of 
the rate of variation or the differential). 

We shall leave it to the reader to work out the optimum value 
for the program of Table 17.8, which is: z = 1500. This result can 
also be achieved by means of the approximation method, which we 
shall now describe. 

3. Approximation method. 

A method devised by Houthakker* makes it possible to improve 
a solution very rapidly, although without any certainty of reaching 
the optimum. 

We shall define, first of all, the concept of the mutually pref¬ 
erable output. An output xij from an origin i to a destination j is 
mutually preferable if j is the cheapest destination for i, and if i 
is the cheapest origin for j. This mutually preferable output is 
characterized by the fact that its unit transportation cost must be 
the lowest in its row and in its column. We then place the maximum 
allowable outputs in the corresponding squares, and go on to the 
next table obtained by eliminating the rows and columns already 
satisfied. We repeat these operations until a solution is obtained. 
When one has been found, we check, by means of the stepping- 
stone method, to see whether or not the optimum has been achieved; 
if not, we then improve our solution by means of the stepping-stone 
method. 

So far as we know, Houthakker* s method cannot be analytically 
justified; it is justifiable only under the intuitive notion that mutually 
preferable outputs have a higher probability of lying within the 
optimum solution. 

4. An example. 

Returning to the example given in Table 17.8, let us find the 
M. P. (mutually preferable outputs). A quick scanning of the cost 
matrix (Table 17.11), shows that these are c 31 = 1 and c 13 = 5. We 


*See H. S. Houthakker, “ On the Numerical Solution of the Trans¬ 
portation Problem”, J.O.R.S.A., May, 1955, Vol. 3, No. 2, pp. 
210-214. 
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Table 17.11 


(1) 

(2) 

(3) 

(4) 

(5) 

10 

20 

CD 

9 

10 

2 

10 

8 

30 

6 

CD 

20 

7 

10 

4 

30 

50 

40 

60 

30 


90 

40 

80 


shall therefore place the highest possible output in each of these 
squares. This will give us (Table 17.12): 

•*31 = 30, hence x lt = 0, x 21 — 0 

*i» = 40, hence jt a3 =0, %=s 0, 17 0 26 


90 


40 


80 


Let us eliminate columns (1) and (3) from the table of costs. 
We shall then seek the M.P. outputs in the sub-table (Table 17.13a) ' 
these are the outputs corresponding to c 14 = 9 and c^ * 4. Adjust¬ 
ing the corresponding outputs (Table 17.13): 

Table 17.13 


Table 17.12 


0 


40 



0 


0 



30 


0 




30 50 40 60 30 


(2) (4) (5) 


(1) 

20 

® 

10 

50 

0 

0 

40 

50 

0 

(2) 

10 

30 

6 

40 

0 


0 


0 

(3) 

20 

10 

CD 

50 

30 


0 


30 


50 

60 

30 


30 

50 

40 

60 

30 


(a) 


(b) 


x lt — 50 hence * lz = x l6 = 0 
*35 = 30 hence x i5 = 0. 


17.27 


Continuing with the remaining sub-table (Table 17.14a), the 
M.P. outputs here are: c a8 = 10, c 34 = 10 which gives us Table 17 14b 
where we have * 
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x a8 = 40 and * a * =0 17 28 

jt 34 = 10 and X 39 — 10 

The program in Table 17.15 is, in this particularly favorable 
example, the optimum program, and we can check this by means 
of the stepping-stone method. We obtain min z = 1500. 



(2) 

(4) 

(2) | 

® ! 

30 

(3) 

20 

® 


50 

10 


Table 17.14 


40 

20 


0 

0 

40 

50 

0 

0 

40 

0 

0 

0 

30 

10 

0 

10 

30 

30 

50 

40 

60 

30 


90 

40 

80 


Table 17.15 


90 
40 
80 

In other problems we might reach a possible solution that 
would then have to be optimized by means of the stepping-stone 



40 

50 


40 




10 


10 

30 


30 50 40 60 30 


method. 

The approximation method may be helpful for large programs; 
that is, in which the number of origins and destinations is fairly 
great. 


5. Other methods. 

There are numerous other methods (see Bibliography): The 
method of Kuhn, Ford, and Fulkerson; The Friedmann method (a 
variation of the preceding one); Vidale’s graphic method; The 
method of matrix reduction of Dwyer and Galler; The star- 
separation method of Zimmern. (See Part II, Section 68.) 


Section 18 

ASSIGNMENT PROBLEMS 

1. General explanation.-2. The Hungarian method, - 
3.—Finding a maximum 

1. General explanation. 

The assignment problem is a special case of the transportation 
problem; it is, in fact, the simplest of all the linear programs. 
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Assume that n workers are to be assigned to n tasks; worker i 
can do job j at a cost of c^j, and can do only one such job. Let 
xij be an element located in row i and column j of a table contain¬ 
ing only the numbers 1 or 0 where the sum of each row and of 
each column is 1. The problem is to find the minimum sum of all 
the xijCij products. (See Tables 18.1a and 18.1b.) 


Table 18.1 


8 

7 

CD 

3 

4 


0 

0 

1 

0 

0 

5 

CD 

4 

2 

3 


0 

1 

0 

0 

0 

8 

2 

7 

4 

CD 

Hi 

0 

0 

0 

0 

1 

CD 

6 

5 

4 

4 


1 

0 

0 

0 

0 

8 

3 

7 

CD 

4 


0 

0 

0 

1 

0 


2 = 5 + 4 + 4 + 5+9 

= 27 


(«) ( b) 

A solution is shown in Table 18.1b; it corresponds to the num¬ 
bers circled in Table 18.1a. Adding up these numbers, we find 
z = 27, There are 5x4x3x2xl = 120 possible solutions. One of these 
corresponds to the minimum z, which is what we are looking for. 

The mathematical formulation is the following:* 


Economic function: 

[MIN] z 

n n 



= S £ x^ aj 
i=l ; = 1 J 

dj^ 0 

18.1 

n 

n 




Constraints: ^i x a 

— £ xtj 

1 J 

— 1, where x * = 
ij 

= Xij. 

18.2 




lj 2) w. 



The expression x 3 jj = x^ is a convenient way of indicating that x^ 
can have no values other than 0 or 1.** 


*In order to remove this formula from the realm of the abstract, 
here again is a concrete example of the double summation: 

33 a 

/?! Xii C V Cl i + x *f + X z j C 3 j) 

~ Xl 1 + *12 C 12 + *13 Cl» 

+ *21 c ai -f *22 C*8 -}- *23 C 23 

+ * 3 ! C31 -f- Xaa C32 -f- X33 C 3S . 

These £ signs, despite their somewhat forbidding aspect, express 
a very simple operation. 

**Because of this relationship, assignment problems cannot, 
from a purely theoretical point of view, be classed as linear pro¬ 
grams. But they are a very closely related form. 
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Before describing the principal method of resolving such prob¬ 
lems, let us look at an actual example of an assignment problem. 

The problem concerns an air transport network owned by a 
large international company. It is proposed to find the best way to 
assign crews to planes in order to cut crew transportation costs 
to a minimum. 

Let us first define what we might call the problem of crews 
between cities. Say that 2 cities, A and B, are joined by a direct 
scheduled air route (A-to-B and B-to-A). We shall assume that, 
every day, 3 planes leave A for B, and these will be called flights 
1, 2, and 3. Let the flights from B to A be called a, b, and c. Of 
course we know the times of arrival and departure; the flying time 
between the two cities is known, uniform, and constant. 

The elementary problem that arises here is the following: how 
can we minimize the time spent by the crews away from home (this 
is important financially as well as psychologically)? We know that 
every crewman that lives at A and takes off for B must come back 
to A to complete his mission; the same thing applies for every 
crewman that takes off from B. We can imagine several arrange¬ 
ments: for example, solution lb, 2a, 3c for those leaving A; a3, 
bl, c2 for those leaving B. We must select the best arrangement, 
for example al, 2c, b3, if this were really the best. 

We shall develop a numerical example to make things clearer. 


10h«— 

1 

->-> ■ 

2 

—#16h 

_A 03 h 

i / n 9 

1 U A 

3 

_ a 7 h 


a 

_ 0 9 h 

id n w ' 

90 h 41_ 

b 

_ 0 14 h 

Zv n 

2 h#— 

c 

—(-«— 

— #20h 1 


Fio. 18.1 


Uniform flight time: 6 hours (actually, problems like this are 
expressed in minutes). 

To solve the problem, we draw up Tables 18.2a and 18.2b, the 
first assuming that all the crews live at A, and the second assuming 
that all crews live at B; the numbers represent the time away from 
their home. All these times obviously lie between 12 and 36 hours. 
We assume that each crew, after arriving at its destination, will 
leave for home on the first available plane. 
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Table 18.2 

be a b 



intervals. 


(«) ( b ) (c) 

We then proceed to construct another table derived from these 
two by choosing, in each square, the smallest number in the two 
tables. This gives us Table 18.2c. Finally, we choose a number 
from a different row in each column with the intention of finding 
that arrangement which minimizes the sum of the three numbers. 
In the elementary case we are considering, this is very easy* we 
can form 6 distinct combinations: 

Cn 4 c aa 4 - Cgg - 29 4 - 27 + 25 = 81 h 

Cu + c 2S 4 - c 3a =29 4 - 27 + 17 = 73 h 

4 - c zz 4 c 31 = 26 4 - 27 4 - 14 = 67 h 

Cia 4 - c ai 4 - e 33 - 26 4 - 14 4 25 = 65 h 13 * 3 

c 18 + = 16 4 14 4 17 = 47 h <- minimum time 

Ci» + c aa 4 c zl = 16 4- 27 4 - 14 = 57 h . 

Thus the most favorable plan is the one that gives us 47 hours, 
or a2, b3,and lc. Therefore, two crews will live at B and one at A 
with their timetable set by the a2, b3, lc arrangement. 

The very simple little arithmetical problem we have just solved 
is an assignment problem. It was easy to solve, as we have seen, 
for 2 cities, 6 flights, and 3 crews. But it becomes very difficult 
indeed when these numbers are greater. We can see that, with m 
crews, it is possible to form m(m-l)... 3 x 2 x 1 permutations. 
Consequently, with 10 crews, we would have to calculate 3,628,800 
permutations, and with 20 crews, 2.4329 x 10 s3 , a number with 24 
digits! This would take a team of good accountants, passing the 
task from father to son, several centuries to calculate. One can 
readily grasp the importance of a suitable shortcut, which we shall 
explain later on. 

The actual problem that was studied included 13 cities 60 
connections, and 400 flights. It was agreed that each crew would 
come back to its point of departure. For example, in a network 
A, B, C, ... U, V, including junction points and feeder lines, every 
crew had to take a route constituting a chain link or closed circuit* 
ABCA - ABNCBA - MPM, etc. (Fig. 18.2). 
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D 



The solution of such a system by the procedure we have used 
would require centuries of calculation, by hand or on an office 
comptometer, because it would be necessary to try every single 
one of the permutations! 

But there is still more! The airline cannot require crews to fly 
if certain conditions are not met; for example: 

—no crew can fly more than 8 consecutive hours; 

-every crew coming off a flight must have a rest period at 
least twice the length of the flight time, plus a quarter of an hour; 

—no crew can work more than 14 hours consecutively, counting 
ground time, without rest. Each airport is assigned an average 
length of time for ground activity. , _ _ 

This problem was actually studied and solved. It took 15 days 
to prepare the data. The solution, using an electronic computer, 
took an 8-hour day. The optimum solution makes it possible to 
save 18% over the costs arrived at by intuitive flight-planning. 
This saving amounted to almost 100 million francs a year. 

2. The Hungarian method. 

The principle of this method is simple, although certain rigorous 
proofs relating to it are quite subtle, and will not be given here. 

There is no change in the optimal solution of an assignment 
problem if we increase or decrease the value of all the elements 
in the same row (or the same column) by a fixed quantity X; this is 
obvious, because a solution can contain only one element equal to 1 
for each row and column (see Table 18.1b). Such an operation 
decreases or increases by the value of the economic function, but 
does not change the optimal solution. 

We shall explain this method by means of a numerical example 
(Table 18.3). The method involves five successive steps. 

STEP I - Obtaining zeros. 

From every element (number) in a column subtract a quantity 
equal to the smallest element in that column; in other words, form 
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the table c®—- minx^. This will produce at least ofte zero 
per column. 

In our example (Table 18.3) we shall take away the number 7 
from column (1), the number 6 from column (2), etc. This Will eive 
us Table 18.4 

STEP II - Finding an optimal solution. 

With the zeros from c^? try to form a zero-value solution, or, 

in other words, an assignment in which all the c® elements in the 

solution are zeros. If this is possible, then the optimal solution 
has been found; if it is not, then we must go on to Step III. 

To find this null solution, first consider one of the rows that 
has the fewest zeros; circle one of the zeros in that row, and then 
cross out the other zeros in the same row and the same column as 
the zero that has been circled. Do the same for all the rows. 

Table 18,5 

0) (2) (3) (4) (5) 

(1) 

( 2 ) 

(3) 

(4) 

(5) 

In our example, we started by circling c®, which led us to 
cross out c®; we then circle c®, which leads us to cross out 

c 32 and c 42* We circle c i 3 and c ^oss out c® ; we circle c® and 
cross out c®. This give us an incomplete assignment with all of 
the circled zeros. If we were to complete it by circling c® , we 

!:u0 

would have an assignment plan whose total value would equal 3. 
Since we still have not derived an assignment plan with a total 
value of zero, we must go on to the next step. 



Table 18.3 Table 18.4 



(1) 

I- 

(2) 

(3) 

1—— 

(4) 

(5) 


0) (2) 

0) 

(4) 

(5) 


(0 

! 12 

$ 

7 

15 

4 

(I) 

1 1 

i i 

-0] 

-f- 



(2) 

7 

9 

17 

14 

10 

(2) 


10 

1 

? 

6 

X 

(3) 

9 

6 

12 

6 

7 

(3) 


5 


3 

X T 

(4) 

7 

6 

14 

6 

10 

(4) 

m 

7 

f 

6 

X 

(5) 

9 

6 J2 

10 

6 

(5) 

f tfl 

X X 

5 

jL 

X 

2 

X 
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STEP III - Finding a minimal group of lines and columns containing 
all the zeros. 

Perform the following operations, step by step in sequence: 

a) Mark (x) every row that contains no circled zero, 

b) Mark every column that has one or more crossed-out zeros 
in a marked row. 

c) Mark every row that has a circled zero in a marked column. 

d) Repeat b) and c) until it is no longer possible to find any new 
marked columns or rows. 

By following this procedure, it is possible to obtain a group of 
rows and/or columns, minimal in number, containing all the circled 
or crossed-out zeros. 

In our procedure, we begin by marking row (3), then columns 
(2) and (4), then rows(4) and(5),then column (1), and lastly row (2). 
(See Table 18.4.) 

STEP IV - (following Step III). 

Draw a line through all the unmarked rows, and another line 
through all the marked columns. This, of necessity, gives the 
group of rows and/or columns, minimal in number, that contains 
all the zeros. 

In Table (18.4), we see that the lines must be drawn through row 
(1) and through columns (1), (2), and (4). 

STEP V - Possible shift of certain zeros. 

Examine the partial (sub-) table consisting of elements that are 
not lined-through and take the smallest number (element) in this 
partial table; subtract this number in the columns not lined-through 
and add it in the rows that are lined-through.* It will be seen that 
in so doing we do not change the optimal solution of the given 
assignment problem. 

A glance at Table 18.4 shows that the number 2 must be sub¬ 
tracted in columns (3) and (5), and added in row (1). This number, 
2, is the smallest number in the part of the table that has not been 
lined-through. This will give us Table 18.5. 

STEP VI - The optimal solution, or start of a new cycle. 

Repeat Step II on the new table c® produced in Step V. If an 
optimal solution results, the procedure is completed; if not, 


*In effect, we are subtracting this number from the elements 
that are not lined-through, adding it to the elements that lie at the 
intersection of two lines, and leaving the rest unchanged. 
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continue until a Step II operation does produce an optimal solution. 
It is possible for this optimal solution not to be unique. 

In Table 18.5, we circle eg, then cross out eg; we circle 

eg, then cross out eg; we circle eg, then cross out eg, eg, and 

c (2 > We circle c?] and c^. This produces an optimal solution; 
52 44 5o 

( 2 ) 

if it had not, we would then have repeated Steps II through V on c.., 

and so forth, until the optimum solution was finally obtained. 

This optimum solution yields: 

c u + 4 + 4 + 4 + 4 = 0 + 0 + 0 + 04-0 = 0 

and, going back to the given problem (Table 18.3): 

min z = C 13 + cai + C 32 C 44 + css — 7 -f 7 + 6 + 6 + 6 — 32. 

This result can be recalculated and checked. In Step I we sub¬ 
tracted from the z function: 7+ 6 + 7 + 6+ 4 = 30; in Step III, we 
subtracted 2 + 2 - 2 = 2; which, in fact adds up to 32. 

3. Finding a maximum. 

In some assignment problems, the idea is to find the assign¬ 
ment pattern that will yield the maximum for the economic function. 
In this case, we proceed in the following manner: 

1) Determine the highest unit cost in the entire table: 

let: c — max cy; 18,6 

2) Deduct this unit cost from each element in the table. This 
produces a new table, made up of zeros or negative numbers: 

Cij = Cij — c . 

3) Change the signs of all the c'ij elements; i.e., 

Cij — — Cij — C — Cij , 

Hence: 

ft 

Cij —C — Cij . 

It is clear now that the maximum for the assignment problem 
formed with c^ elements corresponds to the minimum for the 
problem formed with c'y elements. At this point, we proceed to 
find optimal solution in the table formed with c'^ elements. 


18.7 

18.8 

18.9 


18.4 


18.5 
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Note. 


There are P n - n(n - 1) (n - 2) ...2*1 possible solutions for 
an n x n table, which rules out a trial and error approach. The 
numbers quickly become very large: P B = 120, P a = 720, P„ =5,040. 
P 8 = 40,320, ... P*, = 2,4329 x 10®. 7 


Section 19 

TRAVELING SALESMAN PROBLEMS 

Problems of this kind can be stated, for example, in some such 
manner as the following: find the lowest-cost route for a traveling 
salesman* who must leave a given city, stop at every city in a 
certain region, and then return to his starting-point. 

This type of problem arises in the following management 
phenomena: 

—deliveries 
—inspection 
—school bus routing 
—television relays, etc. 

Let us outline a very simple case: what is the lowest-cost 
regular route for a traveling salesman who has to stop at cities 
A, B, C, and D without passing twice through the same one (Fig. 
19.1)? The transportation costs are shown in Table 19.1. 

We can easily see that there are three possible routes: 

ABCDA : c = 12 -f 17 -f 30 + 23 = 82 

ABDCA : c = 12 + 14 -f 30 + 25 = 81 19.1 

ADBCA : c = 23 + 14 + 17 + 25 = 79 «- 

B B 




*If travel expenses per mile are constant, then the lowest-cost 
route is the shortest. 
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Table 19.1 Table 19.2 



A 

B 

C 

D 


A 

B 

C 

D 

A 

0 

12 

25 

23 

A 

0 

15 

8 

17 

B 

12 

0 

17 

14 

B 

13 

0 

21 

11 

C 

25 

17 

0 

30 

C 

12 

10 

0 

30 

D 

1 23 

14 

30 

0 

D 

13 

21 

23 

0 


Thus route ADBCA gives the lowest cost. 

In some problems, the costs are not symmetrical (see Fig. 19.2 
and Table 19.2); in such cases, there are twice as many routes 
to be examined (6 in this example): 

ABCDA : c = 15 + 21 + 30 + 13 = 79 

ABDCA : c = 15 + 11 + 23 + 12 = 61 

ACBDA : c = 8 + 10 -f 11 -f 13 = 42 

ACDBA : c = 8 + 30 -f 21 -f 13 = 72 19,2 

ADBCA : c = 17 f 21 + 21 + 12 = 71 

ADCBA : c = 17 + 23 + 10 + 13 = 63. 

No analytical method is known for solving problems like this, 
and it is impossible in practice to calculate all the solutions in 
order to choose the best when we are dealing with a large number 
ot cities. For example, with 12 cities there are 39,916,800 distinct 
routes if the cost table is asymmetrical, and 19,958,400 if it is 
symmetrical. One can also imagine a case in which routes must 
be planned within an incomplete network, i.e., where there are no 
connections between certain cities. In this case, the problem 
becomes still more complicated. 

Although analytical techniques are lacking, it is possible, in 
certain special cases—such as those of very extended networks— 
to achieve a solution close to the optimum by employing a step-by- 
step procedure (See Part Two, Section 69). 





Chapter 3 


Delay (Queuing) phenomena 

Section 20 
INTRODUCTION 

Among the diverse types of problems in which one observes a 
scientific attitude toward the play of chance, the problems posed 
by delay (queuing) phenomena merit special attention. For the 
theoretical study of such phenomena, we employ the concept of 
“stochastic’’ processes. These are mathematical models that 
involve random dimensions or variables, that is, dimensions each 
value of which can be associated with some probability which 
itself varies with time. 

The waiting line (queue) is an affliction of our age. We are torced 
to admit that it is almost unavoidable in many cases, if we are not 
to adopt measures whose costs would be out of all proportion to 
the benefits of rapid service. When safety, or any other necessity, 
makes it imperative to provide a rapid service that will reduce 
waiting time below some fixed level, it then becomes possible to 
estimate the extent of the measures to be taken, as well as their 

cost. 

This theory and its applications will be studied in a manner 
that reduces the necessary mathematical developments to a mini¬ 
mum. 


Section 21 

GENERAL DESCRIPTION OF DELAY PHENOMENA 

1. General explanation.—2. Arrivals.—3. Length or time of 
service.-4. Structure of a delay phenomenon. 

l e General explanation. 

Waiting lines, or queues, are familiar phenomena, which we 
observe quite frequently in our personal activities; but they are 
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also encountered in many economic, military, social, etc. problems 
In general terms, the characteristics of a delay phenomenon are! 


1 Units arrive, at regular or irregular intervals of time, at a 
given point called the service center. For example: the arrival of 
trucks at a loading station, the entry of customers into a store, the 
arrival of ships in a port, the arrival of work orders in a shop, 
etc.; all of these units will be called entries or arrivals. 


2 One or more service channels or service stations (tracks, 
ticket windows, salesmen, etc.) are assembled at the service 
center. The units usually must wait for a station to be free before 
they can be served. The intervals of unit service time may be 
regular or irregular, according to the case. 

The following are some examples of delay phenomena: 


ENTRIES OR 
ARRIVALS 

NATURE OF 
SERVICE 

CHANNELS OR 
STATIONS 

Customers 

Sale of an article 

Salesgirls 

Ships 

Unloading 

Docks 

Planes 

Landing 

Runways 

Telephone calls 

Conversation 

Telephone circuits 

Cars arriving 

Customs check 

Customs agents 

Messages 

Decoding 

Decoders 

Defective machines 

Repairs 

Mechanics 

Fires 

Putting out fires 

Fire engines 

Orders 

Tailoring or repairs 

Workshops 

Letters 

Typing 

Typists 

■----—— 


We shall be probing deeply into the structure of such phenomena, 
and m order to do so we shall distinguish several categories of 
entries and channels. 


2. Entries. 

Entries may be: 

—separated by equal intervals of time; 

-separated by unequal, but definitely known, intervals of time- 
separated by unequal intervals of time whose probabilities 
are known; these are then called random intervals. 
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3. Length or time of service. 

In the same way, the service time may be: 

—constant; 

—variable, but known; 

-random (and, therefore, with known probability). 

We can also conceive of the case in which the intervals between 
successive arrivals and/or* the service times would be irregular 
and with unknown probabilities, but in such cases nothing can be 
predicted or estimated. 

4. Structure of a delay phenomenon. 

For a waiting line to occur, all that is necessary is that the 
entries and/or the service times form irregular intervals. Awaiting 
line can also occur with constant entry intervals and service times 
if the service time is longer than the interval between entries; in 
this case, the waiting line will lengthen regularly and indefinitely. 
Such a case holds little interest for us, and so we shall exclude it 
from this study. 


System 


1st source 

—*• 

2nd source 
3rd source 


Sources 
of entries 


Line 1 


OCCS33 


Line 2 




Waiting 

lines 


Fig. 21.1 


Station 1 
Station 2 


Station 3 
Station 4 


Station 5 


Channels 
or stations 


In order to clarify the structure of delay phenomena, we have 
shown in Fig. 21.1 a diagram of a delay phenomenon in which there 
are three sources, two waiting lines, and five stations. 

The waiting lines and the stations together constitute the delay 
system (or, briefly, system). 


*As is the current usage, we shall employ the “and/or” symbol 
to indicate a coordinate conjunction corresponding to the non¬ 
exclusive “or.” 
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One can conceive of a case with several sources of entries, 
each of them with a different probability distribution. For example, 
imagine a restaurant whose clientele consists of workers from 
three different plants, and in which the average number of workers 
arriving per minute varies according to the plant they come from. 
In practical cases of this type, we would replace the three sources 
with a single one whose probability distribution could be measured 
or calculated. 

One can also imagine several waiting lines, in which either the 
arrivals take their places automatically on the shortest line or 
some system of priority is applied. The set of order relationships 
or priorities that operate on the waiting lines is called the delay 
discipline. Referring back to our restaurant example, we might 
imagine two waiting lines, one of them reserved to priority 
customers, of whom there would not be very many. 

The units on the waiting line progress to the service stations 
in a time interval that may be different for each unit or each 
station. One must also specify how, in case there are several 
waiting lines, each unit chooses the station where it will be 
served. We might imagine, for example, that certain of the 
waitresses in our restaurant are faster than others and that 
customers in a hurry prefer these waitresses. 

In Fig. 21.2 we have shown a diagram of the structure of a delay 
phenomenon in the general case. We shall use the following 
notations: 

m = number of units in the total phenomenon (m can be finite or 
infinite); 

n = number of units in the system (waiting in line or being served); 
v = number of units in all the waiting lines; 
j = number of units being served; 
p = number of stations that are idle. 

This gives us: 

n = j if 2 i i 

= V + j if ft > S , 

where S is the number of stations. 

The quantities n, v, and j will vary as a function of time in a 
random fashion, which means they vary by chance with a certain 
probability system that we propose to discover. If we call p n the 
probability that there are n units in the system, the mean, or 
mathematical expectation, for the number of units in the system 
will be: 

m 

ii == 0 'p 0 4* l'Pi 4- 2 ' Pz + 3• p ?J 4- ... 4~ m • pm — 2 np n 21.2 

n =o 


where m can be infinite. 
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m units in the total phenomenon (finite or infinite in number) 


n units in the system 


v units in the waiting lines j units being served 



Back to die sources 
(closed system) or 
other systems (open 
system) 

Fig. 21.2 

In the case of a single waiting line and S service stations, the 
mean number of units in the waiting line will be: 

— m 

v = + 2 7>S+ 2 + 3 ps +3 + ... + (m — S) p m = £ (« — S) p n 01 Q 

n=°S+1 

This formula is easy to explain: there are units waiting as soon as 
n becomes greater than S, or, in other words, when n = S + l, 
n = S + 2, . . . , and the corresponding probabilities are ps + 1, 
PS + 2> . . . 

Instead of finding the mean number of units being served, it is 
often of greater interest to determine the average number of idle 
stations. For example, we might try to find a compromise between 
the cost of delaying units and the cost of idle stations. Let g equal 
the mean number of idle stations: 

Q — Sp 0 + (5 — 1 )pi + ... + l’ps-i = E (S — n)p n . 21.4 

*=0 

Among the quantities n, v and^ - , there exists the relation:*’** 

n — v + S — q. 


*This relationship is easily demonstrated. All that is needed is 
some familiarity with the manipulation of the sums represented by 
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Section 22 

THE RANDOM NATURE OF ARRIVALS OR OF SERVICE 

Let us point out, first of all, that the simple statement that units 
arrive at random is insufficient as a characterization of these 
arrivals; it is essential to know the statistical description of the 
phenomenon and to draw from this knowledge a law of probability. 
This is a very important point, and we shall now explain it in some 


To begin with let us clarify exactly what we mean by the word 
chance or random. An event appears to occur in a random manner 
(or by chance) if the causes for its occurrence are independent 
and so numerous that it is impossible for us to know them all and 
to single out the laws that govern the occurrence of the event. For 
example, we cannot predict the precise timing of arrivals at a 
post office, the amount of gas a customer will buy when he pulls 
into a filling station, the number that will come up on one throw 
ot the dice, and so on. If we can make a certain number of ex¬ 
periments, or if the event occurs often enough, we will be able 
to note the results of our tests, and to make a statistical study of 
the phenomenon observed. J 


the symbol £. We have: 

_ ™ „ m _ s 

n * „?o nPn ' V = nJs + t (/I “ ’ 6 (S ~ H)Pn 

Let us calculate: 

_ _ m s 

V ~ 6 ” ._!+1 ( " ~ 55 — n )A> 

m s 

= «_s+i ~ ^ Pn +„5o — S)p„ 

m 

= S o („ _ S)pn 
m m 

“ »?o np ” - S „H 0 P» ■ 

But the sum of the probabilities of all cases from n = 0 to n = m 
has the _value 1, and the sum £ npn from n = 0 to n = m has the 
value of n; therefore: 


v 


Q = 


n — S. 


**See Part Two, Sections 72 and 73. 
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Table 22.1 


Pr 12 = — = 0.05 . 
ia 100 


22.1 


What would be the probability of more than 12 
cars passing in one minute? 

The probability of more than 12 cars: 22.2 

= Pr 13 + Pri4 + Pri5 + Pr™ + Pr 17 + ... 

7 

100 


3 _2_ _1_ _1_ 

loo + loo + 100 + 100 


0.07 


And that of at least 9 cars passing? 
Probability of at least 9 cars: 


For example, suppose that we count the number of cars 
passing in one direction on a highway over a period of one minute, 
and that we repeat this counting procedure 100 times in succession. 
The first minute, we count 6 cars,' the second, 9; 
the third, 11 j the fourth, 5; and so on. We then 
draw up a table (Table 22.1) which shows the 
number of times (or frequency, f) we counted 0 
cars, 1, 2, 3 . . . cars per minute. Thus (Table 
22.1), we counted 10 cars per minute 9 times, 11 
cars per minute 7 times, etc. This measurement 
gives us a quantitative representation of the 
phenomenon. 

When the number of observations is large 
enough, we can accept the following empirical rule 
of behavior: 

44 The probability of an event, E, is, effectively, 
the ratio of the number, n, of cases in which E 
occurs, which are called favorable cases, to the 
total number, N, of cases observed.** 

In our example, what is the probability that 12 
cars will go by during a period of one minute? It 
is: 


22.3 


n 

/ 

0 

0 

1 

0 

2 

* 

3 

3 

4 

5 

5 

10 

6 

12 

7 

14 

8 

15 

9 

12 

10 

9 

11 

7 

12 

5 

13 

3 

14 

2 

15 

i 

16 

1 

17 

or more 

0 


= Pr 0 + Pri + Pr 2 + - 

-J_4--l.4-J-a.ii 

100 100 100 100 


Pr 8 -f Pr 9 

ii + ii + ii 

100 100 100 


ii- = -1 = 0.72 
100 100 


The concept of probability gives a practical meaning to the idea 
of chance. We say that a phenomenon occurs according to chance, 
or that it is random, when we can assign a probability to the oc¬ 
currence of each event. The value of this probability may be known 
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with more or less precision; statisticians employ procedures of 

progressively greater complexity in order to increase this pre- 
cision. 

We do not intend to give a lengthy discussion of the theory of 
probability or its underlying bases, taut we felt it desirable to point 

+ le +w y mw* ,? lght be considered fundamental to the develop- 
ments that will follow. ^ 

■ W ®. t . r " st A that the rea< 3er will not be misled by the purposely 
superficial nature of the preceding remarks and will remember that 
the science of statistics transforms the elementary notions pro- 
vided by our text into a perfectly coherent body of doctrine. In 

T^ o -r W0 ’ f a ?u 6r Vm ’ the reader wU1 find a mathematical 
exposition of the theory of delay phenomena which is based entirely 
on the concept of probability. y 

Thus, phenomena such as arrivals at a post office, gasoline 
demand at a filling station, or telephone calls received at a switch¬ 
board, are not necessarily governed by a single universal law. 
One can imagine all kinds of probability laws: there is an infinity 
of them. However, it has frequently been observed that the same 
law appears repeatedly, when certain conditions are met. These 

wTfh P tS2 1SS yth t con d itio “ s we sha H meet most often in connection 
twL , a ^ rival ® °f units in delay phenomena. A statement of 
these conditions leads to a description which we call the Poisson 
process; the probability law to which it leads carries the same 
name; Poisson’s law, and constitutes a very important special 
case (see Part Two, Sections 72 and 73). P 


Section 23 

AN ALMOST GENERAL LAW OF RANDOM ARRIVALS- 
POISSON’S LAW 

We shall now consider a series of identical events, E, which 
follow one another in time (for example, entries into a store, 
S of . cars °n a highway, incoming calls at a telephone 
switchboard, etc). Starting from an initial instant t = 0, let n be 
the number of events that have occurred up to time t; since n is a 

can' ? ( r be T r : WS assign n a Probability, which we shall 

r.® Symbo1 Pn(t) means that this probability is a 
function of t. Let us now state the following hypotheses: 

^ T J* e Probability p n (t) depends only on the time interval t and 
th f 1 Q ltla i.^ instant. For example, if the probability of the 
passage of 9 vehicles on a highway between 2:21 P.M. arid 2:22 

i oq w™ 12, Wl11 have the same Probability between 1:28 and 
1:29 P.M., or between 2:31 and 2:32 P.M. We say that this phe¬ 
nomenon is homogeneous in time, or stationary, the two expressions 
being synonymous. 
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2. We assume that two events cannot occur at the same time 
(for example, two customers never enter a store at precisely the 
same moment, two cars never pass the check point abreast). In 
other words, we could say that the probability of such an event is 
very slight (a very rare event). 



Fig. 23.1.-Graph showing the Poisson distribution for different 
values of a. This graph was drawn using continuous curves, 
although only integral values of r are significant. The points 
marked on the curves give the values. For greater precision, 
see the table in the Appendix. 

3. If we consider the very small time interval At, chosen at 
any instant, the probability that an event will occur during that 
interval is equal to XAt; the quantity X is called the average rate 
of arrival. For example, let us choose 1/10 second for At (or 
a shorter interval, if necessary, so that, effectively, there are 
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never two arrivals in one interval A t. Each 1/10 second, we ob¬ 
serve whether a car has gone by on the road; let us say; no, no, 
yes, no, yes, yes, no, no, no, no, no . . . and so on, every 1/10 
second for an hour. Say we have logged 540 yeses and 35,460 noes. 
The average rate of arrival will be 9 units per minute, or 540 per 
hour, or 0.15 per second, depending on the time unit chosen. If 
the phenomenon is homogeneous in time, the probability that a car 
will go by during any given 1/10 second will be equal to 540/36,000 ■ 
0.015. For 1/100 second, we have a probability of 0.0015, and so 
on. The constant quantity X, related to one minute, will be 9, and 
the probability XAt will be 0.0015 for a At = 1/100 second. 

We can show (see Part Two, Section 72) that the probability 
Pn(t) is then given by the formula: 

PnQ) = -1— -- « = 0,1,2, 3,4,... , q o I 


where e is the base of Naperian(natural) logarithms*: e = 2.71828... 
n! means n x (n - 1) x (n - 2). . . x 4 x 3 x 2 x 1; for example: 

5! = 5 x 4 x 3 x 2 x 1 — 120 . 23 2 

The probability distribution: 


is called Poisson’s law. When events occur in such a way as to 
satisfy the three stated conditions, the phenomenon constitutes a 
Poisson process, whose law of probability is given by Poisson’s 
law. 

A table is included in the Appendix which gives the probabilities 
Pn(t) for values of a = Xt ranging from a = 0.1 to a = 18. For ex¬ 
ample, if a = Xt = 8: 

Po = 0.000, p t = 0.002, p s = 0.010, p 3 = 0.028, p t = 0.057, p 6 = 0.091, 

P* = °* 122 > Pi = 0.139, p s = 0.139, p 9 = 0.124, p 10 = 0.099, p xl = 0.073 

Pit = 0.048, p n = 0.029, Pn = 0.016, p ls = 0.009, p l9 = 0.004, p xl = 0.002, 23 * 4 

P\% = 0.000 ... 

In comparing these theoretical values with the experimentally 
observed values shown in Table 22.1, we note that the passage of 


*Let us recall that Naperian logarithms have as their base, not 
10, but a number called e, whose value is 2.71828. . . 
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cars on the highway very closely follows Poisson’s law; such a 
case may be called a Poisson-type phenomenon. 

The Poisson case is the most frequently observed because, 
generally, the conditions outlined above are approximately fulfilled 
in all phenomena involving random arrivals. 

Fig. 23.1 shows graphically the probability distribution pattern 
given by Poisson’s law for various values of a = Xt. 

Let us recall that, in the case of Poisson’s law, the average or 
mathematical expectation 


h = 0‘po + l'Pi + 2" Pi + 3 */? 3 4- ••• + + 

= a — h , 


23.5 


is exactly the average number of events E observed during the 
interval t. Furthermore, the standard deviation is equal to 
VXt: 

o N " \/a = y/h. 23.6 


The probability law for the time interval © between two suc¬ 
cessive events governed by Poisson’s law is also of interest. The 
probability that two events will be separated by a time interval 
©greater than a given time 0 is; 


Pr (0 > 0) = e“ Ae . 

23.7 

standard deviation for ©are; 


^ = T’ 

23.8 

l 


T* 

23.9 


This is peculiar to events that are governed by Poisson’s law. 
Therefore, if a stochastic phenomenon is distributed according 
to Poisson’s law, with a rate of X, then the intervals between the 
events follow the exponential law with the same rate of X. 
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TABLE 23.1 


0 

seconds 

0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

24 

26 

28 

30 

xe 

0 

0.26 

0.53 

0.80 

1.06 

1.33 

1.60 

1.86 

2.13 

2.40 

2.66 

2.93 

3.20 

3.46 

3.73 

4 

Pr 

(©>0) 

1 

0.766 

0.587 

0.449 

0.346 

0.264 

0.201 

0.155 

0.118 

0.090 

0.069 

0.053 

0.040 

0.031 

0.023 

0.018 


For example, when X = 8 arrivals per minute, we obtain Table 
23.1, above. 

Thus, the probability of an interval greater than 10 seconds 
between two arrivals is 0.264, and the average interval is 60/8, or 
7.5 seconds. Fig. 23.2 is the graphic representation of Table 23.1 
(see Part Two, Sections 72 and 73). 


Section 24 

ANOTHER FREQUENTLY RANDOM DIMENSION: 

SERVICE TIME. 

Service time may be constant, variable but determined, or, 
again, random. When it is random, its probability law often takes 
the form of an exponential curve (see Fig. 23.2). If we call u the 
number of units served during a given time during which the Serv¬ 
ice station is never idle, the service time 0has as its probability 
law: 


Pr (6> > 0) = e-" 0 . 

In certain cases, there can be some ambiguity as to which as¬ 
pect constitutes the service and which the clientele. For example, 
at a taxi-stand where both cabs and would-be passengers arrive, 
there may be a waiting line of taxis or a waiting line of passengers. 
For the latter, the service time is the interval between the de¬ 
parture of the taxi one has missed and the arrival of the next. 
But, from the viewpoint of a waiting line of cabs, the passengers 
play an equivalent role. 

We shall now consider a few situations, postponing their 
mathematical explanations to Part Two of this book. Offhand, we 
can imagine the various possible situations schematized in the 
following diagram: 

Constant Limited number of 

intervals units or stations 


Arrivals 
Service ' 


-< 


No priority 
Priority rules 


Random 

intervals 


Unlimited number of 
units or stations 




86 


DELAY (QUEUING) PHENOMENA 


But we can also imagine cases far more complicated or varied: 
for example, one in which the length of a waiting line has an effect 
on the arrival rate or the service rate. Here we have a phenomenon 
equivalent to what engineers refer to as feedback, i.e. a phenomenon 
in which the effect (output) reacts on the cause (input). We shall 
limit ourselves here to a presentation of those mathematical 
models corresponding to the simplest and most common cases 
(see Part Two, Sections 72 and 73). 

Section 25 

DESCRIPTION OF A WAITING LINE AT A STATION—ARRIVAL 
RATE AND SERVICE RATE. 

1. General explanation.—2. Average number of units in the 
line.—3. Example.—4. Average waiting time.—5. The case 
of uniform service (constant duration). 

1. General explanation. 

First, let us look at what takes place in a waiting line at a single 
station when arrivals follow Poisson’s law and the service time 
intervals are distributed according to the exponential law, such 
as that shown in Fig. 23.2. 

Anyone who intends to go to a place where he assumes he will 
have to wait intuitively asks himself this question: What is the 
probability of a waiting line of such-and-such a length? If he de¬ 
cides that the probability is close to 1 that there will be 20 or 25 
people ahead of him in the line on a Saturday morning, he will 
choose another day when such a probability seems remote. In all 
delay phenomena, determination of the probability law pn governing 
the number of units in the system is an essential calculation, on the 
basis of which quantitative expressions may be developed. We 
shall not perform such calculations as these, which the reader 
can find in Part Two; but we shall provide the basic formulae 
obtained and the conclusions that can be drawn from them. 

We shall assume that the delay phenomenon is permanent* or, 
in other words, that the probability Pn does not vary with time. 
This condition is fulfilled only during a certain time interval 
which it will be our first task to determine. Two causes can 
produce a variation in p n : 

—a change in the average rate of arrivals X, and/or a change 
in the average rate of service ju; 


*The reader should not confuse the concepts associated with the 
two adjectives permanent and stationary. 
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zzmr 

Line 

System 

Fig. 25.1 

—the transient condition that occurs between the beginning of 
the service operation and the instant in which the situation is 
stabilized. The length or duration of this transient condition is a 
function of X and (j. 

Thus, the measurement or the knowledge of X and 4 must be 
related to a time interval in which these factors can be considered 
constant; this time interval must also be appreciably larger than 
the time necessary for stabilization. For example, it would be 
wise to make the measurement interval a period 3 or 4 times 
longer than the time it takes the situation to stabilize. 

Therefore, we shall consider the phenomenon as permanent; 
the probability pn is then given by the formula: 

where 0<Xffi<l. 




Service 



Source 


The quantity 

X 


is called the traffic intensity or utilization factor and characterizes 
the delay phenomenon. We can now write*: 

Pn = y> n (1 — yO 0< y< I. 25.3 


* Formula (25.3) is very easy to apply. Assume, for example, 
that */) =5 2/3; therefore 1 - $ = 1/3; then 

1 

3 

_2 
9 

j4 
27 
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Table 25.1 


v 

0 

B 

2 

3 

4 

5 

6 

B 

8 

0.1 

0.900 

0.090 








0.2 

0.800 

0.160 



0.001 

0.000 





0.700 


0.063 

0.018 






0.4 

0.600 

0.240 



0.015 

0.006 

0.002 

0.000 


0.5 

0.500 


0.125 

0.062 

0.031 



0.004 

0.002 


0.400 


0.144 

0.086 



0.018 



0.7 

0.300 

0.210 

0.147 




0.035 



0.8 


0.160 








0.9 

0.100 

0.090 

0,081 


0.065 

0.059 

0.053 

0.047 

0.043 


There is another convenient formula, which mathematicians call 


a recurrence formula: 





Pn —y> Pn—i 

it > 1 

25.4 

with 





Po = 1 — 


25.4a 


Traffic intensity must be less than 1, otherwise the waiting line 
would constantly grow longer. 

Table 25.1 gives the values of these probabilities as a function 
of n and ip , One important probability is that of no delay at all, 
which corresponds to n = 0; it is given by formula (25.4a). 

The probability that the system will contain a number of units 
N less than or equal to n is given by the formula: 

Pr (N< n) — po 4- Pi 4- Pi + + Pn 


P 3 = 




etc... 


8l 


Formula (25.4) is even simpler: 

, 2 1 2 2 2 4 2 8 

Po ~ 1— 3 ~i* Pl ~ y Po ~ 9 * Pi ~ y Pl 2i* Ps y Pz sr 


etc... 
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The probability of N being greater than n is given by: 


Pr (JV > «) = 1 — Pr ( N < n) 

= 1 — (1 — ipn-r 1 ) 
= ipn+l . 


25.6 


For example, the probability of finding more than 4 units in a sys¬ 
tem where 0 = 0.7 is: 


Pr (N > 4) = (0.7) 5 = 0.168 . 

The average number of units in the system is given by: 


n O’Po + l’Pi + 2 'p z + 3 *p z + ... + np n + ... 


This gives us: 


n — 


V> 

1 — y> 


25.7 


25.8 


25.9 


nence the mathematical expectation for a traffic density 
is 5. 





Fig. 25.2 is a graph showing n 
as a function of 0. Formula (25.9) 
can be used to determine the traf¬ 
fic intensity corresponding to a 
certain average number of units n 
in the system: 


Thus, for an average n = 4, we find 
a corresponding traffic intensity of 
0 = 4/5. 

2. Average number of units in the 
line. 

If n is the number of units in the 
system, and v is the number of 
units in the line, we have: 


v = n 


if n =» 0 
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This does not necessarily imply: 

v = n — 1 i 25.12 


however: 

~v — n — 1 -f Po 

ip ip 8 25,13 

^ T^y) ~~ f “ r- V ’ 

The fact that (25.11) does not imply (25.12) is not paradoxical. 
We must remember that the service station is not always in use 
and that the average number of units receiving service is there¬ 
fore not equal to 1, but to 1 - p 0 . „ 

It is interesting to develop the average value of the idle time ol 
the service station, which we shall call p ; in the case we are 
studying: 


q = 2 (\—n)p n = 1 — y• 

it —o 


We can then write: 

n = v + (1 — q) = v + l — Po 


or 


v — n — 1 -\- Po — n — W • 


25.14 


25.15 

25.16 


3. Example 

Suppose 70 people per day come to a post-office window (which 
is open 10 hours a day). The window can serve an average of 10 
people per hour. Taking Poisson’s hypothesis for arrivals, and 
assuming that the exponential law governs the service distribution, 
what will be the average length of the waiting line m front of th 
window and the probability of a line with more than 2 people in it? 
We count the person who is being served as being in the line; thus, 
the average length of the line will correspond to n. „ 

If we take T = 1 hour, we have A = 7, n = 10; therefore, 0 - 0.7. 

This gives us: 


n = 


0.7 


7 

» 


therefore, n will lie between 2 and 3. 
Furthermore: 


Pr (N > 2) = (0.7) 3 = 0.343 . 
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4. Average waiting time. 

Still holding to the hypotheses we adopted earlier (Poisson 
arrivals, exponential service), the average time spent in the 
waiting line (which does not include time in service) is given bv a 
simple formula: 


~ — -1 y _ n 

A [X 1 — y) n 


25.17 


This relation can be obtained directly if we reason as follows: 
m a permanent system, as many units leave as arrive, on the 
average; since X units arrive per unit of time, we see that tf = v/X. 
In the example just given: 


/< = 10, y = 0.7, n 


l t ^ 2B ^ 1 

3’ f 10 30 * 


25.18 


the average waiting time is 14 minutes. 

The probability of a delay longer than a time w can also be 
calculated, but the formula is slightly more complicated for those 
without mathematical training beyond the elementary level: 


p(>w) =y , 2 5.19 

where e is the base of Naperian (natural) logarithms. 

The probability for any delay is: 

P (> 0) — 1 p„ — y>. 25.19a 

Still referring to the preceding example, let us calculate the 
probability of a waiting time greater than 20 minutes. We have: 

/« = 10, y = 0.7, w = 1/3; 25.20 

which yields: 

p (> w ) = o .7 e~ 10 x v* x 0,3 

= 0.7 e -1 = 0.257 25.21 

(A table of the function of e x gives: e" 1 == 0.36788.) 

Thus, there are 25 chances out of 100 that the "waiting time will 
exceed 20 minutes. 


5. The case of uniform service (constant duration). 

If the service time is uniform, i.e., if each service interval has 
a duration of exactly 0 = l//i, the average waiting time in line will be: 
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This time is half as long as the case where service is randomly 
distributed according to the exponential law (cf. (25.17)). 

Furthermore, still postulating uniform service, the average 
length of the line is: 

«* = v + - 27 r=^r 25 - 23 

One can prove that the minimum for If and n with respect to 
arbitrary service distributions occurs when the service is uniform,, 
This agrees with the intuitive notion that regularity of service 
lowers waiting time. The inquisitive reader should compare these 
ideas with the concept of entropy as developed in thermodynamics 
and information theory (see Part Two, Section 74). 

Section 26 

THE CASE OF SERVICE RATE PROPORTIONAL TO 
LENGTH OF WAITING LINE 

An interesting theoretical case is the one in which the average 
rate of service is proportional to n, or: 

fin — ftfi ; 26.1 

while X is independent of n (in a Poisson phenomenon, of course). 

The distribution of the probability pn units in the system is 
then: 


Pn = 


{Xf(x) n 

n\ 


26.2 


which is, precisely, Poisson’s law. 

The average number of units in the system has the value: 

n — XjpL. 26,3 


If ^ - (X/ju) < 1, there will never be a waiting line. 

It is noteworthy that in a transient system: 

h (<) = — (1 — e-*), 26.4 

P 


which shows that n will increase from 0 to X Ip during the time it 
takes to establish a permanent system; if is small, it will take 
a relatively long time for the permanent system to become 
established. 
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Let us compare the distribution of p n in the cases where 
Mn = M = c an< 3 Mn = njLt. Let X = 7 and ju = 10. 



n 

0 

I 

2 

3 

4 

5 

6 

7 

8 

(1) 

Pn (fin = fl ) 

0.300 

0,210 

0.147 

0.102 

0.072 

0.050 

0.035 

0.024 

0.017 

(2) 

Pn (fln^=nfl) 

0.496 

0.347 

0.121 

0.028 

0.005 

0.000 





For (1), we have: n = = -L ; i.e. 2<n<3 

1 — A/fi 3 


26.5 


For (2), we have: n = A//i = ~ r i.e. 0< «< l. 26.6 

One can see the advantage of a system in which the service rate 
rises proportionally with n. 

As a concrete example, consider a restaurant where the service 
rate is essentially proportional to the number of customers waiting 
for a table. Actually, it is difficult to achieve such service when 
the number of customers rises rapidly; the real situation corre¬ 
sponds to the case of a waiting line at several stations, which we 
shall now consider. (See Part Two, Section 75.) 


Section 27 

DESCRIPTION OF A WAITING LINE AT SEVERAL STATIONS 
1. General explanation.—2. Erlang’s formula. 

1. General explanation. 

In a great many interesting cases, the main question is to find 
out how many stations will suffice to provide service at a minimum 
cost, with constraints imposed in the form of probabilities that 
must or must not be exceeded. Also, in some cases, a unit cost 
is assigned to the waiting time of customers, just as one is assigned 
to idle service stations, and the problem then is to find the number 
of stations for which the total cost is minimized. To solve prob¬ 
lems like this, we must be able to evaluate a number of factors 
whose formulation will be presented here without proof (the proofs 
will be found in Part Two). 

We shall assume several hypotheses, which are the usual ones 
for the most frequent kinds of delay phenomena where several 
stations are active. When a station is free, the first customer in 
line is served by that station. There is no customer preference for 
a station. All stations have the same average rate of service 
governed by the exponential distribution. Arrivals follow Poisson’s 
law, and the average rate of arrivals is X. 
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System 



Service 


Fig. 27.1 

Fig. 27.1 is a diagram of the situation. Let us denote: 

S - number of stations; 

v - number of units in the waiting line; 

n - total number of units in the system (waiting and receiving 
service): n = v+j; 

j - number of units being served in the stations (0 £ j £ S); 

p - number of idle stations; 

n, v, ], and p - the average values of n, v, j, and p; 

tf- average waiting time before service. 

This situation is clear-cut. So long as j <S, i.e., when not all 
stations are busy, there is no waiting line and every unit that 
arrives is served immediately (v = 0). If, on the other hand, 
j = S, a waiting line can form, and then v ;> 0. 

In view of the stochastic nature of delay problems, whether 
they involve one or several stations, the important thing is to find 
the probability pn that a number of units n is in the system, i.e., 
in the waiting line or in the process of being served. Here, again, 
we shall assume that we have a permanent system — one in which 
the probabilities pn are independent of time. 

We state: 


V-*//«• 27.1 

As before, we shall call this quantity the traffic intensity per 
station. Notice that this time we adopt the restriction: 

-A-< 1; that is: ip < S , 27.2 


otherwise the waiting line would become infinite. 
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Now we calculate p x , p 2 , and p 3 , using (27.6): 

Pi = l Po = 0.1132, 27.10 

Pt = L Pi = 0.1698 , 27.11 

P * — y P* — 0.1698 . 27.12 

To calculate p 4 , p 5 , p 6 , ...» we make use of (27.7): 

p t = J p 3 = 0.1273, 27.13 

Pi = % P* — 0.0955, 27.14 

3 AA716 27,15 

Pi = t P* 5=8 0.0716, 


^ J p 6 = 0.0537, /> 8 == 0.0403, />,= 0.0302, - 0.0226 27.16 

Pll = 0.0169, /> 12 = 0.0127, p l8 = 0.0095,... 


kPn 



Fig. 27.2. The dotted curve was drawn to show the general appear¬ 
ance of the distribution; only the points corresponding to integral 
values of n are significant. 

Fig. 27.2 shows the pattern of the distribution p n corresponding 
to the numerical example we have just discussed. 
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A knowledge of the probabilities p n allows us to determine the 
average number of units v in the waiting line. For this purpose, 
we shall calculate the expected value of the random variable 
v = n - S (units waiting in line) distributed according to p n ; let: 

_ oo 

V = S (n — S) Pn . 27 17 

n-S+l * 1 

Now let us apply this formula to our example. 

27.18 


v — 1 .p 5 + 2 .Pq + 3 ,p 7 + 4.jPg + ... + in — 4) p n + ... 

= (1) (0.0955) + (2) (0.0716) + (3) (0,0537) + (4) (0.0403) + (5) (0.0302) 

+ (6) (0.0226) + (7) (0.0169) + (8) (0,0127) + (9) (0.0095) + ... 

= 0.0955 + 0.1432 + 0,1611 + 0.1612 + 0.1510 + 0.1356 + 0.1183 + 0.1016 

+ 0.0855 + ... 

= 1.52 (we have carried our calculation as far as n = 20). 

Formula (27.17) is not convenient, because the series that 
constitutes this sum converges quite slowly. It is more practical 
to use the following formula: 


s+i 


S'S 


<‘-l) 


P 0 


27.19 


Thus, in our example: 



2_ 

53 


1.528. 


27.20 


Therefore, the average length of the waiting line will lie between 
1 and 2. 

The average number of units in the system, n, is given by: 

71 = £ np n . 27.21 

>i = 0 

In problems of this type, one is also interested in the average 
number of idle stations, p: 

Q = X (S — n)p n ^ S — ip * 27.22 

n—v 

The averages n, v, and jo are linked by the relationship: 

« = ? + £ — ~q = v + ip ° 27.23 


♦This formula is derived in Section 76 (Part Two). 
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The probability of a delay (wait) of no matter what duration, i.e. 
the probability of waiting, which will be written p (> 0), is simply 
the probability that n will be greater than or equal to S: Pr(n > S), 


P (>0) = Pr(« 3* S) = 2 Pn 

n — S 


PS + PS +1 + PS+2 + ••• 


27.24 


(if n * S, any new unit arriving will have to wait, the more so if 
n = S.) 

Let us calculate this probability, in our example: 

P (> 0) = Pr (n 3? 4) = p t + p 6 + p% + ... 


- 0,1273 + 0.0955 + 0.0716 + 0.0537 + 0.0403 
+ 0.0302 + 0.0226 + 0.0169 + 0.0127 
+ 0.0095 + ... 


27.25 


0,50 (p n has been calculated to n = 20). 


For this probability, there is another convenient formula: 


pi> 0) = Pr (n 3? S) 


4-1 


27.26 


or, in our example: 


p (> 0) = 


4,1 -4 


x — = 0.509. 


27.27 


2. Erlang’s Formula. 

Formula (27.26) may also be written as follows, using the ex¬ 
pression for p 0 given by (27.5): 


P O 0) =Pr(«3s S) = 




ip ip* ipd* 1 - 

1+ T + 2! + ‘” + (5 — 1)! 


27.28 


This is Erlang’s formula, a graph of which is shown in Fig. 
27,3. 
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In our example, the probability of having to wait is about 0.5. 

This is of special interest when one wishes to determine the 
number of stations that should be set up in order to keep the prob¬ 
ability of waiting below a given value. 

Such questions arise particularly when we relate the probability 
of delay to a safety requirement. This is the case for aircraft 
waiting to land on an empty runway. For example, with given values 
of X (arrival rate) and 1/u (average time required to prepare a 
runway for the next plane), we might seek the number of runways for 
which p( > 0) is less than 0.05. A problem of this kind can be 
solved simply by drawing up tables forp( > 0) as a function of ip and 
of S. 

To calculate the average time on the waiting line tf, we need 
only note that in a permanent system: 

v ^ XT f 27.29 


hence: 


«r-T“ 


y) S 


S * Sl/Li 


(■ - f)' 


P 0 


If we wish to use 
Formula 27.19 


27.30 
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Fig. 27.4 


Still referring to the preceding example: 


if = 


3 4 


4*4! 2 



53 


= 0.255 time units. 


27.31 


If X and /i represent rates per minute, the average delay is equal 
to about 15 seconds. 

_ Fig. 27.4 presents a graph giving the values of the product 
tf for various values of S and ip/ S. 

It is interesting to compare two cases: one with a single line 
before a single station whose service rate is 8, and one with a line 
before 4 stations, each of whose service rates is 2, both cases 
having X = 6. 
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1 Station 

4 Stations 

*ss 

II 

oo 

l 1 — 2 

Pa = 0.25 

Pa = 0.0377 

» = 3 

n = 4.52 

v = 2.25 

v = 1.52 

pi> 0) = 0,75 

p(> 0) = 0.51 

if = 0,375 

if — 0,255 


We can see that the arrangement (S = 4, /i = 2) is far more ac¬ 
ceptable from the customers’ (arrivals’) point of view than is 
(S = 1, /i = 8). This supports our intuitive notion that for a given 
value of S ^u, v, p( > 0) and tf diminish with increasing values of 
S. It is always wise, given the same overall rate and the same 
cost, to use the largest possible number of stations. (See Part 
Two, Section 76.) 


Section 28 

ANALYSIS OF SOME CASES OF WAITING LINES 
AT SEVERAL STATIONS 

1. First example.—2. Second example. 

1. First example.* 

In an automobile plant, a study was made of the problem of de¬ 
termining the optimum number of employees to be assigned to the 
windows of the various stock rooms from which tools and supplies 
are issued to workers. We shall examine one such stock room. 
The same analysis with different numbers, could apply to the 
others. 

The tool room study began with a determination of the statistical 
characteristics of worker (customer) arrivals and of the time spent 
by tool room employees in issuing the requested tools (service 
time). 

As regards arrivals, the following procedure was used: the 
number of workers who came to the tool room to withdraw tools 
was counted over a 10-minute interval, for 100 such intervals in 
succession. These results are tabulated in columns (1) and (2) of 
Table 28.1. The average value of these counts is found to be 16. 
In column (3) of Table 28.1, the corresponding frequencies that 


♦This study is an application of the method described to us at 
the Case Institute of Technology in Cleveland, Ohio (Course in 
Operations Research). 
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Table 28.1 

Statistical study of 
the arrivals 


(1) 

(2) 

(3) 

Number of 
arrivals per 
10 min. 

Observed 

frequency 

Theoretical 

frequency 

(poisson’s 

law) 

5 

i 

0,1 

6 

0 

0.2 

7 

1 

0.6 

8 

2 

1.2 

9 

1 

2.1 

10 

3 

3.4 

11 

5 

4.9 

12 

6 

6.6 

13 

9 

8.1 

14 

10 

9,3 

15 

11 

9.9 

16 

12 

9.9 

17 

8 

9,3 

18 

9 

8,3 

19 

7 

6.9 

20 

5 

5,5 

21 

4 

4.2 

22 

3 

3,1 

23 

i 

2,1 

24 

i 

1.4 

25 

1 

0.9 


Table 28.2 

Statistical study of the du¬ 
ration of the service 


(4) 

(5) 

(6) 

Time 

interval, 

seconds 

Cumula¬ 
tive ob¬ 
served 
frequency 

Theoreti¬ 
cal fre¬ 
quency 
(exponen¬ 
tial) 

0 

1000 

1000 

15 

813 

798 

30 

652 

637 

45 

512 

508 

60 

408 

406 

75 

330 

324 

90 

261 

259 

105 

210 

207 

120 

163 

i 

165 

135 

125 

131 

150 

95 

105 

165 

79 

84 

180 

62 

67 

195 

51 

53 

210 

44 

42 

225 

35 

34 

240 

26 

27 

255 

21 

21 

270 

17 

17 

285 

13 

14 

300 

10 

11 
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would be given theoretically by Poisson’s law were listed. A 
y 2 test* was then used to determine whether it was allowable to con¬ 
sider the observed frequencies as being Poisson-distributed. It was 
found that y® = 12 (degrees of freedom = 19). The probability that 
the hypothesis of a Poisson distribution is true is greater than 0.88. 
It was therefore assumed that the distribution was Poissonian. The 
calculation of X, then, is very simple: 

X — — 1,6 arrivals per minute. 28.1 

Another approach was used to measure service time. An electri¬ 
cal recording device was started at the beginning of each service 
interval and was stopped at its end. This device was used to record 
the individual durations of 1,000 service intervals. Next, the 
cumulative frequencies were calculated for 0,15,30,45, 60, 75, . . . 
seconds. This is shown in columns (4) and (5) of Table 28.2. 
After calculation of the average value ju = 0.9, by means of a table 
of non-cumulative frequencies drawn from columns (4) and (5), 
the corresponding values given by the exponential function 1,000 
e”Art were entered in column (6), furnishing a theoretical distri¬ 
bution for purposes of comparison. A y 2 test then yielded the 
X 8 = 8.85, with 19 degrees of freedom. The probability that the value 
hypothesis of an exponential law is true is greater than 0.97. 
Therefore, it was assumed that the observed distribution was 
exponential, the rate being: 

fi = 0,9 service interval per minute. 28.2 


Knowing X and ju, we then calculate the traffic intensity: 



.77. 


Formula (27.30) can then be used to calculate the average waiting 
time tf. To this end, we first calculate the value of p 0 correspond¬ 
ing to S = 2, S = 3, S = 4 (more than 4 employees seems unreason¬ 
able, because of the cost). Using formula (27.5), we obtain for 
S = 2: 



0.061 , 


28.3 


*The reader who has not studied statistics may refer to Chapter 
II — and to Dumas, L’Entreprise et la Statistique (“Business and 
Statistics”) (Paris: Dunod, 1954). 
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*We should recall here what was said in Section 23: if a 
stochastic phenomenon is Poissonian and has a rate /Lt, the intervals 
between events will follow the exponential law, with the same rate 
jU. The reciprocal also holds true. 
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Thus wtj would have for 

2 employees: 2x8- 14.21 = 16 - 14.21 = 1.79 idle > 
hours per day; 

3 employees: 3 x 8 - 14,21 = 24 - 14,21 = 9.79 idle 28 11 

hours per day; f 

4 employees: 4 x 8 - 14.21 = 32 - 14.21 = 17.79 idle 

hours per day. > 

And now let us examine the amount of time lost each day 
caused by waiting at the tool room: 


5 = 2 768 x 4 = 3072 mn = 51.2 h 

5 = 3 768 x 0.31 = 238 mn = 3.96 h 

5 = 4 768 x 0,06 = 46 mn = 0.76 h. 


28.12 


If the gross hourly cost of an attendant’s time is 300 francs, 
and that of a worker’s is 600 francs, the total cost of the wasted 
time will come to: 

5 = 2 r a = 1.79 X 300 + 51,2 x 600 = 31,257 fr. 

5 = 3 r 3 = 9,79 X 300 + 3.96 X 600 = 5,313 fr. <- 2 8 13 

5 = 4 r, = 17,79 X 300 + 0,76 X 600 = 5,793 fr. 


The optimum number of attendants to assign to this tool room 
is 3. A rule-of-thumb calculation, which failed to take into ac¬ 
count the random nature of the phenomenon and the different costs 
for workers and tool room attendants, might have led to adoption 
of S = 2, which is the closest number to the traffic intensity of 
0 = 1.77. As a result of that decision, the tool room would have 
operated at a loss of about 26,000 francs a day. 

It is useful to construct graphs for v, p( >0), and tf as functions 
of ip and of S. From these, it is quite easy to determine the cost 
rs. Curves of Ts(0) can be constructed from which we can read 
directly the optimum value as well as the sensitivity of the field 
around the optimum, for given costs of tool room attendants and 
workers. It is important to know this sensitivity; for example, 
the values developed in (28.13) show that there is a slight difference 
between solutions S = 3 and S = 4; it is not illogical to choose 
S = 4; but S = 5 would result in about 7,800 francs. For the gross 
hourly cost of 300 francs (attendants) and 750 francs (workers), 
we would find r 3 = r 4 . 

This study was extended to all of the supply and equipment 
stockrooms in the plant, and made it possible to reduce the cost of 
waiting lines considerably. 
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To find r s we can also use the formula: 

/Is = (Cl v + c 2 q)T (see also: 31.5) 


28.14 


This formula can be reduced to the one just used (28.13) by means 
of the relations (27.30) and (27.22): 


r a = [c t M f + c t (, S — f)]T . 


28.15 


2. Second example. 

How many runways should there be at an airport to insure a 
probability of less than 0.1 that a plane wishing to land will have 
to wait for a free runway? 

A statistical study of arrivals showed that we could assume the 
Poisson hypothesis for arrivals. Measurements showed thatX = 27 
arrivals per hour. The time during which a runway is in service 
is exponentially distributed with an average of 2 minutes, or y = 30. 

We can then calculate the probabilities p( > 0) for S = 2, S = 3, 
and S = 4 (with the value of ip given as 27/30 = 0.9, it is highly 
probable that more than one runway will be needed). Using 
Erlang’s formula (27.28), we find: 

(0.9) 8 


5 = 2 p(> 0) 


■<•-¥) 


28.16 


+ 1+0.9 


S = 3 p(>0) 


■<-¥) 


0.070, 28.17 


1 +0.9 + 


/>(><>) = 


<-¥) 


»(>+ 


.+ 0.9 + »' + €?>' 


28.18 


The reader can check these values against the graph of Erlang’s 
formula given in Fig. 27.3 (page 99). 
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We see that 3 runways are needed to achieve a probability of 

0 . 1 . 

Let us now calculate the average delay time for S = 3, using 
formulas (27.5) and 27.30): 


l 



28.19 



- 0.001108 h 
= 0.0665 mn. 


28.20 


This same evaluation can be obtained approximately from the 
graph given in Fig. 27.4 on page 96. 

The average number of planes waiting will be: 


v — X tf — 27 x 0.001108 = 0.03 . 28.21 

The waiting time tf is quite within acceptable limits. 

In a problem such as this, other restricting factors may often 
be introduced, such as limits on the traffic in the approach lanes, 
installation costs, and so on. 

We have intentionally simplified the problem and assumed that 
the distribution of the service times (plane landings) was ex¬ 
ponential. Actually, we noted that this distribution was usually of 
another and slightly different type: the Erlang distribution (also 
known as the Type III Pearson distribution): 


(k/u) k erkvt fk- 

(TLrryr 


(probable density) 


k = 1.2, 3, 4. 


28.22 


This distribution becomes an exponential distribution for k a 1 and 
gives a constant service time for k -♦ oo. (See Part Two, Section 76). 


Section 29 

THE CASE OF A SINGLE STATION AND A LIMITED 
NUMBER OF CUSTOMERS 

1. General explanation.—2. First case.—2. Second case, 

1. General explanation 

To present a realistic example, we shall consider a shop in 
which m identical machines are used, each operating independently 


108 


DELAY (QUEUING) PHENOMENA 


of the others. Machine breakdowns occur in a random Poisson 
pattern, at the rate of X for each one. One mechanic is available 
to repair them, constituting the single station through which any 
ailing machine must pass. The lengths of repair times are dis¬ 
tributed according to the exponential law, with a rate ju. The 
situation is schematized in Fig. 29.1. 


n units in the system 

>V ■ - - 




■X 


r 

i 

A 

i 

l 


A 

L 


».QQQ^_ 


(m-j) units 


.im 

V units 



y unit fj-Qou^) 


t 

I 

I 

I 

l 


Fig. 29.1 

Thus, we can describe this group of machines, as far as repair 
processes are concerned, by two constants: X and /i. We can also 
reason along the following lines: if a machine is operating in good 
order at time t, the probability that it will require repairs (serv¬ 
icing by the mechanic) during the interval At that immediately 
follows t is X At, plus negligible terms when At -* 0; if, at time t, 
this same machine is undergoing repairs, the probability that the 
repairs will be completed during the immediately following period 
At is ju At, plus negligible terms when At -* 0. 

For a reliable machine, X is small and /i relatively large; in 
other words, breakdowns are rare, and repairs do not take long. 
The traffic intensity: 


in such an application is called the service factor or maintenance 
factor. In general, we disregard any value of 0 ^ 1, because this 
indicates a congestion phenomenon (which we shall discuss later). 

Of course, if the foregoing hypotheses (Poisson’s law and the 
exponential law) are to provide an accurate description, we must 
have a statistically homogeneous machine population, or, in the 
simplest case, a population of technologically identical machines. 

In the case we are studying, n is the number of machines in 
the system (either undergoing repairs or broken down and awaiting 
repair). Either of the two following situations is possible: if 
1 <; n <; m, then there is one machine undergoing repairs, and n - 1 
machines are awaiting repair. If n = 0, all the machines are 
operating and the mechanic is idle. 
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Our first concern, in this problem as in any problem concerned 
with a delay phenomenon, is to find the probability pn that there will 
be n units in the system. 

This probability is provided by the formula: 

ml 


Pn — 


{m — n)\ 


where 


P 0 


m 

i + s 


ml ip* 


y,n 


and 


Pn = 

n = 0 


n = l (m — «)! 


29.2 


29.3 


or, using the recurrence formula which facilitates calculations: 


p n = (m — n + 1) f Pn -1 1 < n < m. 


The average number of units in the line is: 

l + y> 


V = 2 (n — 1) p n = i 

n—2 jp 

The other significant dimensions are: 

m 

p{> 0) = S p n = 1 •— Po 

n=l 


(1 - Po) . 


i = y _ J_ / m _ 1±JA 

f X[m— n) ix \\— p 0 ip ) * 


29.4 


29.4 


29.5 


29.6 


We shall examine two cases, one dealing with machines having 
a good maintenance factor (0 = 0.1), and the other with machines 
having a very poor maintenance factor, 0=2. In practice, we 
disregard situations in which 0^1, because of the phenomenon of 
congestion: in such cases, there is a very high probability that 

all the machines are waiting. Under those circumstances, we 
would be forced to increase the number of mechanics. 

2. First case: ib - 0.1, m = 6. 

We begin by calculating p 0 : 


Po = 


29.7 


1 + 6 ! 




(0 d) 3 
3! 


(0.1)* 

2 ! 


( 0 - 1) 6 ( 0 . 1 )* ] 
U + 0! j 


1 + [0.6 + 0.3 + 0.12 + 0.036 + 0.0072 + 0.00072] 
1 


2.0639 


0.484. 
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Next, we determine pn, n = 1, 2, 3, 4, 5, 6, obtaining the following 
table: 


Table 29.1 


Number of machines out 
of service n 

0 

1 

2 

3 

4 

5 

6 

Number of machines awaiting 
repair v 

0 

0 

1 

2 

3 

4 

5 

Pn 

0.484 

0.290 

0.145 

0,058 

0.017 

0.003 

0.000 


3. Second case: 0 = 2, m = 6. 


p 0 = 


' 2 2 a 2 s 2 * 2 6 2*1 

IsT + 4l + 31 + 2i + n + oT_ 


29.9* 


1 + 6 


75,973 * 


Table 29.2 


Number of machines out 
of service n 

0 

1 

2 

3 

4 

5 

6 

Number of machines awaiting 
repair v 

0 

0 

1 

2 

3 

4 

5 

n 

1 

12 

0,001 

0,012 

0.075 

0.303 

0,606 

Pn 

75,973 

75,973 


0 ~ 0 


Obviously, a single mechanic cannot handle the job. 

And now, using formulas (29.4), (29.5), and (29.6), we find 


y> = 0.1 

v = 0.324 
/>(>0) = 0.516 


y) = 2 


v = 4.5 


29.11 


75972 

/>(>0) - -^3 = 0.999 ... (!!...) 


*By definition, 0! = 1. This definition can be justified, for ex¬ 
ample, by the fact that it makes the formula n! = (n 4 -l)l/(n + l) ap¬ 
plicable to the case of n = 0. 
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Assuming that 1/ju = 4 machines per hour: 

tf = 2.51 hours tf = 18 hours (!!!...) 

At this point, it is apparent that we are dealing with a congestion 
phenomenon. (See Part Two, Section 77.) 


Section 30 

THE CASE OF SEVERAL STATIONS WITH A LIMITED 
NUMBER OF CUSTOMERS 

This situation is merely a generalization of the first one. By 
using a realistic example with m machines (customers) and S 
mechanics (stations), and with the hypothesis that S is smaller 
than m, we can define the phenomenon as follows: if 1 <: n <: S, there 
are S - n idle mechanics (n machines are being repaired and none 
is wating for repair); if S < n ^ m, there are S machines being 
repaired, and n - S are waiting for repair. The situation is shown 
in Fig. 30.1. 


n units in the system 



Fig. 30.1 


The considerations set forth in Section 29 apply here again, A 
low value for the maintenance factor ip corresponds to reliable ma¬ 
chines. We can allow ip s 1 without any danger of congestion, 
which would occur when ip ^ S. 

Keeping the same hypotheses (Poisson, exponential, permanent 
system), we find this time that: 

ml 

(m — n)\ nl 


0 < n < S, 


Pn = CnW n Po .where C? 


30.1 
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S < n < m, Pn = — ^,”^ 5 c ™ V n Po , 30.2 

with 

m 

S j?jj, = 1 • 30.23, 

n=0 

We can abandon these formulas, which will be too complicated 
for some, and rely instead on a recurrence formula. 

Let an denote the quotient: 

Pn 

«** = -• 30.3 

P 0 

From n = 0 to n = S - 1, we may calculate an by means of the 
formula: 

m — n + 1 . ^ 

a n = - xp a n -t , avec a 0 = 1. 30.4 


Continuing from n - S to n = m, we use the formula: 


m — n + 1 


An example will serve to show that these calculations are very 
simple: 

Let: 0 = 0.1, m = 20, and S = 3. 

Using formula (30.4) up to n = 3, we obtain: 



a 3 = 


on_2 

_-- x 0.1 x 1.9 - 1,14. 

2 + l 


Then, using (30.5) for n = 4 to n - 20, we obtain: 

ct 4 = ^ ^ ? x 0,1 x 1,14 = 0,646; 
20_4 

a 5 = ——- x 0,1 x 0,646 = 0.3445; 
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_ _ 20 -5 




6 3 

x 0.1 

X 0.3445 = 0.17227; 


„ 20 — 6 




3 

X 0.1 

X 0.17227 - 0,08039; 


20—7 




a 8 = - 

X 0.1 

X 0.08039 = 0,03483; 


£ 

i 

00 



30.7 

’ 3 

X 0.1 

x 0.03483 = 0,01393; 



«io = 0.00511, a xi = 0.00170, 

«ia = 0.00051, a u = 0,00013 

a i4y «is, ctia, ..., a ao are less than 0.0001. 


Now, starting from the relationship: 


Po = 1 — Sft,, 
« = 1 


we can write: 


J __^ V 

/>• ^ 7o ~~*~i an; 

which yields: 

p 0 = -!— 

1 + fa, 

« = 1 

This gives us: 


30.8 


30.9 


30.10 


n = l 


= 6.3394 


-r -r v.o*o -t- u.3443 + 0,17227 + 0.08039 + 0.034; 
+ 0.01393 + 0.00511 + 0.00170 + 0.00051 + 0.00013 + 


30.11 


Therefore we find: 


P 0 


1 + 6.3394 0-13625 . 


which yields: 


Pi = «, p, » 2 x 0.13625 = 0.27250, 

Pi = a ,/>„ = 1.9 x 0.13625 = 0.25888 ... etc.. 


30.12 


30.13 


if we ^ f 3o r e v t us °° nditions - 

v lames 2 y.l and 30.1, we observe that, with 


THE HUNT LIBRARY 
CARNEGIE INSTITUTE -flf lEmSi^g 
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essentially equal numbers of machines per mechanic (6 and 6-2/3) 

sr f “ o r 

»mb, r o. outers: <h, ^ 

improves, given a fixed overall service rate q S, as the numbe 
of stations is increased. 


Table 30.1 


n 

Machines 
under repair 

j 

Machines 

waiting 

V 

Idle 

mechanics 

Q 

Pn 

0 

0 

0 

3 

0,13625 

1 

i 

0 

2 

0.27250 

2 

2 

0 

1 

0.25888 

3 

3 

0 

0 

0.15533 

4 

3 

1 

0 

0.08802 

5 

3 

2 

0 

0,04694 

6 

3 

3 

0 

0,02347 

7 

3 

4 

0 

0,01095 

8 

3 

5 

0 

0,00475 

9 

3 

6 

0 

0.00190 

10 

3 

7 

0 

0.00070 

11 

3 

8 

0 

0.00023 

12 

3 

9 

0 

0,00007 


In a maintenance and repair problem with random delay such 

as the one studied in this section, we can define two coefficients, 
v average number of machines wa iting (in the line) 

V - ' '■ J_i«1 «»tvwVvA'M maohinfiS -t A 


The coefficient k, is called the coefficient of unavailability for 
machines. 

p average number of idle me chanics 
kg = s = number of mechanics 
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The coefficient k a is called the coefficient of idleness for mechanics. 

The values of v, p, and h are obtained by formulas (21.2), (21.3), 
and (21.4): 


v= n?sJ n - S)Pn ’ 30.16 


Q = E (S — n) p n , 

n=0 

_ _ _ W £ 

n = S + v — g ~ S + E (n — S)p n — S (5 — n)p n . 

+1 n=0 

V ~Q 

In our example, S = 3, m = 20; 

20 

v 3)pn = Pi + 2p h -j- 3 Pt 17pao 3=5 0,339 

3 

Q = S 0 (3 — n)p n = 3 p 0 + 2 Pl + p t = 1,213. 
From this we find: 


and then: 


n = 3 + 0.339 — 1.213 = 2.126, 




0,339 

20 


= 0,0169, 


30.17 

30.18 


30.19 

30.20 


30.21 


30.22 


k t 


1.213 

3 


= 0.404. 


30.23 


Let us compare these results with the case in which S = ;1 and 
m= 6, the value of 0 = 0.1 remaining unchanged. 

We found in (29.11) that: v = 0.324. Therefore: 

i 

~Q = Po — 0,484 (see Table 29.1) 30.24 


« = 1 + v — o = t + 0.324 — 0,484 = 0,840 , 30.25 


k% 

k % 


0,324 

6 

0.484 

1 


0.0540, 


0,484. 


30.26 

30.27 


Examining (30.22, 30.23) and (30.26, 30.27), we see how much 
better the situation is for (S = 3, m =20, 0 =0.1) as compared with 
(S = 1, m = 6, 0 = 0.1). 
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The probability of a delay is given by: 


pO 0) = 


Pr S ) = 



n = S 


In our example: 

2 

20 

P(>0) - S Pn = 1 — > Pn 

n = 3 £—4 

n =0 

= 1 — (0.13625 + 0.27250 + 0.25888) 
= 1 — 0,66763 = 0.33237. 


30.28 


The average waiting time in line is: 

m 

lf = X(m-n) “ A(m-«) 2 <*-!!)*. 30 . 2 9 

» = S+1 

Using these same examples, and assuming that \x - 1/5, or 5 hours 
to repair each machine, we will have: 


5 = 3, 

m = 20, 

0.339 

if = t-zzz - r — 0,981 h, or about 59 minutes 

1.727 x } 

30.30 

s = \. 

m — 6, 

0,324 

if = — — = 3.14 h, or about 188 minutes 

30.31* 



Section 31 


THE ECONOMIC ASPECT OF DELAY PHENOMENA 



1. General explanation.—2. Example. 



1. General explanation. 

The selection of an economic function in a management phe¬ 
nomenon is arbitarary and must correspond to the objectives of 
the person who makes the selection. In general, the economic 
function in a delay phenomenon is taken to be the total cost of the 
clients’ waiting time and the stations’ idle time, or, more pre¬ 
cisely, the mathematical expectation of expenses caused by delays 
(waiting idleness) to both clients and stations. 


*See Part Two, Section 78. 



DELAY (QUEUING) PHENOMENA 


117 


If S is the number of stations in parallel, and m the number of 
clients (which can be infinite), the average number of clients 
waiting in line will be: 


* = „?/» — &!>» l 31.1 

the average number of idle stations is: 

_ a 

Q = Jo 0 * ~ ri)Pn ’ 31.2 

Taking a time interval T during which we will determine the 
average total cost r of delay, the average time lost by clients is 
expressed as: 

vT, 31.3 

and the average idle time lost by the stations is expressed as: 

QT- 31.4 

Let c x equal the cost of a unit of time for the client and e 5 the 
cost of a unit of time for the station. Then, the total cost will be: 

_ _ m S 

f(S) = (c x v + c t g) T = T[Ci 2 (n — S)p n + <?, 2 (S — n)p n ]. 

M = 6 + l ft “0 Oi.,0 


S is usually the variable, but, in some cases, control can be ex¬ 
ercised over the value of m. 

If the costs c x and c s are constant during interval T, we may 
also calculate the total cost per unit of time: 

F(S) m $ 

y(S) =■ — = c, n _S +i (n — S)p n + c, _2 o (S — ri)p n . 31.6 

This total cost per unit of time is often the factor which one 
hopes to minimize. 

In some problems, the economic function may involve values 
proportional to n or to p (> w), or, again, may take the form of a 
nonlinear function of various other basic factors considered in the 
theory of delay phenomena. 

In addition to the economic function, one sometimes sets various 
objectives or constraints. 

The optimum solution is usually determined by the numerical 
calculation of X (S) for various values of S. In certain cases, we 
can make use of special formulas. 
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As an example of the use of the general formula (31.6), we 
shall obtain the optimum solution for the problem stated in 
Section 30 (a waiting line with a limited number of customers and 
several stations, m machines, and S mechanics). 

2. Example. 

In the stated problem we had: 0 = 0.1, m = 20. Let us assume 
that the time unit is one hour, and that the hourly cost of machine 
downtime is 18,000 francs, while a mechanic is paid 600 francs 
per hour. Under these conditions, what is the optimum number of 
mechanics? 

Using formula (31.6), we find that the total hourly cost will vary 
with S. Table 31.1 gives the values of p n for S = 3, 4, 5, 6, and 7 
(we know by experience that S must not be less than 3 or more than 
7). Table 31.2 gives the A(S) values. We observe that the minimum 
lies at S = 5. 

Given the small value of 0, it may be noted that the value of the 
minimum would not change significantly even if m were much larger. 


Table 31.1 


s 


Pi 

P» 

Pi 

Pi 

Pi 

P« 

Pi 

Pz 

Pi 

3 

0.136 

0,272 

0.258 

0.155 

0.088 

0.047 

0,023 

0.011 

0.005 

0.002 

4 

0.146 

0.292 

0,278 

0.166 

0,071 

0.028 

0.010 

0.003 

0.001 

0,000 

5 

0.148 

0.296 

0.281 

0.168 

0,071 

0,022 

0.006 

0.001 

0.000 


6 

0,148 

0,297 

0.282 

0.169 

0.072 

0,023 

0,006 

0.001 



7 

0.148 

0.297 

0.282 

0.169 

0.072 

0.023 

0.006 

0.001 




Table 31.2 


s 

20 

^ (" — s ) Pn 

s 

2 (S—n) Pn 
n— 0 

20 S 

Ci (« — S)p n + (S — n)p n 

it—S + 1 w=0 

3 

0.34 

1.21 

18,000x0.34 + 600x1.21 = 6,846 fr 

4 

0,06 

2,18 

18,000x0.06 + 600X2,18 = 2,388 fr 

5 

0.01 

3.17 

18,000x0.01 + 600x3.17 = 2,082fr-$~ 

6 

negligible 

4,17 

600X4.17 = 2,502 f r 

7 

negligible 

5.16 

600x5,16 = 3,096 fr 
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Section 32 

THE USE OF SIMULATION PROCEDURES 

1. The Monte Carlo method (simulation on an artificial sample).— 

2. Direct simulation (on real data).—3. Artificial sample of arrivals 

of service times.—4. Use of a simulation device 
(Description of “Queuiac”). 

Delay phenomena can be studied by the use of simulation methods, 
of which the three principal ones are: 

— the method of indirect simulation (Monte Carlo) 

— the method of direct simulation 

(These first two methods often require the use of an electronic 
computer.) 

— the use of a special simulation device, i.e. a device whose 
design is based on a given mathematical model, thus making it 
possible to physically reconstruct a management phenomenon. 

1. The Monte Carlo method (simulation on an artificial sample). 

This method can be described by means of an example. We wish 
to find the optimum number of delivery trucks for a parcel service. 
Each day, packages arrive at the loading center. If we try to 
provide enough trucks and personnel to make it almost certain that 
every package will be delivered within 24 hours of its arrival at the 
loading center, our expenses will certainly be high, as will the waste 
of resources. If, on the contrary, the number of trucks is s@t too 
low, we will lose business because of delays in delivery, or else 
we will have to allocate overtime for both personnel and trucks, 
which could prove quite costly. Therefore, what we shall try to 
find is the number of trucks that will minimize the overall cost 
figure. 

To solve such a problem, we must first know the daily operating 
cost for a delivery truck (both fixed and variable costs). Let us 
take 6,000 francs for this cost. We must also know the cost of a 
delay in delivery of 1 day, 2 days, etc. But this cost is hard to 
calculate. Despite this difficulty, the cost of such a delay can often 
be estimated by means of a survey of the customers. 

In the problem to be analyzed here, we shall consider two 
policies: the first, p l# corresponds to delivery the day after the 
parcel is taken in at the shipping window; the second, p s , corre¬ 
sponds to an extra day of delay beyond the first policy. In the case 
of P ls we have assumed that deliveries will be made five days a 
week, Monday through Friday; the shipping windows will be open 
on Saturdays and closed Sundays. Parcels turned in on Saturday 
are treated as if they were turned in on Monday, without counting 
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any delay of the week-end. Under policy P s , deliveries are made 
Monday through Friday, with the shipping windows open on Saturday, 
hut any parcels left over from Friday are delivered on Saturday 
on an overtime basis. The cost per overtime hour is 2,500 francs. 

Of course, these hypotheses have purposely been simplified, 
but the demonstration of the method will serve to point out the 
possibilities of systems which are even closer to real situations. 
The complexity of a more detailed study would simply involve an 
increase in numerical calculations; this, however, should present 
no difficulty where an electronic computer is available. 

We have supposed, in our example, that the statistics supplied 
by the parcel service provided the following averages and standard 
deviations for one week: 


Table 32.1 


Day 

Monday 

Tuesday 

Wednesday 

Thursday 

Friday 

Average 

7,800 

6,400 

5,500 

7,000 

5,000 

Standard 

deviation 

800 

700 

600 

750 

500 


The statistical study also revealed that we can safely assume 
that the number of parcels to be delivered is random and follows 
a Gaussian law. 

Furthermore, for the same period, the average number of 
parcels delivered by one truck during an 8-hour day is 80, with a 
standard deviation of 15; the number of parcels loaded per truck 
and per day also follows a Gaussian law. 

We shall use the Monte Carlo method, or simulation on an 
artificial sample taken from a table of random numbers (see Tables 
32.2 and 32.3). 

Let us begin with a brief examination of artificial sampling. 

Table 32.2 presents 500 numbers between 0 and 99,999, the 
particular numbers having been selected at random by an electronic 
computer, with every precaution taken to make sure that any 
number would have the same probability of being chosen, p = 1/10. 
Using these numbers, we draw up a new table of random numbers, 
which this time are stated in standard deviation units for a Gaussian 
distribution: these numbers have a zero average and a standard 
deviation of 1, if we take a large enough sample. To obtain these 
numbers in Gaussian standard deviation units, we utilize the 
transformation indicated in Fig. 32.1. For every “random number” 
we substitute a value in standard deviation units. For example, 
according to the cumulative Gauss distribution, the deviation of 0 
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corresponds to the number 0.5 (or 50,000); the number 0.87493 (or 
87,493) corresponds to a deviation of 1.150. Numbers from 00000 
to 49,999 will have negative deviations, while numbers from 50,001 
to 99,999 will have positive deviations. The random number table 
can thus be converted to a table of deviations corresponding to the 
Gaussian distribution (or any other distribution). In this way we 
derive a table of normalized deviations drawn at random (Table 


Table 32.2 


List of 500 random numbers between 0 and 99,999. 


22719 92549 10907 35994 63461 83659 24494 53825 97047 79069 

17618 88357 52487 79816 74600 50436 88823 19806 33960 30928 

25267 35973 80231 60039 50253 63457 97444 13799 35853 03149 

88594 69428 66934 27705 51262 63941 77660 66418 84755 29197 

60482 33679 03078 08047 39891 34068 81957 02985 83113 36981 

30753 19458 02849 30366 83892 80912 91335 41703 79401 97251 

60551 24788 35764 57453 06341 10178 91896 70819 46440 98356 

35612 09972 98891 92625 70599 95484 34858 13499 28966 88287 

43713 18448 45922 55179 18442 31186 91047 37949 76542 79361 

73998 97374 66685 06639 34590 17935 79544 15475 74765 11199 

14971 68806 49122 16124 61905 22047 17229 46703 39727 16753 

78976 48382 25242 97656 51686 15537 73857 35398 91783 92825 

37868 82946 73732 63230 85306 56988 15570 98029 42208 00190 

01666 48114 95183 02628 05355 97627 74554 91267 31240 34723 

56638 70054 19427 24811 37164 71641 50515 88231 99539 75745 

43973 07496 17405 08966 65989 68017 56975 94080 93689 98889 

05540 72301 36504 00187 90375 22891 22205 27777 84803 39220 

95141 07885 94399 41145 50210 92423 13303 09621 94153 18691 

75954 68499 42308 38387 52163 64563 02843 45577 93125 25294 

97905 05301 98496 20682 68082 68537 70220 78282 02396 10002 
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Table 32 0 2 (Cont’d) 


23458 57782 67537 38813 00377 

03954 14799 63187 46191 12805 

52251 06804 85959 20974 73104 

62361 59105 39338 59358 69193 

54954 90337 99346 60442 90933 

70773 03331 84228 01405 61494 

68702 08331 08923 83173 67081 

39599 33465 96705 41458 34670 

54958 34935 16858 16523 54262 

98124 08864 36485 78766 52802 

43099 88373 80091 35058 35755 

88667 445.15 80435 17140 32588 

87009 95736 76930 71090 27143 

70581 40618 16631 54178 44737 

03723 25551 03816 97612 99833 

49943 30139 07932 29267 01934 

71559 30728 83499 65977 37442 

75500 16143 79028 81790 57747 

59894 59543 13668 27197 51979 

29757 26942 08736 15184 73650 

87650 08162 90596 70312 84462 

84094 70059 86833 23531 31749 

92101 17194 06003 99847 12781 

26641 99088 65294 37138 75881 

04920 91233 46959 14735 15153 

25417 97570 91045 09929 75140 

98874 96989 84371 87624 74090 

82127 82000 84618 58572 56716 

26311 59516 98602 47197 31139 

76176 03499 17999 84361 63898 


93873 

97813 

10039 

25457 

28716 

50502 

08810 

19572 

48024 

58206 

15009 

25486 

09306 

24721 

04187 

15586 

57695 

89518 

59788 

04215 

58323 

83183 

90041 

44236 

90815 

72064 

24713 

39851 

01431 

60841 

87472 

47980 

08802 

95495 

78745 

55385 

25484 

71068 

15155 

85371 

63310 

50348 

53457 

39440 

80411 

56315 

43523 

06513 

50899 

86432 

47556 

98602 

71744 

70442 

92312 

98708 

93010 

98590 

23656 

85664 

95229 

24799 

02313 

17436 

20273 

02544 

81368 

08078 

46740 

52583 

06779 

47619 

12901 

60179 

23780 

19584 

13356 

35803 

90284 

97565 

72526 

53123 

99948 

59762 

19952 

87972 

54981 

10079 

17490 

15215 

38403 

23989 

38549 

82968 

53300 

51130 

59160 

89866 

06030 

88929 

07653 

80962 

96692 

07030 

62470 

23930 

04763 

89322 

67576 

38627 

38729 

88072 

92589 

61828 

36504 

12627 

19461 

69536 

64419 

82106 

28306 

76351 

28109 

86078 

45234 

43926 

9Q282 

99088 

93605 

03547 

71983 

62424 

62130 

44470 

74725 

79862 

59896 

50702 

31938 

18336 

27631 

64619 

01504 

77617 

30219 

97861 

63620 

23931 

87903 

91566 


(From a Rand Corporation Table) 


Table 32.3 

Normal random deviations: lim n = 0, 
n ->oo n _>«© 


.202- 

1.303- 

.420 

1.103- 

2.417 

1.181 

.260 

.580- 

.353- 

.151- 

2.555- 

.712- 

.666 

.149- 

.077 

.526 

1.365- 

.027- 

1.833 

.154- 


.671- 

.140- 

.176 

1.099 

.168- 

.238- 

.539 

.955 

1.592- 

1.213- 

.567 

.085- 

1.359 

.760- 

.783- 

1.950- 

.251- 

.273- 

1.804 

.414- 


.018- 

1.565 

.092- 

.482- 

.560 

1.847- 

1.128- 

.730 

.189 

1.014- 

1.792 

1.116 

.214 

.446 

.854 

.084 

.494 

.022- 

.103 

.759 


.284- 

.622r- 

.543 

.218— 

.061- 

.578 

.979 

1.812 

.678- 

.412- 

.252 

1.676- 

.682 

.584 

.552 

.757- 

.383 

1.253- 

.054 

.504- 


2.073 .481 

1.683- 2.836 
.513 2.014 

.195 1.322- 

.165 .101 

.121 .346 

.126— .662— 
1.108- .578 

.728- .194 

.066 1.647 
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Table 32.3 (Cont’d) 


Sequence chosen for parcel numbers 


.308 

2.537 

1.220 

1.250- 

.371- 

1.210- 

.906 

.604— 

1.361- 

.519- 

.768 

.132 

1.464 

.428- 

.182 

1.792- 

.864 

.483 

1.799- 

.349- 

.957- 

.265 

.724 

.055 

.885 

.379- 

.694 

1.448- 

.672- 

.209 

.094- 

,957- 

.373- 

.792- 

.086 

.134- 

1.493 

.210- 

1.830 

.109- 

.148 

.539- 

.397 

.362 

.245- 

1.194 

.746- 

.242 

.197 

1.375 

.661- 

.654- 

.379- 

.759- 

.804 

.282 

1.317- 

.219- 

.318- 

.580- 

1.231 

.337- 

.125- 

1.373- 

.535- 

.119 

.775 

.254- 

.598 

1.200 

1.117- 

.871- 

.187- 

.543- 

.421 

.311 

.493 

.574 

.145- 

2.332- 

.551 

.335 

1.746- 

.235 

1.455 

.251 

1.024 

.062 

.009 

.676 

.743 

1,076 

.766 

.052- 

1.194 

.517 

.401- 

1.292 

.280- 

.540 

.329- 

.277 

1.736 

.175 

.401- 

.665 

.479 

1.322 

.072 

.867- 

1.264- 

.970 

.639- 

.761- 

.502- 

1.559- 

.249 

.119 

.065- 

.812- 

2.092- 

1.610 

1.423- 

1.071- 

.642 

.759- 

2.276- 

.133 

.976- 

1.506 

1.447- 

.154 

1.464 

.032 

.1076- 

.327 

.378- 

.055 

.521- 

1.400- 

.018 

.533 

.558 

.593 

.737- 

.189 

1.876- 

.140- 

1.380- 

.303- 

1.445- 

1,357 

1.657- 

.837- 

1.417- 

.548 

.423- 

.398 

.167 

.147 

.002 

1.537 

.113 

1.008- 

1.080 

.772- 

00 

i 

.290- 

2.146 

.539- ' 

.576 

1,201- 

.108- 

.334 

.659 

1.192 

.119 

1.861 

.856 

.018- 

.108 

.385- 

.228 

.166 

1.169- 

1.099 

.914- 

.462- 

1.132 

.266- 

.233 

1.043- 

.852 

.746- 

.046 

.395 

.735 

1.526- 

1.065 

1.450 

Sequenc 

e chosen for truckloads 






1.239- 

.155 

.090 

1.130 

2.623 

.811 

1.372- 

.647 

.858 

.740- 

.928- 

.802 

.043- 

.463- 

.985 

.395- 

.386 

.465 

.372- 

.278- 

.670- 

.821- 

1.092- 

1.062 

.601 

2.509 

1.557- 

.814- 

.220- 

.019- 

.643 

1.339 

1.287 

.446 

.042- 

.593 

.366 

.640 

.850- 

.847 

2.503 

.162- 

1.125 

1.241- 

2.226 

1.063 

.085 

.016 

.786 

.766- 

.895 

2,238- 

1.711 

.640 

.067- 

.088- 

.031- 

1.184 

1.550 

.417 

.070- 

1.367- 

.659- 

1.025- 

.475 

0.59 

.792- 

.468 

.284 

.185- 

.891 

.903- 

.213- 

1.847 

.223 

1.640- 

.772- 

.324 

.013- 

1.757 

1.170 

.340- 

.295- 

.451 

1.081 

1.073- 

.073 

.477- 

.397 

1.282- ' 

.130 

.205 

.665 

.306 

.790 

.851- 

.935 

.502- 

.650 

.254 

.591 

1.342- 

1.194 

1.428 

1.470- 

1.202- 

.450- 

.668- 

.212 

1.161 

.487- 

.792- 

1.453 

1.465- 

.390 

.796 

2.186- 

.461 

.848 

.236- 

1.048- 

2.550- 

.241- 

.109- 

1.385- 

.066- 

2.523- 

1.270 

.914 

.157- 

.984 

.357 

.563 

1.177- 

.371 

.624- 

.614- 

.566 

1.292 

.776 

1.217 

.976 

1.516- 

.737- 

.018 

.768- 

.712 

1.001- 

.012 

.456- 

1.008- 

.849- 

1.272- 

.903 

1.192- 

2.081- 

.157 

.708 

2.132- 

.297- 

.596- 

.219- 

.726- 

.417- 

.214- 

.625 

.699- 

.276 

1.505 

.672 

.315- 

.999- 

1.788 

.592 

.640 

.677 

.965- 

1.066 

1.189- 

.657 

1.441- 

1.171 

.192- 

.315- 

1.714 

1.131 

.001- 

.342- 

.039 

1.486 

.413 

.269- 

.602 

.085 

.848- 

.207- 

.396 

2.358- 

.045- 

.087- 


(Extract from a Rand Corporation Table) 

- Negative numbers are not preceded, but followed, by the (-) sign, 
A number less than 1, such as 0,832, is written in the American manner: 
e. g. . 832. 
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Using this table of random deviations, from which we have 
arbitrarily drawn two lots of 30 numbers (the boxed sequences in 
Table 32.3) we shall now proceed to reconstitute the random pat¬ 
tern of the number of parcels to be delivered and of the truck 
loads. Thus, we have constructed, for a period of 6 weeks (or, to 
be more precise, for an artificial sample of 6 weeks), a table of 
the number of parcels to be delivered and a table of the number 
of parcels that can be delivered by truck. 


Table 32,4 

Number of parcels to be delivered 


\ v Week 

Day 

* 

Sa 

s 3 




Monday 

8,046 

9,830 

8,776 

6,800 

7,503 

6,832 

Tuesday 

6,938 

6,492 

7,425 

6,100 

6,527 

5,146 

Wednesday 

4,926 

5,659 

5,066 

5,533 

6,031 

5,273 

Thursday 

6,929 

6,282 

6,720 

6,406 

7,065 

6,899 

Friday 

5,074 

4,730 

5,199 

4,819 

4,877 

5,597 


The numbers for S s , for example, were established by 
starting with the normalized random sequence: 


— 1.210 


6,832 

= 7,800 — 

1.210 

X 

800 

— 1.792 


5,146 

- 6,400 — 

1.792 

X 

700 

— 0.379 

as follows: 

5,273 

= 5,500 — 

0.379 

X 

600 

— 0.137 


6,899 

= 7,000 — 

0.134 

X 

750 

1.194 


5,597 

= 5,000 + 

1.194 

X 

500 


In a like manner, the number of parcels that can be delivered 
per day was obtained by means of 6 sequences of random numbers, 
taking into account the average of 80 and standard deviation of 15 
parcels per truck. As an example, for 70 trucks the average 
should be: 


70 x 80 = 5,600 

and the standard deviation should be: 

V70 x 15 = 125.3 . 

(see formula (54.36) in Section 54). 
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Using this sequence of random numbers, we have obtained the 
6 tables in Table 32.5, corresponding to the use of 110, 100, 90, 80, 
70, and 60 trucks, each for a period of 6 weeks. 


Table 32.5 

110 trucks m — 8800 < 7 = 157 


\Week 

Day 

Si 

s, 

s, 

s 4 

s 6 

- • •• 1! 

S 6 

Monday 

8,606 

8,824 

8,814 

8,977 

9,212 

8,927 

Tuesday 

8,654 

8,926 

8,793 

8,727 

8,955 

8,738 

Wednesday 

8,695 

8,671 

8,629 

8,967 

8,894 

9,194 

Thursday 

8,901 

9,010 

9,002 

8,870 

8,793 

8,893 

Friday 

9,193 

8,775 

8,977 

8,605 

9,149 

8,967 

100 trucks m = 8000 a = 150 


\Week 

Day 

S* 

s a 

S 3 

s 4 

s 6 

s 6 

Monday 

7,814 

8,023 

8,013 

8,169 

8,394 

8,122 

Tuesday 

7,861 

8,120 

7,994 

7,931 

8,148 

7,941 

Wednesday 

7,900 

7,877 

7,836 

8,159 

8,090 

8,376 

Thursday 

8,096 

8,201 

8,193 

8,067 

7,994 

8,089 

Friday 

8,376 

7,976 

8,169 

7,814 

8,334 

8,159 

90 trucks m = 7200 <7 = 142 

\Week 

Day 

Si 

s, 

S3 

s* 

s 6 

S 6 

Monday 

7,024 

7,222 

7,213 

7,360 

7,572 

7,315 

Tuesday 

7,068 

7,314 

7,194 

7,134 

7,340 

7,144 

Wednesday 

7,105 

7,084 

7,045 

7,351 

7,285 

7,556 

Thursday 

7,291 

7,390 

7,383 

7,263 

7,194 

7,284 

Friday 

7,556 

. 

7,177 

7,360 

7,024 

7,516 

7,351 
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Table 32.5 (Cont’d) 


80 trucks m — 6400 a — 134 


\Week 

Day 


s a 

Sz 

s 4 

s 5 

s. 

Monday 

6,234 

6,421 

6,412 

6,551 

6,752 

6,509 

Tuesday 

6,276 

6,507 

6,394 

6,338 

6,532 

6,347 

Wednesday 

6,310 

6,290 

6,254 

6,542 

6,481 

6,736 

Thursday 

6,486 

6,579 

6,572 

6,460 

6,394 

6,479 

Friday 1 

1 6,736 

6,378 

6,551 

6,234 

6,698 

j 6,542 


70 trucks 

m — 5600 <7 = 125 


Week 

Day 

Si 

s, 

s 3 

1 

s 4 

s* 

s. 

Monday 

5,445 

5,620 

5,611 

5,742 

5,929 

5,702 

Tuesday 

5,484 

5,701 

5,595 

5,542 

5,724 

5,550 

Wednesday 

5,516 

5 497 

5,463 

5,733 

5,675 

5,915 

Thursday 

5,681 

5,768 

5,761 

5,656 

5,595 

5,674 

Friday 

5,914 

5,580 

5,741 

5,444 

5,879 

5,733 


60 trucks m — 4800 & — 116 


\ s \Veek 

Si 

s a 

Sz 


s 6 

s 8 

Day 







Monday 

4656 

4818 

4810 

4931 

5105 

4894 

Tuesday 

4693 

4893 

4795 

4746 

4914 

4754 

Wednesday 

4722 

4705 

4673 

4923 

4870 

5091 

Thursday 

4875 

4955 

4949 

4852 

4795 

4869 

Friday 

5091 

4781 

4931 

4656 

5057 

4923 


The random sequences that were used to construct Tables 32.4 
and 32.5 are different and independent, which implies (as a working 
hypothesis) that the delivery rate is independent of the arrival rate. 
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A study of the statistics obtained by accountants makes it possible 
to verify this hypothesis. (If this hypothesis were not fully realized 
and a certain correlation were found between the two rates, it 
would be possible to construct parallel normalized random sequences 
by drawing them from distributions having the given correlation.) 7 
Finally, the 12 sequences of 5 random numbers used for the two 
tables were subjected to likelihood tests (Student’s t test for the 
average, and Fisher’s F test for the standard deviation). For, 
even though these numbers were taken from a carefully constructed 
table, it is best to eliminate any very unlikely sequences in such a 
limited example as the present one. Even so, such an elimination 
was not found to be necessary. 


Table 32.6 


0 ) 

(2) 

(3) 

(4) 

(5) 

(6) 

Number of 
trucks in 
line 

Day 

Number 
of parcels 
to deliver 

Delivery 

capacity 

(parcels) 

Parcel 

carry¬ 

over 

Number 
of over¬ 
time hours 

110 

Monday 

8,776 

8,814 



Tuesday 

7,425 

8,793 



Wednesday 

5,066 

8,629 



Thursday 

6,720 

9,002 



Friday 

5,199 

8,977 



100 

Monday 

8,776 

8,013 

763 

76 

Tuesday 

7,425 

7,994 



Wednesday 

5,066 

7,836 



Thursday 

6,720 

8,193 



Friday 

5,199 

8,169 



90 

Monday 

8,776 

7,213 

1,563 

156 

Tuesday 

7,425 

7,194 

231 

23 

Wednesday 

5,066 

7,045 



Thursday 

6,720 

7,383 



Friday 

5,199 

7,360 
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Table 32.6 (Cont’d) 


80 

Monday 

8,776 

6,412 

2,364 

236 

Tuesday 

7,425 

6,384 

1,031 

103 

Wednesday 

5,066 

6,254 



Thursday 

6,720 

6,572 



Friday 

5,199 

6,551 



70 

Monday 

8,776 

5,611 

3,165 

316 

Tuesday 

7,425 

5,595 

1,830 

183 

Wednesday 

5,066 

5,463 



Thursday 

6,720 

5,761 

9,59 

93 

Friday 

5,199 

5,741 




Having constructed the tables that will serve as the artificial 
sample, we calculate, for different numbers of trucks, the weekly 
balance of overtime hours for each of the samples. For example, 
using S 3 and policy P x , we obtain Table 32.6. 

Columns (3) and (4) can be read directly from the random tables 
(Tables 32.4 and 32.5). 

The number of overtime hours is calculated with reference to the 
delivery capacity for the day under consideration. Thus, the de¬ 
livery rate in parcels per hour which is applied in each respective 
case is that given by Table 32.5, divided by 8. 

Thus, for 70 trucks, the number of parcels still remaining for 
delivery at the close of an average Tuesday was 1,830; the delivery 
rate for that day was 79.93, and hence the hourly delivery rate 
would be 79.93/8 = 9.99. Therefore, 


number of overtime hours: 


1,830 

9.99 


183. 


32.2 


Table 32.7 


Number of trucks j 110 

100 

90 

80 | 70 

Total cost (trucks and 
over-time hours) in 
thousands of francs 

660 

638 

629.5 

649.5 

716 
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Table 32.8 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Number of 
trucks in line 

Day 

Number of 
parcels (by the 
day) 

Number of 
parcels to 
deliver 

Delivery 

capacity 

Carry-over 

Number of par¬ 
cels to be de¬ 
livered in over¬ 
time hours 

Number of 
over-time hours 

90 

Monday 

8,776 

8,776 

7,213 

1,563 



Tues¬ 

day 

7,425 

8,988 

7,194 

1,794 



Wednes¬ 

day 

5,066 

6,860 

7,045 




Thurs¬ 

day 

6,720 

6,720 

7,383 




Friday 

5,199 

5,199 

7,360 




80 

Monday 

8,776 

8,776 

6,412 

2,364 



Tues¬ 

day 

7,425 

9,789 

6,394 

3,395 



Wednes¬ 

day 

5,066 

8,461 

6,25 4 

2,207 



Thurs¬ 

day 

6,720 

8,927 

6,572 

2,355 



Friday 

5,199 

7,554 

6,551 

1,003 

1,003 

98 

70 

Monday 

8,776 

8,776 

5,611 

3,165 



Tues¬ 

day 

7,425 

10,590 

5,595 

4,995 



Wednes¬ 

day 

5,066 

10,061 

5,463 

4,598 



Thurs¬ 

day 

6,720 

11,318 

5,761 

5,557 



Friday 

5,199 

10,756 

5,741 

5,015 

5,015 

490 

60 

Monday 

8,776 

8,776 

4,810 

3,966 



Tues¬ 

day 

7,425 

11,391 

4,795 

6,596 



Wednes¬ 

day 

5,066 

9739 
+ 1923 

4,673 

5,066 

1,923 

197 

Thurs¬ 

day 

6,720 

11,669 
+ 117 

4,949 

6,720 

117 

11 

Friday 

5,199 

11,919 

4,931 

6,988 

6,988 

680 


total: 
Oh. 


total: 
98 h. 


total: 
490 h. 


total: 
888 h. 


If we rate overtime hours at 2,500 francs, the budget for S 3 
would be given by Table 32.7 (costs given in daily averages) 
Hence, for S 3 , the optimum number of trucks, among those we 
have considered, would be 90. 




130 


DELAY (QUEUING) PHENOMENA 


For the same week, if policy P 8 , is followed, we obtain Table 
32.8. 

Overtime hours are required, on the one hand, the leftover 
from Friday to be delivered on Saturday, and, on the other hand, 
every time an evening’s leftover pushes the next day’s load 
beyond the delivery capacity. We have shown in column (7) the 
number of parcels to be delivered during overtime for each day. 
The budget for S 3 under policy P 3 then works out as shown in 
Table 32.9 (costs are given in daily averages). 


Table 32.9 


Number of 
trucks 

90 

80 

70 

60 

Total cost (trucks 
and over-time 
hours) in thousands 
of francs 

540 

529 

665 

804 


Grouping together the results for all 6 weeks, we obtain (in 
thousands of francs): 


Table 32.10-Policy ^ 


\Number of 
\trucks 

Week \ 

110 

100 

90 

80 

70 

60 

Si 

660 

612 

592.5 

628,5 

689.5 

761,5 

Sz 

710 

690 

670 

650 

702 

801 

S a 

660 

638 

629.5 

649.5 

716 

808,5 

s* 

660 

600 

540 

492.5 

536,5 

634.5 

S 6 

660 

600 

540 

549 

625 

722.5 

S 6 

660 

600 

540 

517 

536 

616,5 

Total 

4010 

3740 

3512 

3486.5 

3805 

4344,5 

Average 

668 

623 

585 

jjsTj 

634 

724 
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Table 32.11-Policy p s 


\Number of 
trucks 

Week 

100 

90 

80 

70 

60 

Si 

600 

540 

480 

603.5 

735 

s a 

600 

540 

521 

662.5 

803,5 

S 3 

600 

540 

529 

665 

804 

S 4 

600 

540 

480 

499 

646 

S 5 

600 

540 

480 

572,5 

706 

S* 

600 

540 

480 

477.5 

614 

Total 

3600 

3240 

2970 

3480 

4308.5 

Average 

600 

540 

| 495 | 

00 

o 

718 


Representative points have been plotted on the graph in Fig. 
32.2. 

This problem was studied more thoroughly by taking 20 weeks, 
which made it possible to compare the results with actual operating 
figures for a corresponding period of the preceding year; further¬ 
more, calculations were made for all the points corresponding to 
70, 71, 72, 73, ... , 88, 89, 90 trucks. This study produced the 
curves of Fig. 32,2, which reveal: 

— optimum for policy P 1 : 85, 

— optimum for policy P 3 : 80. 

Several remarks should be made at this point. Let us recall 
that we assumed that the averages and standard deviations were 
constant over the entire year; in reality, the problem proved to be 
seasonal, and the more thorough study covered several different 
periods of the year. This resulted in families of curves which 
showed the optimum decision for each policy, P x , P s , etc., for 
each seasonal period. 

One might think that a knowledge of the averages would suffice 
for the resolution of such a problem; however, this would be to 
overlook the critical role played by the standard deviation. The 
artificial method of sampling, as developed here, is specifically 
designed to take these standard deviations into account. 

In a real problem, the volume of calculations can be consider¬ 
able. Consequently, if we wish to approximate the real conditions 
very closely, the use of an electronic computer can become 
practically indispensable. 
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2. Direct simulation (on real data). 

As a beginning, we shall use a graphic method to study a delay 
phenomenon consisting of one line and one station. The intervals 
between arrivals and the service times were measured for 20 
consecutive units. (Of course, this number of observations would 
be grossly inadequate in practice; it has been used here only to 
avoid over-lengthy calculations.) A statistical analysis showed that 
the distribution of arrivals followed Poisson’s law, while that of 
the service times was not exponential. The observed data are 
recorded in Table 32.12. Using these data, one can draw up the 
diagram shown in Fig. 32.3, whose construction is fairly self- 
evident. This diagram makes it easy to find the average delay time 
spent in the system and the average waiting time in line; it also 
makes it possible to determine the average values n, v, and p. 

The average delay time in the system can be figured roughly 
by taking the sum of the individual delay times and dividing this 
result by 20; this gives us: 

57.8 

i s = —— — 2.89 time units. 


32.5 






DELAY (QUEUING) PHENOMENA 


133 


Table 32 0 12 


Units 

Intervals between 
arrivals 

a 


3.4 

b 

1.8 

c 

4,2 

d 

0,6 

e 

3.1 

f 

4,5 

g 

0.3 

h 

1,7 

i 

2.2 

j 

2,2 

k 

0,2 

l 

0.6 

m 

1.0 

n 

0,2 

o 

0.7 

P 

1.1 

V 

2.7 

r 

3.4 

s 

0.6 

t 

7.8 



Total: 42.3 
Average: 2.11 


Units 

Service times 

a 

0,2 

b 

4.0 

c 

0,1 

d 

0.8 

e 

2.2 

f 

6.7 

g 

0.7 

h 

0.5 

i 

0.4 

J 

0.2 

k 

0.4 

l 

1.4 

m 

0.2 

n 

0.1 

o 

3.4 

P 

1.4 

Q 

2.2 

r 

2.9 

s 

2.5 

t 

2.8 


Total: 33,1 
Average: 1.65 


Similarly, for the average waiting time on line we obtain: 

, 24,7 t ^ . 

tf — — 1.23 time units. 


The total idle time of the station is: 

T idle = 9.2 time units. 


32.6 


32.7 




32.15 
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For this method to have validity, it must be applied to a larger 
sample—for example, one hundred units. The example given 
above was intended to illustrate the method and serve as an intro¬ 
duction to the more general explanation that follows here. 

Let: 

t r = time interval between arrival of unit r and arrival of 
unit r+1; 

s r = service time for unit r; 

wr = waiting time on line for unit r. 

Then: 

w r + x — w r + s r — t r if wy -f- Jf — t r > 0 

a w . t < 32.16 

= 0 if Wr + s r — t r < U . 

Fig. 32.4 shows the two possible situations: (a) illustrates 
the case where there is a wait, and (b), the case where there is 
no wait. 

Formula (32.16) allows us to calculate w r quite easily by means 
of recurrence. We can demonstrate this for the preceding example: 


o' 

II 

<3 

* 

s a = 0.2, 

rn 

II 

w a + s a — t a = — 3.2 

32.17 

therefore Wb = 

= 0. 



Wb = 0, 

Sb = 4. 

tb = 1.8 

Wb + Sb — tb = 2.2 

32.18 

therefore w c • 

= 2.2 



w c = 2.2, 

s c = 0.1, 

to = 4.2 

w c + s c — t c = — 1.9 


therefore wa — 

0 



32.19 


etc... 


The complete series of calculations is given in Table 32.13. 



(a) (b) 


Fig. 32.4 
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Table 32.13 



w a 

Jot 

*0t 

I W a + Sa — ta 

i i 

W<X + 1 

Wot + Jot 

a 

0 

0.2 

3.4 

— 3.2 

0 

0.2 

b 

0 1 

4.0 

1,8 

2.2 

2.2 

4,0 

c 

2,2 

0,1 

4,2 

— 1,9 

0 

2.3 

d 

0 

0.8 

0.6 

0,2 

0.2 

0.8 

e 

0.2 

2.2 

3,1 

— 0.7 1 

0 

2.4 

f 

0 

6.7 

4.5 

2.2 | 

2.2 

6.7 

8 

2.2 

0.7 

0.3 

2.6 

2.6 

2,9 

h 

2,6 

0,5 

1.7 

1.4 

1.4 

3.1 

i 

1.4 

0.4 

2.2 

— 0.4 

0 

1.8 

j 

0 

0.2 

2.2 

— 2.0 

0 

0.2 

k 

0 

0.4 

i 

0.2 

0,2 

: 

0.2 

0.4 

l 

0.2 

1 

1.4 

0.6 

1.0 

1.0 

1.6 

m 

1.0 

0.2 

1.0 

0.2 

0.2 

1.2 

n 

0,2 

0.1 

0.2 

0.1 

0.1 

0.3 

o 

0.1 

3.4 

0.7 

2.8 

2.8 

3.5 

P 

2.8 

1.4 

1.1 

3.1 

3.1 

4.2 

Q 

3.1 

2.2 

2.7 

2.6 

2.6 

5.3 

r 

2.6 

2,9 

3.4 

2.1 

2.1 

5.5 

s 

2.1 

2.5 

0.6 

4.0 

4.0 

4.6 

t 

4.0 

2,8 

7.8 

— 1.0 

0 

6.8 


Total : 24.7 Total : 57.8 


This table allows us to determine the average delay time in the 
system and the average waiting time on the line (32.5 and 32.6). 
To obtain the average number of units in the system or in the line, 
we can prepare a diagram such as that shown in Fig. 32.3, or 
a corresponding table such as Table 32.14. In the latter table, 
events are described with reference to a theoretical clock whose 
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Table 32.14 



93 


0 

0 


94 

1 

1 

0 


95 


1 

0 


96 


1 

0 


97 


1 

0 


98 


1 

0 


99 : 


1 

0 


100 ; 

1 

2 

1 


101 i 


2 

1 


102 ! 


1 

0 

1 

~103 1 


1 

_ fiu 


104 i 
_i 

_ _ 

_ 1 

0 



30 


0 

0 


31 


0 

0 


32 


0 

0 


33 


0 

0 


34 

1 

1 

0 


35 


1 

0 


36 


1 

0 


37 

_ 

1 

0 



50 


1 

0 


51 


1 

0 


52 

1 

2 





2 

1 


54 


2 

_ i _ 


55 | 


2 

1 



124 


0 

0 

1 

125 


0 

0 


126 


0 

0 


127 


0 

0 


128 


0 

_ 0 _ 


129 


0 

_ 0 _ 


130 


0 

_ 0 _ 


131 

1 

1 



132 


1 

0 



"1 

_—! 




time intervals are tenths of the selected unit of time. Arrivals 
and departures are recorded in columns (2) and (5), and we sum 
the numbers in columns (3) and (4). 

This type of calculation is of special interest in the study of 
interconnected (cascaded) systems: the departures from one system 
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are then considered as the arrivals at the next. Also, a procedure 
of this kind makes it possible to study the transient condition of a 
delay phenomenon, where the analytical method would be too com¬ 
plicated. 

3. Artificial sample of arrivals or service. 

To set up an artificial sample of arrival intervals or service 
times, we begin by using statistical measurements to construct a 
histogram (see Part Two, Section 54) of the intervals (0) between 
arrivals (or service times). Suppose that we have measured 1,000 
such intervals, and that the frequencies (n) are as shown in Table 
32.15, with the time intervals stated in arbitrary units. 

Table 32.15 


0 ) 

( 2 ) 

(3) 

(4) 

Q 

it 

Pr|(0-l)<©<0| 

PriO <©< 0 | 

. 

186 

0.186 

0.186 

2 

171 

0.171 

0.357 

3 

160 

0.160 

0.517 

4 

132 

0.132 

0.649 

5 

113 

0.113 

0.762 

6 

90 

0.090 

0.852 

7 

53 

0,053 

0.905 

8 

31 

0.031 

0.936 

9 

28 

0.028 

0.964 

10 

18 

0.018 

0.982 

11 

13 

0.013 

0.995 

12 

5 

0.005 

1.000 

>13 

0 

0 

1 


We estimate that: 


Pr [0 — 1) < O < 6) = 


it 

Tooo * 


32.20 



e 


o| 1 2 3 4 5 6 7 8 9 10 11 12 H 01 1 2 3 4- 5 6 7 8 9 10 11 12 

Fig. 32.5 Fig. 32.6 

which will give us column (3) of Table 32.15; then, accumulating the 
column (3) values in column (4), we will obtain the breakdown shown 
in Fig. 32.6. 


Table 32.16 


N 

\ 


000 ^ jV < 186 

1 

186 « N < 357 

2 

357 < N < 517 

3 

517 « N < 649 

4 

649 « N < 762 

5 

762 « N < 852 

6 

852 <; JV < 905 

7 

905 < N < 936 

8 

936 < N < 964 

9 

964 < N < 982 

10 

982 < JV < 995 

11 

995 « N < 1000 

12 


Next, we construct a table similar to Table 32.16. Selecting a 
random series of 20 3-digit numbers from Table 32.2, we establish 
a series of 20 values for 0, constituting an artificial sample of 
arrivals. In our example, a check of the sample by means of a 
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Table 32 0 17 


N 

0 

070 

1 

675 

5 

618 

4 

644 

4 

860 

7 

936 

9 

444 

3 

319 

2 

776 

6 

879 

7 



significance test (Student and Fisher) showed that the sample was 
acceptable. 

The choice of the class interval for the histogram is very im¬ 
portant: it must be small enough. 

Table 32.17 shows how our artificial sample was obtained. The 
numbers N are random numbers taken from the table in this 
section. 

4. Use of a simulation device (Description of “Queuiac”).* 

We shall present a brief description of a simulation device con¬ 
structed at Johns Hopkins University, in the United States, and known 
as the “Queuiac.” This device makes it possible to study quite 
complex delay phenomena which form systems of parallel or 
series networks. One can introduce arbitrary distributions for 
arrivals or service intervals, different queue disciplines, and 
various relationships that might exist between the rate of service 
and the number of units waiting, etc. With this device, there is 
no need to perform statistical analyses of distributions; rather, 
one has only to observe the intervals of the real phenomenon, record 
them on a perforated tape, and feed this into the simulator. The 


*See: P. F. Dunn, C. D. Flagle, and P 0 A. Nicks “The Queuiac: 
An Electromechanical Analog for the Simulation of Waiting Line 
Problems,” J.O.R.S.A., Vol. 4, No. 6, December 1956,pp. 649-662. 
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signals representing arrivals are sent into the recording unit, where 
the presence of an arrival is indicated by a little light. In the same 
way, signals relating to service intervals are fed into the recorder, 
which then determines the number of units in the waiting line at any 
given moment. Associated with the recorder is an interval counter; 
thus the data can be converted directly into probabilities. The sum 
of the npn’s yields the average length of the waiting line. 

Many recording units, each one associated with a counter, can be 
linked in series or parallel formation to reconstitute a complicated 
network of delay systems. 

The recording unit consists of a luminous waiting line and a 
priority selector. (Readers interested in the electronic details of 
the device will find them in the article cited above.) 

The tape reader is a Type 1-A Western Union transmitter, 
which reads pulses from the perforated tape. The tape speed is 
continuously variable. Information is sent directly to the recording 
units. The tapes are perforated directly according to the sample 
of time intervals for arrivals or service that are actually observed. 
One can also produce artificial samples of intervals by the Monte 
Carlo method, and thus introduce any desired distribution at will. 

The “Queuiac” makes it possible to simulate delay phenomena 
that are impossible to analyze, and, in particular, to study transient 
systems. 


Section 33 

EXAMPLE OF A COMPLETE STUDY OF A 
DELAY PHENOMENON* 

1. General explanation.—2. Occupancy rate of a slip.—3. Calcula¬ 
tion of waiting lines for the case of uninterrupted 3-shift operation. 
4. Calculation of waiting lines for the case of 3-shift operation with 
week-ends off.—5. Calculation of waiting lines for the case of 2- 
shift operation.—6. Total monthly cost of operation.—7. Total annual 
cost of operation.—8. Conclusions. 

1. General explanation. 

A mining company must necessarily be concerned with the cost 
of transporting its heavy ores, and a major item in this trans¬ 
portation cost is the charge for ship’s time spent in port for loading 


*Taken from an essay by M. E. Ventura, Director of the Socidte 
de’Etudes Pratiques de Recherche Opdrationelle (*‘Society for 
Practical Studies in Operations Research”). See bulletin S.E.D.E. 
I.S. (205 Boulevard St. Germain, Paris), Study No. 691, 1-2-58. 
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and unloading (“lay days’*). The problem is to find loading methods 
that will minimize the total of the following costs: 

a) annual amortization and operating costs for loading in¬ 
stallations; 

b) wages for personnel employed in loading; 

c) freight rates, corrected for any delay beyond the standard 
4 ‘lay days” (average length of the ship’s stay fixed for each 
port) or, on the other hand, for rebates due to time saved. 

Insofar as cost a) is concerned, the choice lies between two 
possible installations (4,000 or 6,000 tons per hour). For b), the 
choice lies between 3 crews if the port works on a round-the- 
clock (3-shift) basis, or 2 if work is not continuous. The week-end 
off may or may not apply. In any case, there will be heavy over¬ 
time rates to take into account. For c), the rate is calculated by 
adding to the cost of transport at sea the cost of time lost during 
the stay in port. 

The length of stay in port is random. It depends on the size of 
the cargo shipped, the speed of loading, and the congestion of the 
port. The applicable probability distribution for service times is 
difficult to determine. We shall return to it later. 

Arrivals of ships in port (to take on cargo) follow Poisson’s 
law. However, the rate of arrivals, X, is seasonal, with more ships 
docking in summer than in winter. 

The service time, l/y, is the time it takes to load if service at 
the slip is continuous. If there are periods during which no work 
is done (at night, for example), there maybe interruptions in the 
work of loading cargo. Hence the total service time will include: 

— duration of actual service; 

— delay time during loading; 

— time waiting for the slip to be free. 

It was found that the total service time, s, could be determined 
correctly by means of the formula: 


s = *• + k 7> 33.1 


where s 0 = total idle time (casting ballast, docking, make-ready); 
L = gross tonnage of the ship we are considering; 
v = speed of loading. 

Therefore, if we know the statistical distribution by gross ton¬ 
nage, of the ships putting in at this port to take on cargo, we can 


We quote this study almost in its entirety because of its great 
practical interest and because of the high quality of the analytical 
explanation given by the Director of the S.E.P.R.O. 




144 


delay (queuing) phenomena 


deduce from these data the service time for each case (v = 4,000 
tons/hour; v = 6,000 tons/hour). 

2. Occupancy rate of a slip. 

If X is the average rate of arrivals and ju is the average rate of 
service, the traffic intensity, 0 = X/jU, will be called the occupancy 


Table 33.1 


Number of 
units in the 
system 

Dockside conditions 

Probability p n 

4,000 t/h 
installations 

6, 000 t/h 
installations 

0 

0 

ship at 
dockside, 

0 waiting 

0.580 

0.640 

i 

i 

ii M 

, 0 ii ii 

0.303 

0.277 

2 

1 

ii ii 

, 1 » " 

0.087 

0.067 

3 

1 

ii ii 

, 2 " " 

0.022 

0,013 

4 

1 

ii ii 

, 3 " " 

0.006 

0.002 

5 

1 

ii n 

, 4 " " 

0.002 

0.000 

6 

1 

ii ii 

,» 5 " " 

0.000 

0.000 


Table 33.2 


Length of stay 

4, 000 t/h 
installations 

6,000 t/h 
installations 

0 < T < 24 h 

0.942 

0,982 

24 h < T < 48 h 

0.056 

0.018 

48 h < T < 72 h 

0.002 

0.000 

72 h < T 

0.000 

0.000 
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rate of a slip. We shall callthe complementary quantity, 1 -0 , the 
vacancy rate. 

3. Calculation of waiting lines for the case of uninterrupted 3-shift 

operation. 

Here, for example, are the results obtained in the case of a dock 
working 3 shifts, with 32 ships arriving per month, and under the 
verified hypothesis of a stationary and permanent system. As 
would be expected, the waiting lines are not as long for an installa¬ 
tion that can handle 6,000 tons per hour as they are for one that has 
a capacity of 4,000 tons. The slip will be busy 36% of the time, 
instead of 42% (p( >0) = 1 - p 0 ). 

By means of tables similar to Table 33,1 for various rates of 
arrival, we can determine the probability of a length of stay (delay + 
service time) of less than 24 hours, 24 to 48 hours, 48 to 72 hours, 
and so on. 

For 32 ships a month, this method produces Table 33.2, which 
allows us to calculate the extra cost for exceeding the lay days, 
taking into account the cost per day’s delay after an allowance of 
24 hours. 


4. Calculation of waiting lines for the case of 3-shift operation 
with week-ends off. 

The classical theory, which was applied to the case of round- 
the-clock work, must be modified to fit the hypothesis of non- 
continuous work. Take the case where the only break is the Sunday 
holiday; in this case Sunday is a day when no ship can be served or 
sail from the port. The result will be a bottleneck on Monday 
morning, which must be absorbed little by little during the rest of 
the week. We must study the phenomenon as a transient system, 
and consider the probabilitiespn(t) and the values of n(t). Obviously, 
we will find that n(t) is higher at the beginning of the week. Tables 
33.3 and 33.4, developed for work stoppages of 24 or 32 hours, 
show the evolution of p n (t) for periods separated by 9.5 hours, 
starting at 7 o’clock Monday morning, for a loading speed of 4,000 
tons/hour. The probabilities pn(t) for a speed of 6,000 tons/hour 
have also been calculated, in the same manner. 

Thus we are dealing with a periodic phenomenon, whose period 
is the week. The mean probabilities p n were calculated and are 
listed in Table 33.5. It can be seen that p(> 0) ranges from 0.42 
with round-the-clock service to 0.498 with a break of 24 hours, and 
to 0.539 with a break of 32 hours, for a rate of 4,000 tons/hour. 
For v = 6,000 tons/hour, the range varies from 0.36 to 0.431 and 
0.503. 
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Table 33.3 


v— 4 000 t/h 24-h interruption 


\p»(t) 
n \ 


2 

3 

4 

5 

6 

7 

8 

9 


Week¬ 

end 

0 

0.199 

0.339 

0.426 

0.480 

0.514 

0.536 

0.550 

0.560 

0.567 


0.580 

1 

0.317 

0.310 

0.305 

0.303 

0.303 

0.303 

0.303 

0.303 

0,303 


0.303 

2 

0.255 

0.192 

0.154 

0.132 

0.117 

0.108 

0.102 

0.098 

0.095 


0.087 

3 

0.140 

0.097 

0.070 

0,054 

0.043 

0.036 

0.031 

0.028 

0.026 


0.022 

4 

0.060 

0.041 

0.029 

0.022 

0.016 

0.012 

0.010 

0.008 

0,007 


0.006 

5 

0.021 

0.015 

0.011 

0.007 

0,005 

0.004 

0,003 

0.002 

0.002 


0,002 

6 

0.006 

0.005 

0.004 

0,002 

0.002 

0.001 

0.001 




0.000 

7 

0.002 

0.001 

0.001 








0.000 


Table 33.4 

n v = 4 000 t/h 32-h interruption 


\Pn0) 
» \ 

* 

2 

3 

4 

5 

6 

7 

8 

9 


Week¬ 

end 

0 

0.140 

0.271 

0.367 

0.434 

0.481 

0.514 

0.535 

0,550 

0.560 


0.580 

1 

0.273 

0,289 

0.294 

0.297 

0,300 

0.301 

0.301 

0.301 

0,302 


0.303 

2 

0.266 

0.213 

0,173 

0.147 

0.129 

0.116 





0.087 

3 

0,176 

0.125 

0,092 

0.070 

0.054 

0.042 





0.022 

4 

0.088 

0.061 

0.044 

0.031 

0.022 

0.017 





0.006 

5 

0,036 

0.025 

0,018 

0.014 

0,010 

0.007 





0.002 

6 

0,013 

0,010 

0,008 

0,005 

0.004 

0.003 





0.000 

7 

0.005 

0.004 

0.003 

0,001 

0.001 

0,000 




.... 

0.000 


On the basis of these data, Table 33.5a was drawn up, similar 
to Table 33.2 and still using 32 ships, but with the hypothesis of 
a weekly 24-hour work stoppage. 

The conclusion was that the week-end break proved very ex¬ 
pensive, and that it would be better to pay overtime, even at the 
rate of 50%. 
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Table 33,5 



Pn 


v = 4 000 t h 

v = 6 000 t/h 


24-h wait 

j 32-h wait 

24-h wait 

32-h wait 

0 

0,502 

0.461 

0,569 

0.497 

1 

0.305 

0,296 

0.286 

0.282 

2 

0.122 

0.128 

0.098 

0.110 

3 

0.046 

0.070 

0.032 

0.044 

4 

0.017 

0.027 

0.011 

0.019 

5 

0.006 

0.011 

0.003 

0.006 

6 

0.002 

0.005 

0.001 

0.002 

7 

0.000 

0.000 

0.000 

0.000 


Table 33.5a 


Length of stay 

v= 4, 000t/h 

v = 6,000 Vh 

0 < T< 24 h 

0.808 

0.894 

24 h< T< 48 h 

0.174 

0.103 

48 h< T< 72 h 

0.017 

■ 

0.003 

72 h< T 

0.001 

0,000 


5, Calculation of waiting lines for the case of 2-shift operation. 

Still assuming that the ship arrival rate is the same both day and 
night, a 2-shift dock necessarily leads to some congestion in the 
mornings, due to the arrival of several ships that cannot be served 
during the night. Little by little, the effect of the congestion will 
disappear. This means that we must consider that the probabilities 
Pn(t) change during the day; then we must calculate the mean daily 
probabilities, p n , and from these derive the probabilities of a stay 
of 0 to 24 hours, 24 to 48 hours, etc. Such calculations are more 
complicated and require the use of an electronic computer. The 
results are shown in Tables 33.6 and 33.7. 
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Table 33 0 6 


With v = 4, 000 t/h 


n 

Pn (?) 

At the begin¬ 
ning of the first 
shift 

At the begin¬ 
ning of the 
second shift 

At the begin¬ 
ning of die 
third diift 

Daily average 

0 

0.432 

0.508 

0.539 

0.497 

1 

0.341 

0,313 

0.306 

0.318 

2 

0.151 

0.121 

0.108 

0.126 

3 

0.052 

0.040 

0.033 

0.041 

4 

0.017 

0.013 

0.010 

0.013 

5 

0.005 

0.004 

0.003 

0.004 

6 

0.002 

0.001 

0.001 

0.001 


Table 33.7 
With v = 6,000 t/h 



Pn (0 

n 

At the begin¬ 
ning of the first 
shift 

At the begin¬ 
ning of die 
second shift 

At the begin¬ 
ning of the 
third shift 

Daily average 

0 

0.413 

0.529 

0.579 

0.507 

1 

0.345 

0,301 

0.288 

0.311 

2 

0,159 

0.114 

0,092 

0.122 

3 

0.057 

0.038 

0.028 

0.041 

4 

0.018 

0.013 

0,009 

0.013 

5 

0,006 

0.004 

0.003 

0.004 

6 

0.002 

0.001 

0.001 

0.002 


It can be seen that p 0 rises, from morning to night, from 0.43 to 
0.54, and that the average occupancy rate is 50.3% for v = 4,000 
tons/hour. For v = 6,000 tons/hour, p 0 ranges from 0.41 to 0,58, 
with a longer stop at night. 
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These data provide the basis for Table 33*8. 


Table 33.8 


Length of stay 

v — 4, 000 t/h 

. . - .. ... t» 

V - 6, 000 t/h 

0 < T< 24 h 

0.815 

0.818 

24 h< T< 48 h 

0.166 

0,163 

48 h< T< 72 h 

0.017 

0.019 

72 h < T 

0.001 

0.000 


6. Total monthly cost of operation. 

The total cost for personnel, equipment, and ship’s time of stay 
is easily calculated: the first two are known, and the stay time 
is evaluated on the basis of the probabilities just given. This 
calculation was made for several different average monthly ship- 
arrival rates. The results are shown in Fig. 33.1. 



Fig. 33.1 
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a) Choice of loading rate. 

Below 5,000,000 tons, a 4,000-ton/hr installation is more 
profitable. At about 5,000,000 tons, there is not much difference 
between the two. Above 5,000,000tons, the 6,000-ton/hour installa¬ 
tion is more profitable. We can also compute the actual costs for 
the output period. 

b) Choice of work plan. 

The 2-shift plan is preferable, no matter what loading speed we 
choose, if the number of ships to be handled is less than 25; the 3- 
shift system should be adopted if more than 25 ships are expected. 

We can observe the following results; 

For a 4,000-ton/hour installation, it becomes profitable to con¬ 
vert from a 2-shift to a 3-shift operation when the annual activity 
reaches 4,300,000 tons. For a 6,000-ton/hour installation, this 
point occurs at 4,500,000 tons. Failing to observe this rule, and if 
the activity is 6,000,000 tons, the loss would be about 46 million 
francs a year with a 4,000-ton/hour installation, or about 52 
million francs a year with a 6,000-ton/hour installation. 


Cost of operation 
by the year (in 
millions of francs) 

// 

/ 


/ 

li 

a 

A 

/ 

6, 000 t/h / 

2 shifts / 

f 

000 t/h 

3 shifts 

V 

/ 

/ 

v 

-- 

^6,000 t/h 

3 shifts 

^( 

-^ \ 4,000 t/h 

• 2 shifts 

— 

Annual production 
(in millions of tons) 
6 

f 5 


Fig. 33.2 
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8. Conclusions. 

a) The differences between the total operating costs for 4,000- 
and 6,000-ton/hour installations are slight, 

b) On the other hand, costs are very sensitive to the choice of 
work plan. Night and week-end breaks should be avoided. 

c) Changing any of the unit costs requires that new curves be 
plotted; these, however, are fairly simple to obtain on the basis of 
the old ones and by means of a simple geometrical construction. 
The set of networks and curves makes it possible to cope with 
many real situations, and provides valuable information. 

This was the advice that the mining company received: 

1st. Choose a 6,000-ton/hour installation if activity will ex¬ 
ceed 6,000,000 tons after the first few shakedown years; 

2nd. Put on 3 shifts (this poses a social problem); 

3rd, Start with a 2-shift operation, and convert to 3 shifts as 
soon as the activity is clearly over 4,000,000 tons; 

4th. Restudy these conclusions whenever new developments 
evolve in the basic parameters. 

This type of study made it possible for the company to see its 
position clearly, to orient itself, and to determine important 
changeover thresholds; it constitutes a notable example of the 
rational approach to decisions. 
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Inventory problems 


Section 34 
INTRODUCTION 

1. General remarks.—2. General characteristics of inventory 
problems.—3. Graphic representation.—4. Replenishment.— 

5. Lead-time for replenishment. 

1. General remarks. 

Supplying materials and equipment for manufacturing, produc¬ 
tion filling customer requests, and maintaining adequate stocks of 
spare parts—these operations pose extremely varied problems. 
It is difficult to arrive at any consistent or logical classification 
of inventory problems. However, we can make a good start by 
recognizing the nature of the demand, which may be: 

—determined (predictable with some degree of precision); 
—stochastic, but statistically stable; 

—stochastic, but statistically unstable (seasonal) 

—unknown. 

The constraints that appear in inventory problems may be: 
—interactions among the various products; 

—limitations of means (volume, weight, operating time, avail¬ 
able funds, etc.). 

In every case, it is possible to define an economic function to 
be optimized; when the demand is random, this function will fre¬ 
quently take the form of an expected value of total cost. 

2. General characteristics of inventory problems. 

In view of the great variety of inventory problems encountered 
in industry and other fields, we shall limit ourselves to a review 
of the principal ones, from which some simple concepts can be 
derived. 
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Inventory problems appear in the form of delay (queuing) phe¬ 
nomena of a very special type. Instead of assuming, as we did in 
Chapter III, that units arrive or are served one by one, we shall 
now assume that both arrivals and service are concerned with 
groups of units. These phenomena can be studied by means of 
concepts; however, in certain (fairly common) cases, the statis¬ 
tical measures exhibit very little variance and we can assign 
deterministic models to the phenomena. 

Every inventory problem involves: 

1— a demand for certain articles, which generally is random 
and a function of time, but which also can be known and determined; 

2— the existence of an inventory of these articles to meet the 
demand, the inventory becoming exhausted and requiring replen¬ 
ishment or replacement. Replenishment may be continuous, peri¬ 
odic, or performed at any given intervals. 

3— the costs associated with these operations—investment, de¬ 
preciation, insurance, sundry risks, warehouse space, etc.—not 
forgetting the cost assigned more or less arbitrarily to a shortage, 
which plays an essential role in certain problems: these costs 
make it possible to develop an economic function to be optimized. 

4— the objectives to be achieved, subject to the constraints 
arising from the very nature of the problem. 

All of these factors will be illustrated in the various cases 
examined below. 

3. Graphic representation. 

To describe an inventory problem, it is convenient to use the 
representation shown in Fig. 34.1, where the initial inventory is 
Si, the final inventory is Sf, and the interval 0 separates the points 
in time at which we measure S* and Sf. Usually, demand is ran¬ 
domly distributed, and it is shown on the graph as a step function. 
It is convenient to replace this pattern with a straight line or a 
curve that will provide a more workable analytical description of 
the demand. 



Fig. 34.1 
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4. Replenishment. 

Let us assume that the time interval between the replenishment 
order and receipt of the new supply is zero. We can then distin¬ 
guish two principal methods of elementary inventory management. 
The first, shown in Fig. 34.2, is called the periodic system or 
Type I management. A period of time, T, is specified at the end 
of which replenishment is regularly accomplished. This method 
has a drawback in that there is a risk of running out of stock, 
which can prove costly; but it also has the advantage of being 
automatic. The second method, shown in Fig. 34.3, might be called 
the relaxation system, by analogy with physical phenomena of the 
same nature. We shall call it Type II management: the quantity 
replenished is constant, but the intervals, T x , T s , T 3 ,..., are not 
equal. Here there is no risk of running out of stock, and adminis¬ 
tration of the method is usually less costly; however, this method 
is less easily systematized than the first. 



5. Lead-time for replenishment. 

Let us assume now that the lead-time for replenishment (the 
time that elapses between placement of the order and receipt of 
the stock) is independent of the size of the order; in other words, 
assume that it is constant, and that its duration is r. We shall 
compare what happens under one system with what happens under 
the other. In the first system (Fig. 34.4), the date on which the 
order is placed is known, and the quantity to be ordered is found 
by extrapolating the amount demanded during the preceding inter¬ 
val T - T; in some cases, r will be greater than T. In the second 
system, on the other hand, the quantity to be ordered is constant, 
but the date on which the order is placed is unknown and must be 
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determined by extrapolation. Sometimes this is not accurate 
enough (see interval T 3 , Fig. 34.5, for example); in some cases 
7 ^ Tj. Generally, the probability distribution of demand is known. 
Sometimes, the lead-time is proportional to, or a function of the 
size of the order, which further complicates the problem of inven¬ 
tory management. 



A method very often used for inventory management consists 
of placing a constant replenishment order the moment the inven¬ 
tory level reaches a critical value, or reorder level.* 



Fig. 34.6 shows the inventory fluctuations for such a case. 
This method has the advantage of administrative convenience, but 
does not always provide a sufficient safety margin against shortage. 
We shall now examine several cases. 



*The English and Americans call this method the “Two-Bin 
System,” or sometimes the “s,S policy,” meaning replenishment 
of a quantity S when the level s is reached. 
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Section 35 

STUDY OF SIMPLE CASES—PROPORTIONAL COSTS 

1. First case: Finding an economic quantity” or‘Tot size.” — 

2. Numerical example.—3. Second case: Finding the “eco¬ 
nomic quantity” while taking the cost of shortage into 
account.—4. Numerical example.—5. Third case: Random de¬ 
mand with losses on overstocks and penalties for shortage, 
neglecting carrying cost.—6. Numerical example.—7. Finding 
the cost of a shortage.—8. Solution by numerical calculation.— 

9. Fourth case: Random demand, with carrying cost and 
shortage cost.—10. Numerical example.—11. Solution by nu¬ 
merical calculation.—12. Fifth case: Demand known, with 
carrying cost proportional to cost of production or purchase 
price.-13. Numerical example. 

We shall begin by examining several cases involving propor¬ 
tional costs. 

1. First case: Finding an “economic quantity” or “lot”. 

Units of a certain model are in constant demand at a rate of h 
pieces per unit of time. No shortage can be allowed. The units 
are stocked in lots; the set-up cost is independent of the number 
of pieces in the lot; let ci equal this constant cost. The carrying 
cost for one piece per unit of time (1 day, for example) is c s . The 
total demand over a time interval 0 is N. Assuming that all lots 
contain an equal number of pieces, n, we wish to find what value 
must be assigned to n in order to minimize the total cost for set-up 
and carrying N pieces in inventory. We shall also determine the 
number of lots to be run, r, as well as the inventory replenish¬ 
ment period, T. 

Inventory management for such a problem will fall under both 
Type I and Type II methods; its graphic representation is shown 
in Fig. 35.1. As can be seen, the daily level of inventory is a saw¬ 
tooth function, very characteristic of this type of problem. 



The mean inventory level during a period T is n/2 (see Fig. 
35.2). Carrying cost during that interval is l/2nc s T. Thus the 
total cost for one lot is: 


a + i n T c s . 


35.1 
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n = maximum level 



Mi mi mum level (zero) 


Fig. 35.2 


Furthermore, we have: 


n — h T 


and 


_ N _ 6 

r 

The total cost for the time interval 0 is; 
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35.2 

35.3 


r — 4 - r 

( nT\N 

~\ Cl+ ~2r C ‘) n 35.4 

Net NT 

" — + T c ‘ 

Net Bc s 

~ ~ + ~r”- 

Thus we have been able to express T as a function of the 
variable quantity n; the other dimensions, N, 0, c^ and c s , are 
known. 

A») = ““ + n. 35.5 

ft L 

If we call Ti = —— the total set-up cost, 35.6 


and 


r 8 = i 0 c s n the total carrying cost, 


35.7 


we see that Ti is inversely proportional to n, whereas T s is pro¬ 
portional to n. 
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Fig. 35.3 


If we plot the variations of Fl and r s on a graph (Fig. 35.3), we 
see that the sum F (n) = T\ + T s must have a minimum value for a 
certain value of n. 

Now, we know that the minimum of the sum of two variables 
whose product is constant occurs when these variables are equal; 
this is the case here: 


^ . r 8 =%Ndac s = 

Thus, the minimum of Fi + Ts occurs for 


or again: 


rj-r.. 


Nci 

n 



35.8 

35.9 

35.9a 


thus 



35.10 


this is the “economic quantity” we were to find. 

A first conclusion can already be drawn: “the minimum of the 
economic function for inventory management occurs when the total 
set-up cost is equal to the total carrying cost.” 

Substituting (35.10) into (35.3), we obtain: 



35.11 


and 


A - F(« 0 ) = \/2 N 6 ci c 8 . 


35.12 
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Fig. 35.4 presents a graphic representation of the function 
r (n). This curve is very important: it shows the sensitivity of 
the variation of n and T (n) in the neighborhood of . It is evident 
that if Cs is large, a variation of n in the region near n n will 
produce important variations in the total cost. 



It is helpful to adopt a standard of sensitivity, i.e., a way of 
recognizing whether or not the choice of a value close to n 0 will 
involve a large change in T (n). For this standard, we can average 
the variation of T (n) when determined for n 0 - 10% n n and for 
n o + 10% n 0 , or;* 


dr = i [F(0.9 n 0 ) + r(lA « 0 ) — 2 1> 0 )] 35.13 

or again: 

S5 - 14 

2. Numerical example. 

A manufacturer of automobile accessories receives an order 
for 120,000 dashboards to be delivered within a year. At what rate 
should he replenish his inventory if he cannot allow any delay in 


*We have avoided introducing the concept of derivatives and of 
differential equations; the variation in the neighborhood of the 
minimum will be given by the differential 

dr - r'd« =(i6c,- 

This shows that sensitivity increases linearly with c-, and dimin¬ 
ishes linearly with Cp 
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his deliveries? The automobile manufacturer's demand is con¬ 
stant; the costs are: 

cg = 3.50 francs per unit per day, c^ = 300,000 francs. 

This gives us: 


/ 120,000 x 300,000 

« — 2 - — 7,559 , 

V 360 x 3.5 

360 x 7,559 J 

T 0 = -■- — 22.68 days 

120,000 y 


35.15 


35.16 


r 0 = y/2 x 120,000 x 360 x 300,000 x 3.5 = 9,525,000 F 35.17 

Let us examine the sensitivity: 

jH ( 7559__ 756) = 120>00 ° X 30 ? ^ + 36 ° X 3 ‘--x6803-9,578,000 F 35.18 
6,803 2 


jT(7559 + 756) = jj 0,000 x 300 ’ 00 0 . 4 .^ ) jlij x 8,315 = 9,568,000 F 35.19 
8,315 2 


The relative variation is then: 

dr , /% 578,000 + 9,568,000\ 
TT ~ * V 9,525,000 ) 


0.005 (approx.) 


35.20 


Here we see that a variation of 10% in the value of n 0 causes a 
variation of about 5% in the total cost; hence the sensitivity is not 
very great. 


3. Second case: Finding the 4 ‘economic quantity" while taking the 
cost of shortage into account. 

If, in the preceding case, we allow a shortage and arbitrarily 
assign to it a cost Cp per unit of time, the mathematical model of 
inventory management will be modified, and its graphic repre¬ 
sentation will take the form shown in Fig. 35.5. 



Fig. 35.5. At the end of each periodT, we 
begin a new lot n, for the purpose of, on the 
one hand, supplying the demand s / = n - s 
which could not be met during T s , and, on 
the other hand, building up the inventory, s. 







INVENTORY PROBLEMS 


161 


During an interval T x in each period T, the daily inventory 
level is adequate to meet the demand; then, during an interval T s , 
there is a shortage, and the backlog is delivered as soon as the 
next lot goes into inventory. 

Let s be the maximum stock level. It is easy to derive the 
following relations from Fig. 35.5: 


or again 


T x __ s T z _ n — s 

t ~ 7 ’ T ~ ~~V~ ; 


Ti 




Thus we have: 


—carrying cost for one lot: 


35.21 

35.22 


35.23 

35.24 


35.25 


—set-up cost of a lot: q , 


35.26 


—cost of shortage for one lot: \ (« — s) r a c p , 35.27 

The total cost will be: 

/>, s) = $ J T x c s + Cl + i (n — s) T, c p ] r ; 35.28 

where r is the number of lots: 


r 


N 

n 


Q_ 

T' 


35.29 


The symbol T (n,s) indicates that the total cost depends on both n 
and s. 

Substituting relations (35.21) and (35.22) into (35.28), we obtain: 


r(n , s) 


s*dc s 

2n 


N 

H- ci + 


(n — $yd 

2n 


c p . 


35.30 


The minimum of this function of two variables, n and s, occurs 
for:* 


*To calculate this minimum, we take the partial derivatives 
and equate them to zero. 


yF 

~ds 



~ 0, 
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35.31 


S = So — 

The quantity 


N ci / Cp _ ^ c v 
6 c s c s + c p ° c s 4- Cp 

Cp 

® Cg + cp 


35.32 


35,33 


is called the shortage rate or scarcity rate. This quantity plays 
an essential role in inventory problems when shortages or out- 
of- stock conditions are allowed. In this problem, we see that the 
quantities n 0 and s 0 must be chosen so that: 


So jk 

— = Q* 

n o 


35.34 


* Simplifying, we obtain: 

Cn . 2 Cl N 

s = n --- et n z Cp — ( c 8 + c P )s a — —r— 

Cp + c s V 

from which (35.31) and (35.32) follow. By calculating the second 
partial derivatives we prove that the conditions 


K o J>!r 

^n'bs) "bn 2 t )s 2 ’ bn 2 


>0 



are satisfied for n = n 0 and s = s 0 , which shows that we definitely 
have obtained a minimum. 

*This is equivalent to writing, according to (35.23): 

7i so r 2 

— -= n or: - = 1 —q. 

T n 0 T 

To say that we accept a shortage rate equal to p is to say that we 
allow shortages to occur 1 - p times (in percentage) during 
interval T. In terms of probabilities, we are saying that the 
probability of a shortage is equal to 1 - p, or: 

C o . 1 —CL 

1-0 = --, or again: c 7 > =- c * 

* c 0 +Cp a 

which gives us a subjective estimate of c p starting with a = 1 - P> 
the probability of a shortage. 
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We may note that the shortage rate,p, is always between 0 and 1. 
We can readily see that p is very small if Cp <sc c s and that p tends 
toward 1 when Cp rs> c s . To assume an infinitely large Cp amounts 
to disallowing any possibility of a shortage. 

From expressions (35.31) and (35.32), we obtain: 


r - li±± 

° V N c s \ 

jc s + c p 

Cp 

35.35 

II 

£ 

5 

J 7 • 

35.36 

\J Cg + Cp 



From these we find: 


n o 


T 0 


( n 0 with q = 1) 

Vq 

(Tq With Q = 1) 


Jo = («o With Q = 1 )>VQ * 


r o = (Fo with Q — 1 ).VQ • 


( 35.37 
135.38 

/35.39 
135.40 


This shows that if we allow a ratep < 1, n 0 and T 0 will increase 
and s 0 and T 0 decrease; for a given value of p, the economic 
quantities n 0 and s 0 will be chosen so as to respect the ratio of 
(35.34). 


4. Numerical example. 

In the preceding example, let us assume that the shortage cost 
is: 



C p 

-10 c s = 35 £r. 

per unit per day. 

35.41 

In this case: 







10 c s 

Q —-— 

• == 12 = 0.909, 

35.42 



* Cs + 10 Cs 

11 




Vq = 

0.953. 

35 0 43 

The economic quantities, then. 

, are: 



7,560 



135.44 

n 0 = 

0.953 

- 7,930, Jo 

- 7,930 x 0.909 - 7,210. 

(35.45 



22.7 

0 “ 0.953 

== 24 days, 

35.46 


r 0 

- 9,525,000 x 

0.953 - 9,077,000 £r. 

35.47 
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5. Third case: Random demand with losses on overstocks and 

penalties for shortage, neglecting carrying cost. 

We shall assume now that the demand r for a time interval T 
is random, and that we know the distribution p(r) of the probability 
of a demand equal to r. If r is less than the inventory, s, the left¬ 
over pieces will be sold at a unit loss of c x ; if r is greater than s, 
there will have to be a special order for the backlog pieces, and 
the extra cost will represent a unit loss of c a . If the carrying cost 
is negligible by comparison with c x or c 9 , the interval T no longer 
has any effect, and we can then say that the management policy is 
independent of time. 

Such a case arises, for example, when spare parts are manu¬ 
factured at the same time as finished assemblies. If too many 
spare parts are produced, the excess must be sold at a consider¬ 
able loss. If too few are produced, the lacking parts will have to 
be ordered at a higher unit cost (spare parts for aircraft typically 
fall under this case). 

Let us call s the number of pieces to be placed in stock. Two 
mutually exclusive situations are possible: 

(1) : r^ s: the stock will cover the demand, and a quantity 
equal to s - r will have to be sold at a unit loss of c x ; 

(2) : r > s: there is a shortage, and r - s pieces must be spe¬ 
cially ordered or specially made, at a unit loss of c 3 . 

The demand r is unknown, but, since we know the distribution 
p(r), we can evaluate the mathematical expectation of the expendi¬ 
tures:* 

r(s) = c t Z (s — r ) p(r) + c a S (r — s) p(r). 35.48 

r=0 r-i+1 

We can make this formula less abstract for readers not very 
familiar with mathematical symbols; for example, if s = 5, we obtain: 

A5) = c x [5 p( 0) + 4 />(1) + 3 p( 2) + 2 p( 3) + p{4)} 

35.49 

+ c a [/?(6) + 2p(7) + 3 p(8) + 4 p(9) + ...]. 

It can be shown** that the minimum of T(s) occurs for a value 
of s 0 such that: 

p(r < Jo — 1) < Q < p(r < Jo) , 35.50 

where e = ~ Z T ' ■ 35.50a 

C 1 ~r C a 

p{r < s 9 ) - K0) + p( 1) + p(2) + ... + p(s Q ) . 35.51 

*We have deliberately assumed that the economic function in 
this problem was just this mathematical expectation. 

**See Part Two, Section 83. 
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The comparison between p and the cumulative distribution 
p(r <; s) immediately gives us s 0 , and hence r(s 0 ) =r m i n . 

We observe that if s 0 is such that: 

p 0^ $ 0 — 1) < <? = p (r< fo) ; 35.52 

this means that: 

/Vo + l) = JV.); 35.53 


and then the optimum will correspond to either s 0 or s 0 + 1. 

The same holds true if: 

p (r ^ s 0 — i) = q < p (r ^ s 0 ) ; 35.54 


that means that: 


r(s 0 ~- 1) = /> 0 ); 

therefore the optimum corresponds to s 0 - or s 0 , 


35.55 


6. Numerical example 


Ci = 50 fr. 


c a = 20 Cx - 1,000 fr, 


1000 

9 ” 50 + 1000 


0,952 ; 


The distribution is given in Table 35.1. 


Thus: 


i.e.: 


Table 35.1 


s 

r 

P(r) 

p(r s s) 

0 

0 

0.900 

0.900 

1 

1 

0.050 

0.950 

2 

2 

0.020 

0.970 

3 

3 

0.010 

0.980 

4 

~4 

0.010 

0.990 

5 

5 

0.010 

1 

6 or more 

6 

0 

1 


p (r < 1) < 0.952 < p (r ^ 2) , 


35.56 

35.57 

35.57a 


35.58 


0,950 < 0.952 < 0 . 970 . 


35.59 
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Thus the optimum occurs for s = 2, for which the corresponding 
value is: 

A2) = c x S (2 — r) p(r) + c a ^(r — 2) p(r) 

= 50 [(2) (0.900) + (1) (0.050)] 35#60 

+ 1,000[(1) (0.010) + (2) (0.010) + (3) (0.010)] 

- 152.5 fr. 


7. Finding the cost of a shortage. 

If we wish to determine what value must he assigned to shortages 
in order that the optimum inventory will be s 0 , we shall once again 
use condition (35.50). Let us take the preceding numerical example 
and try to find the unit cost c 2 such that s 0 will equal 3: 

P(r < p(r « So ), 35.61 

Cl -f c 2 

let 


P(r <2)< 50 + C a <P(r <3) ’ 

35.62 

°' 970 < SO + c, <a980 > 

35.63 

1,620 F < c 2 < 2,450 fr. 

35.64 


8. Solution by numerical calculation. 

Referring again to the mathematical expectation of the cost 
(35.48): 


S K 

r(s) = d S (s — r) p(r) + Ca S (r — s) p(r) t 35.65 

T—o r*=s +1 


let us evaluate T(s) for s = 0, 1, 2, 3, 4, 5, 6,..., with c, = 50 and 
Cg = 1,000. 


A0) 


1000 [(1) (0.050) + (2) (0.020) 
210 fr, 


+ (3) (0.010) + (4) (0.010) + 
+ (5) (0.010)] 


Al) = 50 x (1) (0,900) + 1000 [(1) (0.020) + (2) (0.010) + (3) (0.010) 

+ (4) (0.010)] 


- 155 fr. 
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r(2) - 50 [(2) (0,900) + (1) (0.050)] + 1000 [(1) (0,010) + (2) (0.010) + 

__ + (3) (0.010)] 

= j 152.50 fr | , 

A3) - 50 [(3) (0.900) + (2) (0,050) + (1) (0.020)] + 1000 [(1) (0.010) + 

+ ( 2 ) ( 0 , 010 )] 

- 171 fr, 

A4) = 50 [(4) (0,900) + (3) (0,050) + (2) (0,020) + (1) (0.010)] + 

+ 1000 [( 1 ) ( 0 . 010 )] 

= 200 fr, 

A5) = 50 [(5) (0.900) + (4) (0.050) + (3) (0.020) + (2) (0,010) + 

+ ( 1 ) ( 0 . 010 )] 

- 239.50 fr. 


35*66 


This result corresponds to a shortage cost c 3 = 1000; we may 
calculate T(s) for c 3 = 500, c 3 = 750, c 3 = 1000, Cg = 1250, Cg =£ 1500, 
c 3 = 1750, Cg s 2000; 


For example, for c 3 = 500fr: 


A0) « 500 [(1) (0.050) + (2) (0.020) + (3) (0.010) + (4) (0.010) + 

+ (5) (0.010)] 


- 105 fr. 


Al) 50 x (1) (0.900) + 500 [(1) (0,020)+ (2) (0.010) + (3) (0.010) + 

+ (4) (0.010)] 

= fioo fr| > 

A2) = 122.50 fr, A3) = 156 fr, 

A4) = 195 fr, A5) = 239.50 fr. 

For Cg = 750 fr: 


35.67 


A0) = 157.50 fr, 
A3) =» 163.50fr, 


AD = i 127.50 fr{ 
A4) = 197.50 fr, 


A2) = 137.50 fr 
A5) = 239.50 fr 


35.68 


For Cg s 1000 fr: 

A0) = 210 fr‘, Al) * 155 fr, 

A3) * 171 fr, A4) - 200 fr, 


r(2)=.|l52.50H „„ 
r( 5) = 239.50fr dSM>a 


For Cg = 1250 fr: 

A0) = 262,50 fr, 
A3) = 178.50 fr, 

For Cg = 1500 fr: 

AO) = 315 fr, 
A3) = 186 fr, 


Al)= 182.50 fr, A2) = j 167,50 frl . - 

A4) = 202.50 fr, A5) * 239.50 fr ° 0, ' U 


Al) = 210 fr, A2) = 1182.50 fr f. 

A4) = 205 fr, A5) = 239.50 fr , 


35.71 
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For c a = 1750 fr: 

AO) = 367.50fr, T(l) = 237.50 fr, A2) = 197,50 fr , 3R ?2 

F(3) = 1193.50 fr| , A4) = 207.50fr, A5) = 239.50 fr . 

For c 3 B 2000 fr: 

AO) = 420 fr, Al) = 265 fr, A2) = 212,50 fr , 

A3) = floTfr’l, A4) = 210 fr, A5) = 239.50 fr. 



Fig. 35.6 

Shown in Fig. 35.6 are the T(s) values for different c 3 values 
(we have plotted the curves using the points with abscissae 
0, 1, 2, 3, 4, 5); the minima are indicated. Such curves allow us to 
study the effect of shortages on the optimal inventory plan. 

9. Fourth case—Random demand, with carrying cost and shortage 

cost. 

Assume that demand during a certain time interval T is random, 
with p(r) being the probability that the total demand is r during the 
interval T. The demand is discontinuous, but in practice we can 
assume that its rate is constant (see Fig. 35.7). The pieces do not 
lose value during the interval T, but the storage cost per unit of 
time plus the interest on the capital they represent is evaluated 
as cs (cost per piece per unit of time). We assume that a shortage 
(out-of-stock) of one piece causes a loss of c p per unit of time. 

This inventory situation corresponds to Fig. 35.7. If the total 
demand is less than the inventory (s £ r), the situation is repre¬ 
sented by (a). If demand is greater than inventory (s < r), the 
situation is represented by (b). 
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Such a case is described in the following simple example. 

A large factory makes cranes, and has several regional ware¬ 
houses. Certain spare parts are very costly but must be readily 
available to customers at the warehouses, because the cranes 
cannot be kept idle for any appreciable time as the result of repair 
part shortages. We shall consider one of these parts, and find 
out how large a stock of this particular part should be kept in 
inventory at the warehouses to minimize both the carrying costs 
(including revenue lost on the tied-up capital) and the cost of 
shortages (loss of a customer, loan of another crane, etc.). 



Assuming that the inventory level variation can be represented 
by a straight line (Fig. 35.7), we have: 

1— Average inventory corresponding to situation (a): 

Sa — \ [-S' + ($ — /•)] = s — r , 35.73 

2— Average inventory corresponding to situation (b): 

>»=i4‘ =i 7’ 35.74 

3— Average shortage in situation (b): 

Pt> = iO - ■= i 35.75 

The mathematical expectation for the total inventory cost will 
be: 

P(s) = c a S (s — p(r) + c s S + — p(r) 

2 ) —+■ - 35<76 

Now let us apply this formula to a specific case, assuming that 
s = 5. We have: 
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AS) = ^5p(0) + 9 -p(l) + 4p(2) + \p( 3) + 3p(4) + ^p(5)J 

+ c * m + g P (7> + f 6 P(S) + ...] 

+* [n* 9 + T4* 7) + + -] 


35.77 


It can be demonstrated (see Part Two, Section 83) that the 
minimum of Ts occurs for a value of s 0 such that: 


L(s 0 — 1) < q < L(s 0 ), oil q 


Cs + Cp 


35.78 


L(s 0 ) = p(r < $<,) + (s 0 + i) S 

r=5o + * T 


35.79 


The probability p(r £ s) is, by definition, the cumulative probability: 


p (r < s) = p (0) + p (1) 4 p (2) + ... + p is ). 


We may note that 


Q-L (s 0 ) 


35.80 


35.81 


implies that s 0 or s 0 + 1 corresponds to the optimum; while 

e = £(s 0 — l) 35.82 

implies that s 0 or s 0 - 1 corresponds to the optimum. 

The comparison between p and the distribution L(s) imme¬ 
diately gives us s 0 , and hence T(s 0 ) = r m i n . 

10. Numerical example. 

Let c s a 100,000 francs, and Cp = 20 c s = 2,000,000 francs. 35.83 

We shall now calculate L(s) for the different values of s. 

For s = 3, we have: 


[L( 2) = 0,8625} < Q 


0.9524^ 


< [L(3) = 0.9575], 35.84 


The optimum inventory level is therefore equal to 3, 
The corresponding cost is equal to: 


n 3) - 0.1 [(3) (0.1) + (2,5) (0.2) + (2) (0.2) + (1.5) (0.3)] 

+ 0.1 [(1.125) (0.1)+ (0.9) (0.1)] + 2[(0.125) (0.1) -f (0.4) (0.1)] 35.85 

= 0.29 million. 
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Table 35.2 


f 

r 

P(r) 

Mr) 

r 

00 

2 

r ~ s + 1 

c + » 

r —s + \ 

X 

'’'T 

/A 

L(s) = p (r < s) + 

««> 2 ? 

r = i + 1 

0 

0 

0.1 

00 

0.445 

0,2225 

0.1 

0.3225 

1 

T 

0.2 

0.200 

0,245 

0.3675 

0,3 

0.6675 

2 

2 

0.2 

0,100 

0.145 

0,3625 

0.5 

0.8625 

3 

3 

0.3 

0.100 

0.045 

0.1575 

0.8 

0.9575 

4 

4 

0.1 

0.025 

0,020 

0.0900 

0.9 

0.9900 

5 

5 

0.1 

0.020 

0.000 

0.0000 

1 

i 

IX 1 

>5 

0 

0,000 

0.000 

0.0000 

1 

1 


11. Solution by numerical calculation. 

We shall calculate the general expression of the cost T(s) for 
s = 0, 1, 2, 3, 4, 5, 6,... 


A 0) = c p S 4 r p{r) 

r — 1 

= 2 [(0,5) (0.2) + (1) (0.2) + (1.5) (0.3) + (2) (0.1) + (2.5) (0.1)] 

- 2,4 million fr. 

if r \ oo l 1 » 1 fr — l) a 

Al) = j W) + c » 2^- p(r) + Cp JLil - r p (r) 

- 0.1 [(1) (0.1) + (0.5) (0.2)] 

+ 0.1 [(0.25) (0.2) + (0.166) (0.3) 4- (0.125) (0.1) + (0.1) (0.1)] 
+ 2 [(0.25) (0.2) + (0.666) (0.3) + (1.125) (0.1) + (1.6) (0.1)] 
= 1.07 million fr, 

2 / r \ 00 1 4 oo 1 ( r _2 Y 

m - «, S # (2 - - 2 j p(r) + c s X- - p(r) + C'% f —- PiO 

- 0.1 [(2) (0.1) + (1.5) (0,2) + (1) (0.2)] 

+ 0,1 [(0,666) (0.3) -f (0.5) (0.1)+ (0.4) (0.1)] 

+ 2 [(0.166) (0.3) + (0.5) (0.1) + (0.9) (0.1)] 


— 0.48 million fr. 
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r<3) = %i 0 (3 -£)p(r) + C, f J *p(r) + c v J 4 i - ---- 3)8 3>(r) 

= 0.1 [(3) (0.1) + (2.5) (0.2) + (2) (0.2) + (1.5) (0.3)] 

+ 0.1 [(1.125) (0.1)+ (0.9) (0.1)] 

+ 2 [(0.125) (0.1) + (0.4) (0.1)] 

= 0.29million £r. 

r(4) = Cg J o (4 — p(r) + Cg f-^p(r) + Cj , f(r) 

- 0.1 [(4) (0.1) + (3.5) (0.2) + (3) (0.2) + (2.5) (0.3) + (2) (0.1)] 

+ 0.1 [(1.6) (0.1)] + 2 [(0,1) (0.1)] 

= 0.30 million fr, 

T(5) = Cg £ (5 - 5 ) P(r) + Cg s i - P(r) + Cp S p(r ) 

r==0 \ 2/ r=6 2 r r=6 2r 

- 0.1 [(5) (0.1) + (4.5) (0.2) 4 - (4) (0.2) + (3.5) (0,3) + (3) (0.1) 

+ (2.5) (0.1)] 

= 0.38 million fr. 


35.86 


We find, of course, that the optimum occurs for s = 3. Fig. 
35.8 is a graph of the variation in the cost T(s). 



12. Fifth case: Demand known, with carrying cost proportional to 
cost of production or purchase price. 

We shall now place ourselves in a situation similar to that of 
our first case (*‘Finding an economic quantity or lot size”), but 
this time we introduce the cost price or the selling price of the 
parts, this cost being proportional to the cost price of a lot. 

The inventory level will be represented by Fig. 35.1. Let: 

N = number of parts for period 0; 

n = number of parts in a lot sufficient for an interval T; 
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c a = selling price or cost price of a part (not including the 
fixed cost of a lot); 

Cb = fixed cost of a lot; 

ct = coefficient of proportionality between the carrying cost 
per part per unit of time and the value e a + Cb/n; 
r = number of lots produced during period 0. 

The total cost is then: 


r(n ) = [nc a + c& + \ aT ( nc a + c&)] r 

= [nc a + i (aT) nc a + c& + \ aT c&] r. 


35.87 


6 N 


35.88 


35.88a 


therefore: 

m = Nc a + ^6c„ + n-^-ca +^- . 

_ , 2 _ 2 n 

quantity independent 
of n 

The minimum of T( n) corresponds to the minimum of 


35.89 


which occurs when: 


a6 Nc b 


n — ca 


ad Nci, 

n—ca- — 


35.90 


/2N c b 
n "° V a6 c a ’ 


35.91 


d Cfe 
Na c a ’ 


35.92 


1\ — \/2Ndac a c b + Nc a 4- \ dac b . 


35.93 


13. Numerical example. 

c a = 1,000 fr, Cb= 50,000fr, N- 75,000,0= 360days,0.3 • 10~ 3 . 

35.94 

Then: 


/ 2 x 75, 
v 360 x 1, 


000 x 50,000 
000 x 0.3*10~ 3 


35.95 
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T 0 


360 X 8,333 
75,000 


40 days , 


35.96 


r D = \/2 x 75,000 x 360 x 0.3 x 10“ 8 x 1,000 x 50,000 

+ 75,000 x 1,000 +i x 360 x 0.3 10“® x 50,000 35.97 

«= 75,903,000 fr. 



The curve representing T(n) is the same as that in Fig. 35.3, 
but it is shifted by a quantity equal to Nc a + 1/2 (0 a) (Fig. 
35.9). (See Part Two, Section 83.) 


Section 36 

CALCULATING DEMAND PROBABILITIES 


1. General explanation.—2. Example.—3. Calculating the p,(r) 
distribution when ptg(r) is known. 

1. General explanation. 

Suppose that statistical measurements have given us the dis¬ 
tribution of probabilities p x (r) for demand r during an interval T; 
it is useful to be able to develop the probability distribution p^( r) 
for the interval 2T then p 3 (r) for the interval 3T, or Pn(r) for the 
interval nT. 

We can begin by showing how to calculate p 2 (r) from p 1 (r), and 
from this proceed to pn(r). 

By virtue of the principles of compound probabilities and of 
total probabilities (see Part Two, Section 53), we have: 
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Pi (0) = Pi (0) . Pl (0) = P 2 (0) 

p a (1) = Pl (0) . Pi (1) 4 Pi (1) . Pi (0) =2 Pl (0) . p, (1) 

p a (2) = Pi (0) . Pi (2) + Pi (1) . Pi (1) 4 Pi (2) . pi (0) 

= 2^(0). pi (2) + P\0) 

Pz (3) = Pi (0) . pi (3) 4 pi (1) . Pi (2) 4 Pi (2) . pi (1) 4 Pi (3) . pi (0) 

- 2 p t (0)pi (3) 4 2p 1 (l)p 1 (2) 36.1 

P% (4) = pi (0) pi (4) 4 pi (1) pi (3) + Pi (2) pi (2) 4 pi (3) pi (1) 

4 pMPx(0) 

= 2p i (0)p,(4) 4 2pi (l)pi (3) 4 p\ (2). 
p, (5) - 2pi (0)p x (5) 4 2 P i (\)pi (4) 4 2 Pl (2)p x (3) 
p a (6) -2 pi (0) pi (6) + 2 pi (1) pi (5) 4 2 p x (2) p x (4) 4 p\( 3). 

etc. The law of formation is obvious: 


p z {r) = ip i(r — k). P iik). 
k —0 


36.2 


The distribution p 2 (r) once calculated, we can move on to the 
distribution p 3 (r): 


Pa (0) = pi (0). pz (0) 

p\ ( 0 ). 

Pa (1) = Pi (0) . Pi (1) 4 Pl (1) . Pi (0) 
s= 3 p\ (0) Pl (1) 

Pa (2) - Pi (0) Pi (2) + Pl (1) Pi (1) 4- Pl (2) Pi (0) 

^3p\(0)pi (2) 4 3 P i (0);V(1) 

Pa (3) = pi (0) pi (3) 4- Pi (1) P t (2) 4 Pi (2) Pi (1) 4 (3) p % (0) 

« 3 p[ (0) P i (3) 4 6 p t (0)pt (l)pt (2) 4- p\ (1) 


36.3 


etc. 

More generally: 


Pn (. r ) ~ S Pn—m ( r — k).pm (k) ~ L Pm ( r k).pn—m (k) 
k =0 k —« 

\ <C m<C n (positive wholes). 


36.4 


2. Example. 

We shall take the probability distribution p(r) given in Table 
35.2 as Pi(r), and calculate p 3 (r) by means of formulas (36.1). 

It is of interest to compare the cost of inventory based on a 
period T with that for a period of 2T. Let us return to Table 35.2, 
but this time putting p s (r) in place of Pi(r). 
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Table 36.1 


r 

D 

B 

H 

3 

B 

5 

B 

B 

8 

9 

10 

>10 

PiW 




0.3 

B 

0.1 


B 

— 

— 

— 

— 

Ps(r) 

0.01 

0.04 

0.08 

0.14 

0.18 

0.18 

0.17 

0.10 

0.07 

0.02 

0.01 

0 


We have: 


[£(5) - 0,9297] < (q = 0,9524) < [L (6) = 0.9703]. 36.5 

The optimum inventory level is 6. The reader should not conclude 
from this that whenever we double the period, we must necessarily 
double the inventory; this is evident if we take p = 0.9, in which 
case: 

for a period T: [L (2) = 0.8625] < (q = 0.9) < [L (3) = 0.9575] 36.6 

for a period 2T: [L (4) - 0.8572] < (q = 0.9) < [L (5) - 0,9297] 36.7 

With p = 0.9, we note that the optimum for period T occurs when 
s = 3, while for a period of 2T it occurs when s = 5. 


Table 36.2 


s 

r 

P(r> 

1*0 

00 

24 

r=s + l 

24 
>■**$ +1 

P(r< s) 

L(s) = p(r^s) 4- 

24 r> 

r=s+l 

0 

0 

0.01 

- 

0.2621 

0,1310 

0.01 

0.1410 

l 

1 

0.04 

0.0400 

0.2221 

0.3331 

0.05 

0.3831 

2 

2 

0.08 

0.0400 

0,1821 

0.4552 

0.13 

0.5852 

3 

3 

0,14 

0.0466 

0,1355 

0.4742 

0.27 

0.7442 

4 

4 

0,18 

0.0450 

0,0905 

0.4072 

0.45 

0,8572 

5 

5 

0.18 

0.0360 

0.0545 

0.2997 

0.63 

0.9297 

6 

6 

0.17 

0.0283 

0.0262 

0.1703 

0.80 

0.9703 

7 

7 

0.10 

0.0143 

0.0119 

0,0892 

0.90 

0.9892 

8 

8 

0.07 

0.0087 

0.0032 

0,0272 

0.97 

0.9972 

9 

9 

0.02 

0.0022 

0.0010 

0,0095 

0.99 

0.9995 

10 

10 

0.01 

0.0010 

0 

0 

1 

i 

o 

A 

>10 

0 

0 

1 0 

0 

1 

1 
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Returning to the example in which p = 0.9524, we shall now 
calculate r s (6); we obtain: 

r,(6) = c. fje-fyf,) + c s l i ^p(r) + S T i ±Z1«; W . 

“ 0,1 [(6) (0.01) + (5.5) (0.04) + (5) (0.08) + (4.5) (0.14) + (4) (0.18) 36.8 
+ (3.5) (0.18) + (3) (0.17)] + 0.1 [(2.571) (0.10) + (2.25) (0.07) 

+ (2) (0.02) + (1.8) (0.01)] + 2 [(0.071) (0,10) + (0.25) (0.07) 

+• (0.5) (0.02) + (0.8) (0.01)] 

— 0.45 million fr. 

Let us suppose that the period T is equal to a month, and that 
the costs c s and c p are monthly costs; the annual costs for policies 
T and 2T can then be compared: 

12 A (3) - 12 x 0.29 = 3.48 million fr; 36.9 

6 r a (6) — 6 X 0.45 = 2,70 million fr. 36.10 

A more complete analysis would show that the function r(T,s) 
has a minimum for a value of T 0 and a value of s 0 which constitute 
the economic period and inventory level. In general, the determi¬ 
nation of T 0 and s 0 is done by means of numerical calculation. 
The minimum values for T(T,s), given as a function of kT, k = 1, 
2, 3, 4, 5,..., produce a graph whose appearance is similar to 
that shown in Fig. 36.1. (See Part Two, Section 84.) 



3. Calculating the p 3 (r) distribution when p s (r) is known. 

In some cases, we require the distribution for an interval of a 
month when, for example, we know the distribution for 2 months. 
Considering formulas (36.1), we see that: 

Pi(0) = VM 0), 


PiO) 


p »( 1) 
2M0) * 
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Pi(2) 

Pi(3) 


P* (2) p\i\) 

2pi(0) 2 Pl (0) ’ 

Pi (3) p 1 (2).p l (l) 

2 Pl (0) p t (0) 


Pd 4) 
Px(5) 


Pi (4) 

2pi(0) 

Pd5) 

2 Pl (0) 


/?i(3)./?i(l) _ /n (2) 
/n(0) 2 Pl (0) 

Pi(4). Pl (l) Pl Q)Pi(2) 

pdO) pM 


36.11 


... the rule governing this construction is obvious. 

These recurrence formulas make it easy to calculate Pi(r) 
from p s (r). 

An important (and unfortunately frequent) error occurs when it 
is assumed that the probability p x (r) is equal to Ps2r). Taking as 
an example the Pi(r) and p 2 (r) distributions given in Table 36.1, we 
see that, if the probability of a demand level r = 6 is 0.17 for 2 
months, the probability of a demand level r = 3 for 1 month is not 
0.17 but 0.3. 

There are cases when it is possible to apply the same distribu¬ 
tion to intervals of T, 2T, ..., nT, but with different averages and 
different standard deviations. This is the case, for example, with a 
Gaussian distribution or a Poisson distribution (see Section 53). 


Section 37 

DELAYS BETWEEN ORDERS AND DELIVERIES 

1. General explanation.—2. Example.—3. The minimum-level or 
two-bin method.—4. Simulation: Dynamic stock accounting. 

1. General explanation. 

Let us consider a time interval 0 divided into n equal periods T, 
and let us assume that the delay between the placement of an order 
for supplies and the receipt of the supplies is equal to 0. At the 
beginning of each period T, orders are placed so that delivery will 
be made n periods later. We have determined the distribution 
p(r) for a demand level r covering the interval 0. The problem 
that now arises is the following: what quantity, qi, should be ordered 
n periods before period i so that the total cost for that period will 
be minimum? 

To simplify this analysis, we shall adopt the hypothesis that 
the qi quantities for the n - 1 periods that precede period n are 
known, and have been ordered regularly; we shall simply attempt 
to find the optimum quantity q n . Let us select a case we have 
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already studied, the case of random demand with overstock losses 
and penalties for shortage (neglecting carrying costs). Let c x be 
the unit loss for overstocks, c 3 the unit cost for understocks. The 
problem will be formulated as follows, setting: 
s 0 = initial inventory (start of the first period), 

Si = inventory at the end of period i, 

ri = demand for period i, 

qi = replenishment order for period i. 

Then: 


- s 0 — r x + q x , 
■s'* = s 1 — r i + q i , 
s s — — r 3 + q s y 


Si = S (-i — fy + qi, 


37.1 


% — %-i — fn + qn , 


from which we can easily obtain: 


s n — s Q + < 7 i + q% 4- • • • qn — 0*1 + 4* • • • 4* 7*») . 37.2 

Let us set: 


s — j 0 + qx -f + ... + qn * 


37.3 


r — r x 4-7*2 4- ... 4 ~ fn • 


37.4 


Therefore: 


s n =s — r. 37.5 

and this quantity will be positive or negative, depending on whether 
s > r or s < r, respectively. 

The mathematical expectation of the total cost for time interval 
0 = nT is, according to (35.48),* 

r(s) = Ci £ (s — r)p(r) 4- c 2 S (r — s)p(r) . 37.6 

f-0 r-s+l 

The minimum of (37.6) occurs, as we have seen (35.50), for 
a value of s* such that: 


* where 






(s — r)f(r)dr -f 


c t J(r — s)f(r)dr 
s 


if the random variable r is continuous. 
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where 


p(r < .9* — 1) < Q < p(r < s *), 


C 3 

Cl + c 2 


37.7 

37.8 


'The optimum stock s* having been determined, and the quan¬ 
tities q lt qg,..., q n _ ^ being given, we have: 

q n = s* — St — (tfi + + ... + 9 »-i) . 37.9 


2. Example. 

A regional warehouse for a factory receives stock replenish¬ 
ment supplies of a certain article every month; the number of 
articles received is a multiple of 100. During the first five months 
of the year, replenishments were: 


q x = 100, q 2 = 200, q z = 200, q x = 200, q 6 = 300. 37.10 

The initial stock, s 0 , is equal to 100. 

The distribution of demand r, calculated for a period of 6 
months, is shown in Table 37.1. The lead-time between the order 
for supplies and delivery to the warehouse is 6 months. The unit 
cost for overstocks is 1,500 francs, and the unit cost for a shortage 
is 18,000 francs. What quantity, q 6 , should be ordered for the 6th 
month? 

First of all, let us calculate the shortage rate: 


Q 


18,000 

1,500 + 18,000 


12 

13 " °- 923 ' 


37.11 


From (37.7), the economic stock level for a period of 6 months 
will be: 


[p 0r < 1200)] < 0.923 < [p (r < 1300)]. 37.12 

Thus, the optimum stock for 6 months will be: 

- 1300 . 

From this, we obtain: 

q t = s* s 0 — (q i -f q z + q% -4- q x -f q^j 

= 1300 — 100 — (100 + 200 + 200 + 200 + 300) 

- 200. 

The same problem can be set up with a carrying cost of c s and 
a shortage cost of Cp, both costs being per piece per unit of time. 


37.13 

37.14 
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Once again we determine the economic stock level, s*, by means 
of (35.78): 


L(s* — 1 )<q< L(s*) , 37.15 

where 

L(s) = pir < s) + (s + £) 2 37.16 


Table 37.1 


r 

P(r) 

P( r £ s) 

0 

0.000 

0.000 

100 

0.002 

0.002 

200 

0.008 

0.010 

300 

0.022 

0.032 

400 

0.046 

0.078 

500 

0.078 

0.156 

600 

0.109 

0.265 

700 

0.131 

0.396 

800 

0.138 

0.534 

900 

0.129 

0.663 

1000 

0.108 

0.771 

1100 

0.082 

0.853 

1200 

0.057 

0.910 

1300 

0.037 

0.947 

1400 

0.022 

0.969 

1500 

0.012 

0.981 

1600 

0.007 

0.988 

1700 

0.004 

0.992 

1800 

0.002 

0.994 

1900 

0.001 

0.995 

2000 

0.001 

0.996 

> 2000 

0.004 

1 
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Again, we find: 


q n = s* — s a — (q 1 + q % + ... + $*-0 . 37.17 

Since the quantity has been determined, we then calculate 
the quantity q n+1 such that: 


<?n +1 = s*—s l — (q % + q> + ... + q n )\ 37.18 

(if the p(r) distribution is invariant when the time interval 0 is 
shifted, the optimum quantity s* will not vary). 

And so on, in a like manner: 

q n +2 — s* — s z — (<73 + q* -... + q n + 1 ) 


This makes it possible to order the optimum quantities in sufficient 
time. 

3. The minimum-level or two-bin method. 

Suppose that the total demand for a period 0 is N, the carrying 
cost per part per day is eg, and the set-up cost for a replenishment 
is cp As we saw in Section 35, the total cost for the time interval 
0 is given by (35.5), if we assume that the delay in replenishment 
is negligible: 


i»=—* + —37.20 
n 2 

Now let us adopt the hypothesis that the delay in replenishment 
stock delivery is essentially constant, and let t equal this delay. 
We will also suppose that demand is random, and that two ware¬ 
houses (whether physically distinct or not) are used to store the 
inventory. When the first warehouse is out of stock, we draw upon 
the second and immediately place a replenishment order for n 
units, which will be delivered within the interval t. While waiting 
for the order to arrive, the second warehouse supplies the needed 
parts and constitutes a cushion against shortages. We can also 
approach this system of inventory management by introducing a 
minimum reorder level, m; when the stock reaches this level, 
an order is placed for n parts. 

The given dimensions are 0, r, N, c s , and ci, with the notations 
used in Section 35. We propose to determine m and n such that 
the inventory cost for the period 0 will be a minimum. 

One approximate method consists of assuming that the average 
demand rate is constant, so that the quantity n 0 (which represents 
the optimum value without introducing m) is: 
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and hence: 

and 



37.21 

37.22 

37.23 


(formulas (35.10), (35.11), and (35.12). 

If t is the average lead-time between order and delivery (with 
a small standard deviation), we shall determine the probability 
distribution of demand during this time interval. Let f T (y) be the 
probability of a demand for y pieces during interval t, and 


F T (r) = Pr(y< y) 37.24 

the cumulative probability. 

Let us impose the condition, for example, that the probability 
of running out of stock must be less than or equal to the value 
a (0 £ ot < 1). We should have: 


1 — F x (v) - a. 37.25 

This makes it possible, knowing ql and the probability distribution of 
F r (y), to determine for what value y = m equation (37.25) is satis¬ 
fied; we thereby obtain the level m corresponding to the given 
condition. 

The method described so far is only approximate, because it 
forces us to assume separate working hypotheses for the stocks in 
each of the bins (warehouses). A more accurate analytical method 
has been developed by Whitin* and by Vazsonyi;* however, the 
calculations can be performed without restrictive hypotheses by 


*See Bibliography, refs. E2 and E30. 
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the Monte Carlo method, as will be demonstrated in an example 
later on. Meanwhile, we can present an approximate numerical 
calculation using formulas (37.21) to (37.25). 

Let: 


0 == 360 j, r = 7 j, N — 120,000, 37.26 

cs = 3.5 fr per unit per day, c\ = 300,000 fr. 

We have already found (see (35.15)-(35.17)) that: 

«0 = 7,559, r 0 = 22,68 j, A - 9,525 000 F. 37.27 

Now let us suppose that the demand distribution is Gaussian, 
with mean y = (120,000/360) x 7 = 2,333 for one week, and standard 
deviation ty - 170. 

For a normalized Gauss distribution (xsO.cal), let us take 
a .: ■ 0.06; we should then have: 

P(x)= 0.94. 37.28 

Examination of a table of the Gauss distribution (see Appendix) 
will show that: 


P (1.57) = 0.94 . 37.29 

If y is the mean demand for 7 days, and m the reorder level: 


m = y + x.o 

= 2333 + (1.57) (170) 37.30 

- 2333 + 267 = 2600. 

The quantity xcr = 267 is called the safety stock. 

Thus, by placing an order for 7,559 parts each time the stock 
level reaches 2,600 units, the probability of running out of stock 
will be less than 0.6. 

This approximate method generally yields a total cost which is 
quite close to the true optimum and allows us to calculate the 
minimum reorder level, taking into account the assumptions we 
have made in connection with shortages. In practice, the delay t 
is a random variable, and, since analytical study becomes too 
complicated, it is often preferable to determine the optimum by 
simulation. 

4. Simulation: Dynamic stock accounting. 

We can quite readily simulate this stock management problem 
by means of the probability distributions obtained from statistical 
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data of daily demand. We will use tables of random numbers or 
deviations. 

Suppose that we have observed a mean daily demand of 333 
pieces, with a standard deviation of 64, and that we have proven, 
by means of a significance test, that the distribution is normal. 
Using a series of random normalized Gaussian deviations (see 
Table 32.3), we can establish a random series of demands. Table 
37.2 presents such a series, obtained by means of the formula; 

A=a + ecr A , 37.31 

where A = value of the random demand, 
a = mean of A, 
cta = standard deviation of A, 

€ = the random deviation taken from the table. 

In this numerical example, we obtain; 

A — 333 -f £ 64 . 37.32 

Table 37.2 


£ 

—1.445 

1.357 

—1,657 

—0.837 

—1.417 

0.548 

—0.423 

0.398 

A 

241 

419 

227 

280 

243 

368 

306 

358 

—0.772 


0,167 

0.147 

0.002 

1.537 

0.113 

—1.008 

1.080 

343 

342 

333 

431 

340 

264 

402 

284 

—0,368 

—0,290 

2,146 

—0.539 

0.576 

—1.201 

—1.672 

0.334 

310 

315 

470 

299 

370 

257 

226 

354 

—0,385 

0,659 

1.192 

0.119 

1,361 

0.856 

—0,018 

0.108 

375 

409 

340 

420 

387 

332 

340 

309 

0.228 

0,166 

—1,169 

1.099 

—0.914 

—0.462 

1,312 

—0.266 

347 

343 

259 

403 

275 

303 

417 

316 

0,233 

—1.043 

0.852 

—0.746 

... 




348 

267 

387 

286 






Let us adopt the hypothesis that lead-times are random, and 
follow Poisson’s law, with a mean of 7 days. It is equally easy to 
construct a series of numbers following this law with a mean of 7. 
For this purpose, we utilize a table whose probabilities correspond 
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to a cumulative Poisson’s law with a mean of 7.* The results 
obtained are shown in Table 37.3, in which we have calculated the 
average intervals. 

Table 37.3 



Taking a series of 3-digit random numbers in Table 32.2, we 
shall allow a lead-time of 1 day for every number between 0 and 4, 
2 days for every number between 4 and 19, 3 days between 19 and 
56,..., 9 days between 664 and 780,..., 17 days between 998 and 
999* etc. (if the 3-digit number equals the upper limit of the inter¬ 
val, we take the larger delay). Of course, the Poisson distribution 
obtained by this method is an approximate one, but it is suitable to 
the use for which it is intended. This gives us a random series of 
lead-times as shown in Table 37.4 


Table 37.4 


Random number 

252 

739 

227 

176 

604 

! 

307 

605 j 

356 

Lead time 

6 

9 

5 

5 

8 

6 

8 

6 


437 

885 

149 







7 

11 

5 







*For example, see the table in the Appendix which gives the 
complementary probabilities. 
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We are now ready to simulate the behavior of our inventory, 
using Table 37.5. We have assumed an initial stock of 4,700, and 
production-line replenishment in lots of 7,500. 


Table 37.5 


Day 

Demand 

Cumulative 

demand 

Stock 

0 

0 

0 

4700 

1 

241 

241 

4459 

2 

419 

660 

4040 

3 

227 

887 

3813 

4 

280 

1167 

3533 

5 

243 

1410 

3290 

6 

368 

1778 

2922 

7 

306 

2084 

2616 

8 

358 

2442 

2258 

9 

343 

2785 

1915 

10 

342 

3127 

1573 

11 

333 

3460 

1240 

12 

431 

3891 

809 

13 

340 

4231 

469 

14 

264 

4495 

7705 

15 

402 

402 

7303 

16 

284 

686 

7019 

17 

310 

996 

6709 

18 

315 

1311 

6394 

19 

470 

1781 

5924 

20 

299 

2080 

5625 

21 

370 

2450 

5255 






Order 


6 days 


* 


Receipt 7500 
+ 205 


7705 
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Table 37.5 (continued) 


Day 

Demand 

Cumulative 

demand 

Stock 


22 

257 

2707 

4998 


23 

226 

2933 

4772 


24 

354 

3287 

4418 


25 

375 

3662 

4043 


26 

409 

4071 

3634 


27 

340 

4411 

3294 


28 

420 

4831 

2874 


29 

387 

5218 

2487 - 

A 

30 

332 

5550 

2155 


31 

340 

5890 

1815 


32 

309 

6199 

1506 


33 

347 

6546 

1159 


34 

343 

6889 

816 

9 days 

35 

259 

7148 

557 


36 

403 

7551 

154 


37 

275 

7826 

—121 

-Shortage 

38 

303 

8129 

7076 — 

T 

39 

417 

417 

6659 

7500 
— 424 

40 

316 

733 

6343 

7076 

41 

348 

1081 

5995 


42 

267 

1348 

5628 



We shall leave it to the reader to finish these calculations; the 
procedure to be followed is evident. At each step in the calcula¬ 
tions, we determine the inventory cost, including (if desired) the 
shortage cost for each out-of-stock. It can readily be seen how, 
in this way, one can find the minimum cost by varying n, m, or the 
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mean value of t (the quantity t is generally random). It is also 
possible to study the effect of a change in the other parameters. 
Furthermore, it is easy to introduce seasonal variations into such 
a simulation. Procedures like this are obviously not feasible in 
practice unless an electronic computer of adequate size is avail¬ 
able. What we have described amounts, in fact, to simulating stock 
accounting by varying those parameters subject to our influence. 
We have suggested that such evaluations obtained by simulation of 
inventory problems, and of management problems generally, might 
be called dynamic accounting. 


Section 38 

NON-PROPORTIONAL COSTS (STEP-WISE VARIATIONS)* 

1. First case: Two unit selling prices depending upon quantity.— 

2. Numerical examples.—3. Second case: Three unit selling 
prices depending upon quantity.—4. Example. 

We can conceive of many inventory problems in which posts 
are not proportional; here we shall consider only the case in which 
the unit selling price is a function of the quantity purchased, vary¬ 
ing in a discontinuous fashion (i.e., in steps or jumps). For example, 
we have a unit selling price c 1 fora quantity 0<n<a; c 3 for as£n<b; 
etc. 

1. First case: Two unit selling prices depending upon quantity. 

Referring back to the 5th case in Section 35, let us now assume 
that the unit selling price is variable and equal to: 

C\ if 0 < n < q 
c t if a < n < oo . 

Once again using the expression of the cost given in (35.89), we 
find this time: 




Neb 

OcbCL 


Oncid 

I 1 tin) - 

= Nc x 

rt 

+ — 

+ 

-- if 0 < n < a 

2 



Nc b 

Ocbd 


dncza 

r,(n ) = 

= Net 

4 - —- 
n 

+ — 

+ 

—-— if a < n < oo 


*If the distribution p(r) varies, we must re-calculate s'* for 
each replenishment period (non-stationary phenomenon). 
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In Fig. 38.1, we have constructed the curve: 

F{n) = JHi 00 0 < n < a 3 

= Fa (n) a s? n < oo 

We see immediately that, if 0 corresponds to the minimum 
of T^n) and n^ 0 to the minimum of* r 3 (n), and assuming c 2 <c 1 , the 
T(n) curve will show a discontinuity (Fig. 38.1), and the minimum 
of T(n) will depend on the respective positions ofn 1j0 , n 3>0 , and a. 

The various situations that can exist are shown in Figs. 38.2a, 
b, c and d. 

(1) If a > ng >0 and r 3 (a) > I^n* 0 ) 

(Fig. 38.2a) 38.4 

then: 

min rin) = r i (n uo ) . 
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(2) If a > na, 0 , and r 3 (a) < r^.o) 

(Fig. 38.2b) 38.5 

then: 


min A/i) = F z (a ). 

(3) If a < n. t0 
(Figs. 38.2c and d) 

then: 


38.6 


min /» - r a (« 2 ,„). 


Thus the first quantity to he calculated is ng >0 , which will then 
be compared with a. Next, we will calculate, according to the case, 
r\( n i,o)» r 2 (a), and r s (n 2>0 ). 

2. Numerical examples. 


First example—Let: 

Ci = 1 000 0 < « < 500 and c* = 925 500 

c& = 35 000, N — 2 400, d = 360, a =0,6.10” 3 . 
Using (35.91), we find: 


n 2j o 


V: 


2 x 2400 x 35000 


360 x 925 x 0,6 x 10“ 


= 9171 


38.7 


38.8 


since a < n^: the economic order quantity is 917. 

Second example—Referring to the preceding example, let us 
change the intervals: 
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Ci - 1,000 0 < n < 1,000 et c 2 = 925 1,000<«. 38.9 

Since a > ng >0 , we must calculate n 1>0 , then r 2 (a) and Fi(n 1>0 ). 


/_iiL 

v 360 x 1, 


2,400 x 35,000 
,000 x 0.6 x 10~® 


38.10 


r a (a) = (2,400 x 925) 


2,400 x 35,000 


360x35000x0.6x10"® , 360x1000x925x0.6x10-® 

2 + 2 38.11 


2,407,680 F. 


A(«i,o) = (2,400 x 1,000) 


2.400 x 35.000 


360x35000x0.6x10"® 360x882x1000x0.6x10-* 38.12 


2.594,280 F, 


Thus: 


r 2 (a) < ry(n 

ljo) 


38.13 


and the optimum of T(n) corresponds to 


n = a = 1,000, c, - 925 F. 


38.14 


Third example 


c x = 1,000 0 <n< 4,000, and c, = 925 4,000< n 


38.15 


Thus we have a > ng >0 - 


Let us calculate r s (a), where a = 4,000: 


l\{a) = (2,400 x 925) 


2,400 x 35,000 


360x35000x0.6xl0- 3 , 360 x 4000 x 925x0.6 x 10~ s 
2 + 2 


2.644,380 F. 


Thus: 


38.16 


r 2 (a) > r iitti'o) 


38.17 


and the optimum of T(n) corresponds to n = n 1)0 = 882, c 1 = 1,000, 
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3. Second case—Three unit selling prices depending upon quantity. 
Let the purchase prices he: 


c, if 0 < n < a 

c 2 if a < n<C b 38.18 

c<t if b< n 





The function T(n) will have the shape shown in Fig. 38.3, where 
there are obviously two discontinuities. 

The calculation is performed in the following way: 

(1) Calculate ng >0 . If it is greater than b, the economic order 
quantity is n 3 >0 . 

(2) If n^ < b, calculate n 3>0 . Since n^o < b, then necessarily 
n 2 ,o < b. As a consequence, we have: n s , 0 <aorn s>0 >a. 

* a) If Dg >0 < b and a £ ng j0 < b, compare r a (ife, 0 ) with r 3 (b). The 
smaller of these quantities will be the economic order quantity. 

b) If ng 0 < b and ng >0 < a, calculate n^o, which will necessarily 
satisfy the inequality * n x 0 < a. In this case, compare r\(n 1>0 ), 
r s (a), and r 3 (b) to determine the economic order quantity. 

4. Example. 

Once again let us use the preceding example with the costs: 

Ct = 1 000 fr 0< n< 500 

c t = 925 fr 500 < « < 4 000 3 8.19 

c a = 850 fr 4 000 ^ n . 

(1) Calculating n 3 >0 , we obtain 956. Therefore, we note: 

« 3 ,o < (b — 4 000). 


38.20 
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(2) Calculating rig >0 , we obtain 917. We now have 


(a - 500) < n M < (ft - 4 000) . 


38.21 


We then determine the value of r s (rig >0 ) and r 3 (b): 

r 2 (n Z}& ) = 2 407 000 fr 38.22 


and 


I\(b) = 2 432 200 fr. 


38.23 


Since r s (n3, 0 ) < r 3 (b), the economic order quantity is: 


«2,o = 917 . 38.24 

Just for practice, let us study the case: 

Ci — 1 000 fr 0 < « < 1 000 

c a = 925 fr 1 000< «< 4 000 38.25 

c 3 = 850 fr. 4 000 < n 

where r^ f0 < (a = 1,000). 

The reader will find in Part Two a study of the general case in 
which any number of discontinuities in the unit prices can exist. 
There we present a number of developments which utilize more 
advanced mathematical techniques. (See Part Two, Section 85.) 




Chapter 5 


Deterioration, replacement, and 
maintenance of equipment 


Section 39 
INTRODUCTION 

Deciding on a policy of equipment replacement as against one 
of continued maintenance of equipment is generally a delicate 
matter. Guidelines drawn from broad experience can sometimes 
produce acceptable results, but very often intuition can lead to 
mistaken estimates. Mathematics, and probabilistic techniques in 
particular, allow us to calculate such estimates very accurately 
and easily. One is certainly struck by the simplicity of such 
calculations. 

In this chapter, we shall make an effort to keep our explana¬ 
tions elementary, but we shall also provide enough development to 
satisfy the readers curiosity. 

There are profound analogies among industrial problems of 
stochastic deterioration and replacement, mathematical biology, 
and electrical power systems and their formal analogs; the same 
equations (known as the Volterra equations) constitute models 
common to them all. In Part Two of this book (Chapter X), 
these equations will be studied and will be the object of major 
developments. 

The elements of the theory of deterioration and replacement 
which will be explained further on will perhaps give the reader a 
better understanding of equipment life. 


Section 40 

REPLACEMENT OF EQUIPMENT IN THE CASE OF 
NON-STOCHASTIC-DETERIORATION 

Take an item of equipment whose value at the time of purchase 
is A, and which, by reason of deterioration, is the object of 
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predictable maintenance and repair expenses. Let us assume that 
we know the cost of installation, maintenance, and repair, C lt C 3 , 
C 3 , ..., to be carried out at the beginning of the first, second, 
third,..., periods. Let us assume that these periods are equal 
(years, or months, for example). If the equipment is regularly 
replaced at the end of n periods, the total gross price after r 
replacements will be: 

r — {a + Ci + c a + ... + Cn )i + + Ci + c* + ... + c n ) a + ... ^ ^ 

... 4- (4 4- Ci 4- Cj-f- ... 4* C M )f. 


If the quantities A and C are not constant and vary with time, 
we will have: 

r — (At 4- Cn 4- C 12 + ••• 4- Cm) 4- 04a 4- C tl 4- C 22 4-... 4- C 2W ) 4- ^ ^ 

... 4~ (Ar 4- Cfi 4~ Cy2 4* ... 4- C m ) 

or again, using the algebraic sum symbol; 

r = S [At + f C,J] 40.3 

where the elementary costs Ai and Cij refer to replacement i. 

The cost per period will then be: 

y = -i_ r = — ± lAi + t Cn ]. 40.4 

nr nr i 


Now let us imagine a certain number of items of equipment 
that are equivalent insofar as their use is concerned but have 
different replacement frequencies and costs. It will be noted that 
the respective costs per period, y u y 2 , y 3 ,..., may be unequal and 
it may be worthwhile to find the lowest mean cost. 


Table 40.1 


Equipment 

A + Ci 

c 2 

c# 

c* 

C* 

a 

3,500,000 fr 

200,000 fr 

/ 

/ 

/ 

b 

4,200,000 fr 

150,000 fr 

350,000 fr 

/ 

/ 

c 

5,200,000 fr 

130,000 fr 

370,000 fr ! 

500,000 fr 

/ 

d 

7,000,000 fr 

100,000 fr 

280,000 fr 

400,000 fr 

700,000 fr 




DETERIORATION, REPLACEMENT, AND MAINTENANCE 


197 


Table 40.1 gives an example in which there is a choice among 
4 items of equipment whose use is equivalent. The purchase price 
A and the cost C* have been lumped together, because they both 
relate to the same period (the first). It is easy now to calculate 
the costs per period: 

r = 2 y a * i [3,500 000 + 200,000] - 1,850,000 fr 
r = 3 y b = -J- [4,200 000 + 150,000 + 350,000] - 1,566,000 £r 
r = 4 y c — i [5,200000+ 130,000+ 370,000 + 500,000] = fl,525000 frj 40.5 
f ~ 5 ya - 1 [7,000 000 + 100,000 + 280,000 + 400,000 + 700,000] 

1,696,000 fr. 


These calculations show that the y c solution, calling for re¬ 
placement of the equipment every 4 years, is the most advanta¬ 
geous. 

This type of problem does not call for analytical study, and we 
have had to postpone to Part Two our study of a slightly different 
problem, which requires more advanced mathematics. The latter 
concerns an item of equipment with purchase price A 0 which loses 
value in a continuous fashion as it ages, while the cost of repairs 
and maintenance increases almost continuously with age. The 
problem is to find out at what point the equipment should be sold 
so as to keep the cost per unit of time at a minimum. A typical 
example is that of the second-hand car. 

The expression of cost would appear as follows: 

Let A 0 be the purchase price, and let A 0 <p(t) be the value of 
the equipment when resold after a time t. Let tp( t) be the cumu¬ 
lative cost of repairs and maintenance during t; then: 


r(t) = A q — A 0 <p(t ) + ip(t) 

and the mean cost of utilization (per unit of time) will be 
y(t) = EQ. = i [A 0 — A 0 <p(t) + y(t)l 


40.6 


40.7 




Fig. 40.2 

Figs. 40.1 and 40.2 show the general shape of the $c(t) and ip(t) 
curves in the most frequent cases. 
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The problem here is to find the minimum for y (t), which is 
readily obtained by taking the derivative of this function. One 
finds that the minimum of y(t) occurs for a value t = t 0 such that: 


y(t o) 


fo o + r) — r(t 0 ) 

T 


40.8 


for a sufficiently small T. 

The y(t) function has the shape shown in Fig. 40.3. From the 
mathematical results, one can draw the following rule of decision: 
“To obtain a minimum mean utilization cost, y, replace the equip¬ 
ment as soon as the rate of variation of the cost: 


r(t + t) - no 

x 


40.9 


exceeds y (t).” 



Fig. 40.3 


In practice, y( t) can be evaluated numerically for reasonable 
intervals of time (e.g., monthly, for automobiles). (See Part Two, 
Section 90.) 


Section 41 

CONVERTING COSTS 

1. General explanation.—2. Optimum replacement time. 

1. General explanation. 

Let there be 3 items of equipment, E 3 , and E 3 . The first 
was bought for 2,200,000 fr cash. The second cost 900,000 fr cash, 
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but requires a further expenditure of 600,000 fr at the beginning of 
the next year, and 700,000 fr at the end of the third year. The third 
machine cost 1,400,000 fr, and requires annual expenditures of 
100,000 and 700,000 fr. In all three cases, the total cost is the 
same; but, because of the interest on the money—which we shall 
assume is 10%—the real costs differ. 


1st machine: 

2,200,000 fr, 

41.1 

2nd machine: 

600,000 700,000 

900,000 + —~ ^ 2 ’ 023,970 fr ’ 

41.2 

3rd machine: 

100,000 700,000 „ 

1,400,000 4 -— - 1 - rr— =“ 2,069,430 fr. 

1.1 (Id) 2 

41.3 


The second machine is the least expensive if the interest rate is 
taken into account. One can also compare two machines that last 
different lengths of time. For example: 



41.4 


We find, still using the same interest rate: 


1) 


1,000,000 + 


200,000 

Ll~~ 


400,000 

h lur 


1,512,000 fr 


41.5 


100,000 200,000 300,000 400,000 , 500,000 

2) 1,700,000 H j-j h ~7l7Ij7 + (1.1)“ + (l.l) 4 + (LI) 6 41.6 

= 2,765,000 fr (rounded off) 

Per year, we have: 


1): 504,000 fr 2) : 461,000 fr; 


41.7 


It is apparent from these figures, that machine 2 is the less ex¬ 
pensive. But, if it is remembered that another machine of the 
same kind must be bought when this type-1 machine is worn out, 
one finds: 


l) 


, 000,000 + 


200,000 ( 400,000 
"U + (1.1)“ 


1,000,000 f 200,000 t 400,000 

+ — — +. -y- 41.8 

= 2,647,000 fr (rounded off) 


or 441,000 fr per year. 
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Finally, we see that over a period of 6 years, machine 1 is the 
more advantageous investment. 

What these very elementary examples have brought out is the 
importance of the way in which the cost is defined. 

2. Optimum replacement time. 

Let there be a series of equal periods numbered 1, 2, 3, 4. 

and corresponding maintenance costs, C*, C g , C 3 , C 4 ,... We 
assume that these costs increase in a monotone fashion (that is, 

C 3 > Ci, C 3 > C 2 .C n + l > C n for any n), and that the charges 

are paid at the beginning of the corresponding period. With the 
initial expenditure A and the interest rate r, the cost—when the 
equipment is replaced after n periods—will be: 

A 

— — + + —£i__ +... + ——1 41 -» 

.(1 + r) n (1 + r )» (1 + r) n + 1 (1 + r) aw-1 J 


C 3 _ C n 

TTr + (1 + rf + *” + (1 + r)”- 1 




This sum represents the amount that must be available at the 
beginning of these periods to replace the equipment every n periods 
(n years, for example) during an infinite time. 

It can be shown (see Part Two, Section 91) that the minimum of 
(41.11) is obtained by means of the following rule: “Do not replace 
equipment until the cost of the next period is greater than the 
weighted average of expenditures already made.” That is to say, 
in effect: replace when 
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Cn +1 > 


A + Ci + C a a 4 * ... + C<n ct n x 
T + a + a 2 +'Z. -f- 


41.13 


To illustrate the use of this rule by a practical example, we 
shall take a new case: 

Let: 

A 0 = 1,000,000 fr, with the C\ values given in column (2) of 
Table 41.1; we have taken: 

r = 6%, Therefore, a = -i- = 0,943 . 41.14 

1,06 


This table brings out the property we referred to earlier. The 
minimum occurs for T 9 = 257,000 F. It will be seen that, for 
i = 10: 

A + S ct a ?- 1 

i— i * 

C 10 > - , i. e. 300 > 260. 41 15 



Table 41.1 


(1) (2) (3) (4) (5) (6) (7) 


Year 

Cj in 
thou¬ 
sands 
of fr. 

at-' 

cw-* 

A+ZCiai- 1 

Sa 1 '— 1 

yl+SC/a'-i 

Sa'— 1 

1 

50 

1 

50 

1,050 

1 

1050 

2 

60 

0,943 

56,6 

1,106 

1.943 

568 

3 

70 

0.890 

62,3 

1,168 

2,833 

412 

4 

90 

0,840 

75,6 

1,244 

3,673 

339 

5 

120 

0.792 

95 

1,323 

4.465 

296 

6 

150 

0.747 

112 

1,435 

5.212 

281 

7 

180 

0.705 

127 

1,562 

5.917 

264 

8 

210 

0,665 

139 

i,7 01 

6.582 

258 

9 

240 

0,627 

150 

1,851 

7.209 

257 <— 

10 

300 

0.592 

177 

2,028 

7.801 

260 

11 

400 

0,558 

223 

2,251 

8.359 

269 

12 

500 

0.527 

263 

2,514 

8.886 

283 
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Section 42 

COST CALCULATIONS INVOLVING RESALE PRICE 
AND INTEREST RATE 

Equipment is often resold after a certain period of use and 
taking the interest rate into account. We shall now study the case 
in which we deal with discrete values (i.e., where variations occur 
by jumps). 

Let A 0 be the purchase price of the equipment, and R x the 
maintenance and repair costs paid at the end of the first year. If 
the equipment is sold at the end of the first year, at a loss of 
and if the interest rate is r, the cost of the equipment per year 
will be: 


A - A 0 (l +r) + Ri — (A o - Pi) - A 0 r + P x + P t . 42.1 

Suppose that we keep the equipment another year. The interest 
will then apply to the value as of the beginning of the year, or: 


(Ao-PJr; 42.2 

The expenditures represented by R* will have become 


R t r. 42.3 

Therefore, if R 2 and P 2 are values analogous to the preceding ones 
but referring to the second year, the cost for the second year plus 
the first year will be: 

A - A + Mo - A)' + R i r + A + A 

= A 0 r + A + Pi + Mo — Pi) r + R + P 2 + A 
= 2 A 0 r + R x (l + r) + P 1 (l — r) + P 2 + P 2 . 

For a third year, we would have: 

A= A + Mo — P t - P 2 ) r + Pi (1 + r)r + P 2 r + A + A 
= 3 A 0 r + ACl + rf + Pj( 1 -2 r) + P 2 (l + r) + P 2 (l —r) + P 8 + P 8 . 

and so on: 

A = nA 0 r + R 1 (l + r)*- 1 + P 2 (l + 0 W ~ 2 + ... + R n -id + D+P n 
+ Pj[l — (n — l)r] + P 2 [l — (ft — 2)r] 4- ... 4- 
4- Pn-id —r) + P n 

= nA 0 r + 2 Rid 4- r)»“« 4- S P<[1 — (« — *»• 

i-i 1=1 


42.6 
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The average cost per year, for a machine kept n years, will be: 


y» = — = Atf + - £ Rid + r)»-*+ - S P ( [ 1 - (« 
n « = i n /«= i 


*>]. 


42.7 


As will be noted, y n includes a factor A 0 r which is independent 
of n and another, more complicated in form, which depends on n. 

The function y n may possess one optimum or several, or may 
constantly increase or decrease, depending on the values of Ri and 

p i- 

The following numerical example illustrates the case in which 
y n has a single minimum: 


A 0 = 700,000 fr 

R x = 30,000 fr 
J? a = 50,000 fr 
R, = 70,000 fr 
R, = 100,000 fr 
R s = 120,000 fr 


r - 10% 

Pt = 150,000 fr 
P t « 100,000 fr 
P 3 = 100,000 fr 
P 4 = 50,000 fr 
P- 0 = 50,000 fr. 


42.8 


This gives us (in thousands of francs): 

y x =, 70 + 30 + 150 = 250 

y% = 70 + i [(30) (U) + (150) (0.9) + 50 + 100] = 229 

y 9 - 70 4- i [(30) (1.21) + (150) (0.8) + (50) (1.1) + (100) (0,9) + 

70 + 100] = 227.1 

y 4 - 70 + i [(30) (1,33) + (150) (0,7) + (50) (1.21) + (100) ( 0.8) 


+ (70) (1.1) 4- (100) (0.9) + 100 + 50] = 


220.6 


42.9 


y 6 = 70 4- i [(30) (1.46) 4- (150) (0,6) 4- (50) (1.33) 4- (100) (0.7) 

4- (70) (1.21) 4- (100) (0.8) 4- (100) (1.1) 4- (50) (0.9) 

4- 120 4- 50] = 222. 

We might compare these results with those obtained when the 
interest rate is not considered: 


y x = 30 4- 150 = 180 
y t = \ [30 4- 150 4- 50 4- 100] 
y s = J [30 4- 150 4- 50 4- 100 4- 70 4- 100] = 166.6 
y 4 = i [304- 1504- 504- 100 4-704- 1004- 1004- 50]= | 162.5 


165 


42.10 


y s [30 4- 150 4- 50 4- 100 4- 70 4- 100 4- 100 4- 50 4- 120 4- 50] 
= 164 


It will be noted that here we have two minima, with y 4 as the 
minimum minimorum. (See Part Two, Section 91.) 
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Section 43 

STOCHASTIC DETERIORATION-EQUIPMENT SURVIVAL CURVE 

1. General explanation.—2. Probability of failure.— 

3. Terminology.—4. Operating limit. 

1. General explanation. 

By way of introduction, let us take a classic example: Suppose 
that we simultaneously light 100,000 light bulbs, and that we record 
afterwards, at equal operating intervals, the number of bulbs still 
lit. The result is shown in Table 43.1. 

Table 43.1 


Elapsed 

Survivors 

Casualties 

time t 

n(t) 

n(t-l)-n(t) 

0 

100,000 


1 

100,000 

0 

2 

99,000 

1,000 

3 

98,000 

1,000 

4 

97,000 

1,000 

5 

96,000 

1,000 

6 

93,000 

3,000 

7 

87,000 

6,000 

8 

77,000 

10,000 

9 

63,000 

14,000 

10 

48,000 

15,000 

11 

32,000 

16,000 

12 

18,000 

14,000 

13 

10,000 

8,000 

14 

6,000 

4,000 

15 

3,000 

3,000 

16 

2,000 

1,000 

17 

1,000 

1,000 

18 

0 

1,000 

> 19 

0 

0 
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Let us call n(t) the number of surviving bulbs at time t (the 
time relating to an arbitrary unit), with n(0) = 100,000. From 
Table 43.1, we can construct a curve (Fig. 43.1) by joining the 
points corresponding to the following values: 

”(') = 0«K')«sl- 43.1 



This curve gives the ratio between the number of surviving 
bulbs at any given moment and the number of bulbs originally 
placed in service. 

We shall assume that the 100,000 bulbs constitute a perfectly 
homogeneous population from the probability point of view; this 
means that each bulb has, a priori, the same probability as any 
other bulb in the same lot of still being in operation at time t. 

In view of the size of the population on which measurements 
were based, we can assume that the probability of survival after 
age t for each bulb is: 


Pr(^r) = v(,)=i|. 

43.2 

For example, according to Table 43.1: 


96,000 

Pr (T > 5) = — 0.96, 

v } 100,000 

43.3 

10,000 

^ 13) - 100.000 

43.4 
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The function v(t), as defined by (43.2), is called the survival 
function of a piece of equipment, and is evaluated from a population 
or a sample considered representative of the entire population. 
We also define the complementary probability: 

Pr (T < t) = 7(0 = 1 — v (0 43.5 

where j(t) is the distribution function of the random variable T, 
representing the operating life of the equipment. 

The probability distribution corresponding to (43.5), i.e., the 
probability that a bulb burns out within an interval falling between 
t - 1 and t, will be: 


Pt = Pr[(f - 1 ) < T < t] = - l J ~ n(t) 

n ( 0 ) 

The f(t) curve which passes through the points 

n(t — 1 ) — n{t) 
n(0) 

has been shown in Fig. 43.1. 

For example, still referring to Table 43.1: 

Pr (3 < r< 4) = o.oi, 


43.6 


43.7 


Pr (11 < T< 12 ) = 0.14. 43.8 

2. Probability of failure. 


We give the name probability of failure (breakdown) to the con¬ 
ditional probability that an item of equipment, after having survived 
to the age of t - 1, will fail (or break down) in the interval between 
t-1 and t. Denoting this conditional probability as p c (t), we can 
write: 

Pr (/ — 1 < T< t) = Pr <7> / — 1 ).p c (t) 43.9 

which means: the a priori probability of failure in the interval 
between t-1 and t is equal to the probability that there will be no 
failure between 0 and t - 1, multiplied by the conditional probability, 
Pc(t), that there will be a failure during the interval between t-1 
and t. Thus: 


but: 

and 


Pc(t ) 

Prp —■ l « r< r) = ■ 
Pr(T > t — 1) -= 


Pr (r — 1 < T < t) 
Pr (T> t — 1) 


n(t — 1) — njt ) 
n{ 0) 

n(t - 1) 


«(0) 


43.10 

43.11 

43.12 
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(1) 

(2) 

(3) 

(4) 

(5) 

t 

Survivors 

n(t) 

„(/_!) _ n ( t ) 

«(0) 

pM ~ n(>-lr 

0 

100,000 


1 


1 

100,000 

0 

0 

0 

2 

99,000 

1,000 

0.01 

0.0100 

3 

98,000 

1,000 

0.01 

0.0101 

4 

97,000 

1,000 

0.01 

0.0102 

5 

96,000 

1,000 

0.01 

0,0103 

6 

93,000 

3,000 

0.03 

0.0312 

7 

87,000 

6,000 

0.06 

0.0645 

8 

77,000 

10,000 

0.10 

0,1149 

9 

63,000 

14,000 

0.14 

0.1818 

10 

48,000 

15,000 

0.15 

0.2381 

11 

32,000 

16,000 

0.16 

0.3333 

12 

18,000 

14,000 

0.14 

0.4375 

13 

10,000 

8,000 

0.08 

0.4444 

14 

6,000 

4,000 

0.04 

0,4000 

15 

3,000 

3,000 

0.03 

0.5000 

16 

2,000 

1,000 

0.01 

0.3333 

17 

1,000 

1,000 

0.01 

0.5000 

18 

0 

1,000 

0.01 

1 

> 18 

0 

0 

0 

no more survivors 


Therefore: 


n(t — 1) — n(t) n(j) 

PM = n(, - 1) “ ‘ - 0 


43.13 


For example, and still making use of Table 43.1, we see that 
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Pc (t = 12) = 1 


«(12) _ 18,000 
«(Tl) “ ~~ 32^000 

= 1 — 0,5625 
- 0,4375. 


43.14 


Table 43.2 gives the values of p c (t) corresponding to n(t). 

The probability of failure is an important characteristic. It 
gives a measure of the risk involved in keeping in service an item 
of equipment that has been in operation for a time t. 

3. Terminology. 

What we refer to as the age of an item of equipment is the 
interval that elapses between the time it goes into service and the 
instant, t, under consideration. It should be noted that the time and 
age factors can be replaced in certain problems by hours of opera¬ 
tion (for aircraft engines), by kilometers (for automobiles), or by 
actions (number of landings for a plane, number of actuations for 
a relay, etc.). To simplify our language, we shall use the time 
dimension in the following analyses. If necessary, a conversion 
can be made by analogy. 



4. Operating limit. 

A management policy often requires that equipment placed in 
service be retired or downgraded upon expiration of a time, 0, 
called the operating limit or retirement age. In this case, the 
survival curve at time 0 shows a discontinuity (Fig. 43.2). (See 
Part Two, Section 92.) 


Section 44 

MEAN AND STANDARD DEVIATION OF THE AGE AT WHICH 
FAILURE OCCURS 

1. General explanation.—2. Case involving the introduction of an 

operating limit. 


1. General explanation. 

Let T be the random variable corresponding to the age at which 
failure occurs: the probability of failure in the interval between 
t -1 and t will then be, according to (43.6): 
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Pt = Pr(r — 1 < 


T < t) — 


n(t - 1) - n(t) 
n(0) 


44.1 


The average age at failure will be the mean value of the random 
variable T: 

i - / Pt . 44.2 

For example, consulting Table 43.2, we see that: 


/ = (1) (0) + (2) (0.01) + (3) (0.01) + (4) (0.01) + (5) (0.01) + (6) (0.03) 

+ (7) (0.06) + (8) (0.10) +(9) (0.14) + (10) (0.15) 

+ (11)(0.16)+(12) (0.14)+(13) (0.08)+ (14) (0.04) 44.3 

+ (15) (0.03) + (16) (0.01) + (17) (0.01) + (18) (0.01) 

= 10.30. 


Thus the average age at failure is 10.30. 

To calculate the variance of T, we shall use the formula: 

gt = (t — iyp t , 44.4 

or the following equivalent: 

gt = t* pt^j — (0 2 • 44.5 

These formulas are well known.* 

Still using the same example, we can calculate crx 2 ; to begin, 
we have: 


(1) (0) + (4) (0.01) + (9) (0.01) + (16) (0.01) + (25) (0.01) 
+ (36) (0.03) + (49) (0.06) + (64) (0.10) 


/ = ! 


+ (81) (0.14) 
+ (144) (0.14) 
+ (225) (0.03) 
+ (324) (0.01) 


( 100 ) 

(169) 

(256) 


(0.15) 

(0.08) 

( 0 . 01 ) 


= 113.62. 


Thus: 


g J, = 113.62 —(10.3) 2 - 7,53, 


from which we obtain the standard deviation: 

G T = VW = 2,74 


+ (121) (0.16) 
+ (196) (0.04) 
+ (289) (0.01) 


44.6 


44.7 


44.8 


* These equations are to be found in the mathematical review 
given at the beginning of Part Two, 
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2. Case involving the introduction of an operating limit. 

Returning to Table 43.2, suppose that the equipment must be 
retired at the age t = 13. We must then modify our table as 
follows: 


t 

»(0 

n(t — 1 ) — n{t) 

n(t — 1 ) — n(t) 
ni 0 ) 

12 

18,000 

14,000 

0.14 

13 

0 

18,000 

0.18 

> 13 

0 

0 

0 


Of course, the mean age and the standard deviation are also 
changed: 


13 

i = S tpt = (1)(0) + (2)(0.01) + (3)(0.01) + (4)(0.01) + (5)(0.01) 

t == i 

+ (6)(0,03) + (7)(0.06) + ( 8 )(0,10) + (9>(0.14) 44.10 

+ (10) (0.15) 4 - (11) (0.16) + (12) (0.14) + (13)(0.18) 

= 10.08 


13 

2 t 2 p t = (1)(0) + (4)(0,01) + (9)( 0 , 01 ) + (16)(0.01) + (25)(0,01) -f 
/=1 

+ (36) (0.03) + (49) (0.06) + (64)(0.10) + (81)(0.14) + 

+ (100X0.15) + (121X0.16) + (144)(0,14) +(169)(0.18) 
= 107.24 


and 


= 107.24 — (10.08) 2 = 5.64 
a T = ^/SM = 2.37 


44.12 

44.13 


It is evident that t and crT decrease when we lower the retire¬ 
ment age. (See Part Two, Section 93.) 


Section 45 

PROBABILITY OF CONSUMPTION 

Let us assume that a new item of equipment is part of an 
assembly and that it is replaced whenever a breakdown occurs or 
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when the operating limit is reached. Our problem is to find the 
probability, p m (t), that there will be m replacements of the initial 
item of equipment by new equipment during the interval between 0 
and t. We shall use the term consumption for the number of pieces 
of equipment replaced during that time interval. 

The probability, p 0 (t), of zero consumption, meaning no replace¬ 
ments (m - 0), is obviously v(t): 


P»(t) = v(0 = 


nit) 
n( 0/ 


45.1 


We should recall that v(t) represents the probability of an equip¬ 
ment life greater than or equal to t, that is, the probability that 
the equipment initially installed has operated without failure during 
a time t. 

To calculate Px(t), we shall write that there is one, and only 
one, failure (or replacement because of operating limit) during the 
interval between 0 and t. This means that a replacement is re¬ 
quired at some instant, u, falling between 0 and t; then, no failure 
between u and t. Now, the probability that there will be a failure 
(or that the operating limit will be reached) between the ages of 
u - 1 and u is f(u), or: 


fit) = 


n(t — l )--*»(/) 
«( 0 ) 


45.2 


On the other hand, the probability that the equipment installed 
as a replacement at time u will operate without failure between 
u and t is v(t -u). The probability that both of these conditions 
will be fulfilled, according to the theorem of compound probabili¬ 
ties (see Part Two, Section 53), is equal to the product of the two 
separate probabilities, or: 


v(t - u ). m 


n(t — u) n(u — 1) — n(u) 
n( 0) * «(0) 


45.3 


Now, we must consider all the possibilities for failure of the 
first item of equipment installed at various times u falling between 
0 and t, and then add the corresponding probabilities, according to 
the theorem of total probabilities: 

Piit) = S v(t — u) ./(«) 45.4 

U = 1 


vit — u) 


nit — u) 
n{ 0) 


and fiu) — 


niu — 1) — niu) 
«( 0 ) 


45.5 

45.6 


where 
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More generally, there is a relation giving p m (t) as a function 
of p m _ i(t). For m items of equipment to be consumed between 
0 and t, it is necessary and sufficient that there be a replacement 
(due to failure or expiration of operating limit) at any instant u 
between 0 and t, and that (m - 1) items of equipment then be 
consumed between u and t. Thus: 


* 4c; 7 

Pm(t) = JLj Pm—lit — u ) ./(«), with p m (0 ) = 0. 45 7a 

Therefore, starting with p 0 (t), we shall successively calculate 
Pi(t), P 2 (t), Ps(t),... etc.; that is: 

PiiO = 2 v(t — u) . /(«) 

«=i 

t 

Pz(t) = 2 p l (t — u ) ./(«) 

u = l 

Pi(X) ~ 2 p%{t — «)./(«) 45,8 

«=i 


Pm(t) = 2 p m -i{t — u) ./(«) 

H = 1 


For example, using Table 43.2, we shall calculate p^t), taking 
n(t) from column (2) and f(t) from column (4), or: 


fit) = 


nit — 1) — n(t) 


45.10 


which gives us 


Pl (l) = ^2 v(1 — u) • fiu) = v(l -1)./(1) = v(0) ./(l) = (1X0) 


45.11 


Pl (2) = ^2 v(2 — u) . /(«) = v(2 — 1) . /(1) + v(2 — 2) . /(2) 

=* v(l) . /(I) + v(0) . /(2) 

= (1) . (0) + (1) . (0.01) 

= 0.01 


45.12 


PiO) = 2 v(3 — u) . f(u) 

« = i 

= v(3 — 1) . /(I) + v(3 - 2) . /(2) + v(3 - 3) . /(3) 
= v(2) . /(I) + v(l). /(2) + v(0)./(3) 

= (0.99). (0) +(1). (0.01) + (1). (0.01) 

= 0.02 


45.13 
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Pi( 4) = S v(4 — u).f(u) 

1 

- v(3)./(l) + v(2)./(2) + v(l)./(3) +v(0)./(4) 

- (0.98).(0) + (0.99) (0.01)-f( 1). (0.01) + (1). (0,01) 

- 0.0299 

Pi( 5) = S v(5 — u) . /(«) 

1 

= y (4)/(l) + v(3)./(2) + v(2).(/3)+ v(l)./(4) + v(0)./(5) 
= (0.97) (0)-f(0.9 8). (0.01)+(0.99). (0,01) 4 - (1)(0.01)+(1).(0.01) 
= 0.0397 

P (6) - 2 v(6 — u).f(u) 

u — 1 


“ v(5)./(l) + v(4)./(2) + v(3)./(3) + v(2)./(4) + v(l)./(5) 

+ v(0 )./(6) 

= (0.96).(0) + (0.97).(0,01) + (0.98). (0.01) + (0.99). (0.01) 
0 0694 + (1).(0,01)+(1).(0,03) 


45.14 


45.15 


45.16 


Pi(7) = S v(7 - «)./(«) 

H = i 

== v(6)./(l) + v(5)./(2) + v(4)./(3) + v(3)./(4) + v(2)./(5) 

+ v(l)./(6)+ v(0)./(7) 45.17 

- (0.93) (0) + (0.96).(0.01)+(0.97). (0.01)+(0.98). (0.01) 
a t ooa + (0.99).(0.01)+(1).(0.03)-f(1).(0.06) 


and so: 


Pl (8) -0.2481, 
p x (11) -0.6656, 
Px (14) = 0.8797, 
^(17) = 0.7931, 
p x (20) = 0.5168 , 
p x (23) -0.2158, 
p x (26) -0.0612, 
Px (29) == 0,0120, 


Px (9) -0.3661, 
Px (12) -0,7957, 
(15) -0.8796, 
^(18) = 0.7227, 
/>, (21) = 0.4064 , 
Pl (24) -0.1464, 
Px(27) -0.0374, 


Px (10) 0,5122 

Pl (13) =0.8611 
Px (16) -0,8445 
Px( 19) = 0.6253 
M22) = 0.3038 
Px (25) = 0.0962 
Pl (28) = 0.0220 


45.18 


The probabilities p x (t) having been calculated, we goon to prob¬ 
abilities p 3 (t), then p 3 (t), etc. We shall not bother with calculations 
which can be made with a desk calculator. For example: 


i? a (5) - Y Pi(5 — «)•/(«) 

«—i 

= />i(4)./(l) + J Pi(3)./(2) + Pl (2).fO) + Px(\).m + Px(0).f(5) 45.19 
= (0.0299. (0) + (0,02). (0,01) + (0,01). (0.01) -f (0). (0.01) + (0) (0.01) 

= 0,0003 
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P*(H) = IS Px(H— u).f(u) 

ii = 1 

= Pi(10)./(1) + Px(9).f(2) +p t (8).f(3) 

+ Pi(7).f(4) + Px ( 6)./(5) + Pi(5)./(6) 

+ i>i(4)./(7) + p x {3).f{8) + p x (2).m 

+ ^x(l)./(10) + p 1 (0)./(ll). 45 * 19 

= (0.5122) (0) + (0.3661) (0.01) + 

+ (0.2481)(0.01) + (0.1290)(0.01) + (0.0694) (0.01) 

+ (0.0397) (0.03)+ (0.0299) (0.06) + (0.02) (0.10) 

_ + (0.01)(0.14) + (0.01)(0.15) + (0) (0,16) 


By hypothesis, we should have: 


Po(t) + Pi(t) + i>.(0 ... + p n (t) + ... = l. 45.20 


i.e. 


> 


S o ^(0 = l, 45.21 

since the probability that the consumption at time t will be either 
zero or some positive value is equal to 1. 

An analytical study of such a case is demonstrated in Part Two, 
Section 95. There it is shown, in particular, that in the case where 
the function v(t) is exponential: 

vit) = e~V 45.22 

the probability distribution p m (t) is a Poisson distribution: 


Pmit) = 


(A 0 /) m e~ x o* 


ml 


45.23 


One figure of special interest is the mean value m of the con¬ 
sumption at time t, or mean consumption. We have: 


m(t ) = Hi mPmit). 45.24 

m=0 

For example, in the case of Poisson's law (45.16), we obtain: 

m(t) = A 0 1 . 45.25 

In this important case, the consumption rate is constant and equal 
to X 0 * 







DETERIORATION, REPLACEMENT, AND MAINTENANCE , 1 ° 

Let us take a numerical example relating to this Poisson case: 

A 0 — 10“ 8 hours , t — 10* hours . 45.26 

What is the probability that we shall have to make 5 replace¬ 
ments? 

We have: 

U = 10-* . 10 4 - 10 45.27 

/> 6 (10*) - - 0.0378 . 45.28 


The mean consumption, according to what we have just written in 
(45.25), will be: 

>m(10 4 ) = 10 . 45.29 

Furthermore, in a Poisson distribution: 

a* = A 0 1 . 45.30 

M 

Thus, in our example, the standard deviation of the consumption 
will be: 

cr — \/ib. 45.31 

M 

Certain probabilities are important: 


Probability of consumption less than or equal to m during a time t: 


Pr(M < m) = S P r (t) . 

from 0 to t. 


45.32 


Probability of consumption greater than m during a time t: 

Pr(M > m) - S /> (/). 

« ^ , r=m+l T 

from 0 to t 


45.33 


The values for a Poisson distribution are given in a table in the 
Appendix. (See Part Two, Section 95.) 


Section 46 

CASE OF USED EQUIPMENT 

1. General explanation.—2. Degree of deterioration. 

1. General explanation. 

In the foregoing, we have assumed that the equipment was 
initially new. Now let us suppose that the equipment has an age, a, 
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when it is initially placed in service. The survival function is no 
longer v(t), but v a (t). We shall now determine this function: it is 
the conditional probability that an item of equipment having reached 
age a without failure will continue to operate without failure for 
a time t; that is, will survive to the age of a +t. The a priori 
probability of this eventuality, from the definition of v(t), is: 

v(t 4 -a) 46.1 

and, from the theorem of compound probabilities: 


v(7 + a) = v(a).v a (t), 


46.2 


or 


V„(,) . 46.3 

v(a) 

Thus, the survival curve for an item of equipment initially 
having some degree of deterioration (having already been used up 
to age a) is obtained by displacing the survival curve for new 
equipment to the left by an amount a and then multiplying the 
ordinates of the curve thus obtained by 1/2(a). Fig. 46.1 illus¬ 
trates how to obtain v(t+a), and from it, v a (t). 

As a numerical example, Table 46.1 gives the survival curve 
values for an item of equipment having been used previously for 
a time t = 7, based on the survival curve for new equipment given 
in Fig. 43.1. 

We should not be surprised to find that the probability v a (t) is 
higher than the probability v(t) for some values of t. Fig. 46.2 
shows a v(t) curve for which v a (t) is greater than v(t) for a certain 
value of a (and even for several values), regardless of what value t 
may have. This is not paradoxical. It depends solely on the nature 
of the function v(t). In practice, this case arises only when the 
survival curve falls very rapidly for small values of t, and when a 
is a value of t at which the v(t) curve has a sufficiently small 
slope. 




Fig. 46.1 


Fig. 46.2 
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There is a certain survival curve that possesses the following 
property: 

v a (t) = v(0 46.4 

whatever value a may have; this is the exponential curve (see Sec¬ 
tion 96): 

v(Y) = e~" x °' .* 46.5 

To calculate the probability p m (t) that there will have been m 
replacements at the time the original equipment wears out, we 


Table 46.1 


Time t 

v (0 

v (r + 7) v 7 ( r ) = 

v (/ + 7; 

v (7) 

0 

1 

0.87 

1 

1 

1 

0.77 

0.884 

2 

0.99 

0.63 

0.723 

3 

0.98 

0.48 

0.552 

4 

0.97 

0.32 

0,368 

5 

0.96 

0,18 

0.207 

6 

0.93 

0,10 

0.115 

7 

0.87 

0.06 

0.069 

8 

0,77 

0.03 

0.034 

9 

0,63 

0.02 

0.023 

10 

11 

0,48 

0,32 

0.01 

0 

0.011 

0 

12 

0.18 

0 

0 

13 

0.10 

— 

— 

14 

0.06 

— 

— 

15 

0.03 

— 

— 

16 

0.02 

— 

— 

17 

0.01 

— 

— 


>17 


o 
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shall once again make use of formulas (45.4) and (45.7), after we 
have modified them to take into account the state of the original 
equipment. 

PiiO = S v(t — u).f a (u) , 46.6 

H = 1 

where fait) = v a (t — 1 ) — v a {t) 

t 

m > 1 > PmiO — j Pm-lit — u) /(«) , 46.7 

where /(*) = vit — l)—v(0 

In the case where all the equipment is used and has the same 
initial amount of wear: 


t 

Piit) = S Vait — u).f a iu), 

u*= 1 


46.8 


t 

m > l, PmiO = pm-xit — «)./*(«). 46.9 


2. Degree of wear 


The probability: 


u{a) = 1 — y(a) , 46.10 

is often called “degree of wear,” and is expressed as a percent¬ 
age. Thus, a piece of equipment 90 percent worn has a 10 percent 
survival probability. (See Part Two, Section 96.) 


Section 47 
SUPPLY RATE 

1. General explanation.—2. Numerical example. 

1. General explanation. 

Let there be N 0 new equipments put into service at time t = 0. 
If v(t) is the survival function of this equipment, then at time t the 
number of equipments remaining in operation, if no replacements 
have been made, will be: 


nit) = N 0 viO . 


47.1 
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We now propose to replace, or better to supply, additional equip¬ 
ments in sufficient quantities so that the number in service will 
follow a law, f(t), which we shall call the utilization function. Fig. 
47.1 provides an example of a utilization curve; such curves, of 
course, are arbitrarily set for each problem. 



If r(u) is the number of equipments replaced up to time u, the 
quantity 

g(u ) = r(«) — r{u — 1) (u > 1) 47.2 

gives the number of equipments replaced during the interval 
between u - 1 and u. The function: 

git) 47.3 

is called the supply rate. 

The number of resupplied equipments surviving to some future 
time t will be: 

g(u) . v(t — u) — [r(«) — r(u — 1)] vp — w) . 47.4 

The number of equipments in service at time t is the sum of 
such survivals for each interval of time between u = landu = tplus 
the survivors of the N 0 equipments that were put into service at 
the outset and which have followed the same survival law. Thus, 
the total number of equipments in operation at time t will be: 

fit) = No v(t) 4- S g(u).v(t — u) . 47.5 

u*=l 

This formula allows us to calculate p(t) step by step. To start 
with, we have: 


/( 0 ) = N 0 . 


47.6 







/—I 

fit) ---- N 0 v(t) 4 - [S Q(u) v(t — u )] + Qit) v(0) t > 1 47.13 

therefore: 

Qit) = fit) — No vit) — S 1 g(«) v(/ — u) t > l 47.14 

«=i 

which gives p(t) for t = 1, 2, 3, 4, 5 ,... 

2. Numerical example. 

Referring to Table 47.1, let us take the data in columns (1), (2), 
and (3). Since N 0 = 0, formula (47.14) can be written: 

Qit) = fit) - % Qiu) v(/ — «), t > 1 . 47.15 


Then, writing p(t) for 1 ^j )Q and f(t) for (simply to 

abbreviate the notation), we obtain: 
eO) =/0) =0.170 

Qi2) — f(2) — e (l).v(l) - 0.330 — (0.170).(0.98) = 0.164 
o(3) =/(3) - o(l).v(2) - 0(2).v(l) 

= 0.500 — (0,170) (0.91) — (0.164) (0.98) 

- 0.184 


47.16 
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0(4) =/(4) — 0(1) v(3) — e( 2).v(2) — 0 ( 3 ).v(l) 

= 0.670 — (0.170) (0.81) — (0.164) (0.91) — (0.184) (0.98) 

= 0.203 

o( 5 ) = /(5) — ^(1). v(4) — 0 ( 2 ). v(3) — 0 ( 3 ). v(2) — 0 ( 4 ). v(l) 

= 0.830 —(0.170) (0.69)—(0.164) (0.81)- (0.184) (0,91)—(0.203)(0.98 
= 0.214 

0 ( 6 ) = /( 6 ) — 0(1). v(5) — 0 ( 2 ). (4) — 0 ( 3 ) v(3) — 0 ( 4 ) v(2) — 0 ( 5 ) v(l) 

=: 1 — (0.170) (0.56) — (0,164) (0.69) — (0.184) (0.81) 

— (0.203) (0,91) — (0.214) (0.98) 

= 0.248 

0 ( 7 ) - 0.106, 0 ( 8 ) - 0.130, 0 ( 9 ) = 0.144 .etc... 


Table 47.1 gives the value found for p(t) and r(t).* 

To give practical meaning to the results shown in this table, 
we should point out that the utilization curve shown in Fig. 47.3 
has the following special characteristics: 

—length of the entry-into-service period: 6 months; 

—length of the utilization period: 2 years; 

—length of the progressive burn-out or replacement period: 1 
year and 6 months. 


*To verify these calculations, we can check to see whether the 
total number r(40) of equipments successively put into service is 
the number actually required. To do so, we calculate the total 
number of units of operating time required between t = Q. and 
40 

t = 40, or: £ f(t) = 348,100. We then add the probable value of 
t = 0 

the total number of units of operating time for t > 40 corresponding 
to the number of equipments still in service at time t = 40: 

S m 0(40 — / + 1) v(/) - 14,200, 

/=i 

where mi is the probable value of the remaining life-expectancy 
of an equipment that has already reached age i, and p(40 - i + 1) v(i) 
is the number of equipments put into service at time t = 40 - i + 1 
and surviving to time t = 41. 

The total thus obtained, 348,100 + 14,200 = 362,300, represents 
the probable value of the total life-expectancy of the entire group 
of equipments put into service; it must be equal to the product of 
this number of equipments, r(40) =J>7,470, times the average 
operating life of an equipment, m 0 = 6.31. Thus we have: 
57,470 x 6.31 = 362,000. The check is satisfactory, in view of the 
degree of precision of the calculations. 
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Table 47.1 

This table corresponds to the curves A 3 , B s and C of figures 47.2 
and 47.3) 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

t 

v(0 

m 

10,000 

Q(t) 

10,000 

10,000 

Remarks 

0 

1 

0 

0 

0 

We take N 0 — 0. 

1 

0.98 

0.17 

0.170 

0.170 


2 

0.91 

0.33 

0.164 

0.334 


3 

0,81 

0.50 

0.184 

0.518 


4 

0,69 

0.67 

0.203 

0.721 


5 

0,56 

0.83 

0,214 

0.935 


6 

0,43 

1 

0.248 

1.185 

Beginning of the 

7 

0,32 

1 

0,106 

1,289 

f(t) plateau 

8 

0.23 

1 

0.130 

1.417 


9 

0,15 

1 

0.144 

1.583 


10 

0.10 

1 

0.155 

1.718 


11 

0.06 

1 

0.159 

1,877 


12 

0.04 

1 

0.161 

2.038 


13 

0.02 

1 

0.161 

2.199 


14 

0.01 

1 

0.167 

2.366 


15 

0 

1 

0.153 

2.519 


16 

— 

1 

0.157 

2.676 


17 

— 

1 

0.160 

2.836 


18 

— 

1 

0.158 

2.994 


19 

— 

1 

0,159 

3.152 


20 

— 

1 

0.160 

3.313 


21 

— 

1 

0,157 

3.470 


22 

— 

1 

0.157 

3.627 


23 

— 

1 

0.161 

3.788 


24 

— 

1 

0.159 

3.947 


25 

— 

1 

0.157 

4.104 


26 

— 

1 

0.160 

4.264 


27 

— 

1 

0.159 

4.425 


28 

— 

1 

0,158 

4.581 


29 

— 

1 

0.159 

4.740 

Beginning of the 

30 

— 

0.97 

0.121 

4.869 

period of replace¬ 

31 

— 

0.95 

0.138 

5.007 

ment 

32 

— 

0,92 

0.126 

5.133 


33 

— 

0.87 

0.106 

5.239 


34 

— 

0.83 

0.104 

5,343 


35 

— 

0.77 

0.086 

5.429 


36 

— 

0,72 

0,089 

5.518 


37 

— 

0.66 

0.069 

5.587 


38 

— 

0.60 

0,062 

5.649 


39 

— 

0.54 

0.054 

5.703 


40 

— 

0.48 

0.044 

5,747 



etc.... 


Two survival curves are shown in Fig. 47.2: the bell-shaped 
curve, A s , corresponds to the data in 'Table 47.1; curve A x an ex¬ 
ponential curve. Both curves are such that, at the end of 10 months, 
only 10% of the equipments will survive. 
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The number of equipments in service during the utilization 
period is 10,000; furthermore, N 0 = 0. 

We can see from curves B x and B s how sensitive the supply 
curve is to the shape of the survival curve. 




Fig. 47.3. Example of a supply 
diagram. 

Bx—supply function corresponding to 
curve Ai, Fig. 47.2; B 2 —supply func¬ 
tion corresponding to curve A s , Fig. 

47.2; C—utilization function. 

Curves such as those in Fig, 47.3 make it possible to schedule 
the exact supply quantities required for a specific equipihent- 
utilization program which is variable in time. (See Part ^Two, 
Section 99.) 
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Section 48 

INDIRECT DETERMINATION OF THE SURVIVAL CURVE 

The v{t) curve is obtained by means of a statistical study of 
the equipment in service. The measurements are often taken on a 
sample lot of the equipment. If we know both the number in 
service, f(t), and the number supplied per unit of time, p(t), we 
can deduce the survival curve from these data. Our knowledge of 
f(t) and p(t) will give us v(t). Returning to equations (47.6), (47.7), 
(47.9), (47.11), (47.13), we have: 

/(0) = N„, 48.1 


v(0) = 1 


48.2 


therefore: 



48.3 

48.4 


therefore: 


/( 2) = No v(2) + q( 1) v(l) + q( 2), 


v(2) 


/(2) - q ( l) y(l) - g(2) 

No 


48.5 


therefore: 


/(3) - No v(3) + <?(!) v(2) + q( 2) v(l) + q( 3) 


/(3) — g(l) y(2) — g(2) v(l) — g(3) 

No 


48.7 


48.9 


t 

f{t) — No v(0 + S q{u) v(r — u) 


48.10 


therefore: 


v{t) 


f(t) — E Q(u) v{t — U ) 
« = 1 

Wo 


48.11 


In this way, step by step, we can calculate v(t) by means of 
very simple formulas. 

This method provides a particularly easy evaluation of v(t) and, 
in general, gives highly useful results. 
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Section 49 

MAINTENANCE HATE* 

Let us now consider the case in which the utilization function, 
f(t), is constant and equal to N 0 . We propose now to find the rate, 
p(t), that will allow us to maintain f(t) at the value N 0 . After a 
sufficient time has elapsed, the function p(t) will reach a limiting 
value, p*, which we shall call the maintenance rate. 

Referring back to formulas (47.8), (47.10), (47.12), and (47.14), 
we shall set f(t) = N 0 . This gives us: 

e(l) = No [1 - v(J)] 

e( 2) = jv 0 [i — v(2)] —e(i).v(i> 

e(3) = No [1 - v(3)] - 0(1). v(2) - q(2) . v(l) , 


m = iVo [i — v(oi -Ve(io.v(/-w). 

U=1 


The use of these formulas is quite easy; let us again use the 
example given in Table 43.1. Setting N 0 = 100,000, we obtain: 


e(l) - 10 5 [1 — 1] = 0 

q(2) = 10 5 [1 — 0,99] — (0) (1) = 1,000 

e(3) = 10 5 [1 — 0.98] — (0) (0,99) — (1,000) (1) - 1,000 

£>(4) = 10® [1 — 0.97] — (0) (0.98) — (1,000) (0.99) — (1,000) (1) 

= 1,010 

£(5) = 10 5 ([1 — 0.96] — (0) (0.97) — (1,000) (0.98) 

— (1,000) (0.99) — (1,010) (1) 

- 1,020 

q(6) = 10 5 [1 — 0.93] — (0) (0.96) 

— (1,000) (0.97) — (1,000) (0.98) 

— (1,010) (0.99) — (1,020) (1) 

- 3,030. 


Thus, we arrive at Table 49.1 (See Bibliography, ref. A-2) and 
the corresponding diagram (Fig. 49.1). In the reference cited, the 


*The English word “maintenance” generally represents the 
sum total of the operations and supplies that make it possible 
to support a piece of equipment in service. This word has been 
in use in France since 1945, where it has acquired a slightly dif¬ 
ferent meaning limiting it to supplies. 
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Table 49.1 


t 

Q<!) 

r(0 

t 

Q(t) 

r(t) 

x 

0 

0 

21 

12,047 

162,167 

2 

1,000 

1,000 

22 

11,706 

173,873 

3 

1,000 

2,000 

23 

10,820 

184,693 

4 

1,010 

3,010 

24 

9,697 

194,390 

5 

1,020 

4,030 

25 

8,700 

203,090 

6 

3,030 

7,060 

26 

8,288 

211,378 

7 

6,040 

13,100 

27 

8,413 

219,791 

8 

10,090 

23,190 

28 

8,862 

228,653 

9 

14,201 

37,391 

29 

9,529 

238,176 

10 

15,392 

52,783 

30 

10,100 

248,276 

11 

16,665 

69,448 

31 

10,413 

269,196 

12 

15,000 

84,448 

32 

10,507 

269,196 

13 

9,480 

93,928 

33 

10,348 

279,544 

14 

6,175 

100,103 

34 

9,999 

289,543 

15 

6,160 

106,263 

35 

9,636 

299,179 

16 

5,521 

111,784 

36 

9,079 

308,258 

17 

7,309 

119,093 

37 

9,220 

317,478 

18 

9,317 

128,410 

38 

9,271 

326,749 

19 

10,181 

138,591 

39 

9,447 

336,196 

20 

11,529 

150,120 

40 

9,669 

345,865 


For very large n: q _> 9,109 


reader will find another formula for calculating p(t), which seemed 
to us to be considerably more complicated. In this same reference, 
the reader will find a method of calculation using the properties of 
matrix multiplication. (See Part Two, Section 52: The Theory of 
Matrices.) 

It will be noted on Fig. 49.1 that the function p(t) oscillates 
around a limit value of p = 9,709. This property is general, as 
the reader will discover in Part Two (Section 100), where it is 
demonstrated that: 




lim p(t) = 

t~> oe ^ 



49.3 * 


where £ is the mean survival time. Thus, in our example: 

10 B 

e* ^ IbJ = 9)709 ' 49 A 

To calculate p(t), we can also use the Monte Carlo (or simula¬ 
tion) method: however, this method is no easier than the applica¬ 
tion of formulas (49.1), which does not require the use of large 
calculators or computers. 
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The use of electronic computers becomes particularly helpful, 
and even indispensable, when the problem involves a large number 
of equipments that differ from both the technological and statistical 
points of view. 


Section 50 

THE ECONOMIC FUNCTION OF MAINTENANCE 

In general, the unit cost of putting equipment into service in 
groups is lower than the unit cost of putting equipment into service 
piece by piece (as when equipment is replaced after breakdown or 
at an operating limit). Thus, it may be more profitable to replace 
all the equipment, old or new, at regular intervals. We shall now 
calculate the optimum interval corresponding to the minimum over¬ 
all cost per unit of time, under this regular group replacement 
policy. 

Let: 

Cx = unit cost of group replacement, 

c 2 = unit cost of individual replacement, 

N 0 as number of new equipments put into service at the beginning 
of each period. 

The total cost for a time interval t will be: 

F(0 = Cl N 0 + c,r{t — !),(*) 50.1 


*At the end of interval t, no individual replacements are made, 
since all the equipment is systematically replaced. 
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where r(t) is the cumulative function of replacement that assures 
maintenance of N 0 equipments. 

The corresponding cost per unit of time will be: 


y(t) = 


T’p) c x N 0 c z r(t — 1) 


There is no difficulty in finding the minimum of this function. 
Let us suppose that it occurs for t = t 0 ; we shall then have: 

yOo — 1) > y(to) , 50.3 

y(t 0 + 1) > y(t b ). 50.4 


Let us calculate y(t — 1) et y{t + 1 ) : 


y(t - l) 


Cl No Co r{t — 2) 
/ — 1 + t — 1 


yit + i) 


Cl No Co r(t) 
t + 1 + t + 1 


Therefore: 


- «■ »• (t^H) + - (^=r-V 1 ) 

50 ' 7 

: 1 . *>•» 

= -c, ^ —— + C ... 

If t is greater than 2, conditions (50.3) and (50.4) can then be 
written: 

(t — 1) r(t — — — No, for (50.3) 50.9 

Co 


Let us pose: 


t r(t ) — (f + 1) r(t - 1) > — /Vo, for (50.4) 50.10 

Co 


S(t) = ? r(/) — (/ f 1) r (f — 1) : 


then the condition will be written: 


s(t - l) < — No < S(t ). 

Co 


50.12 
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The value of t 0 which satisfies (50.12) gives the minimum.* 

To determine t 0 it is only necessary to calculate one S(t) table. 
For example, let us suppose: 

c x = 2.5, c a = 10, N 0 = 100,000, 50.13 

r(t) being given by table 49.1. 

Let us set up table 50.1. We have: 


—— No = 0.25 X 100,000 = 25,000 ; 
c 2 


in the table, we see that: 

14,150 < 25,000 < 35,220. 

Table 50.1 

(1) (2) (3) (4) (5) (6) 


50.14 


50.15 


(7) 


t 

Kt) 

tr{t) 

(t+mt-l) 

S(t) 

m 


! 

0 

0 



250,000 

250,000 

2 

1,000 

2,000 

0 

2,000 

250,000 

125,000 

3 

2,000 

6,000 

4,000 

2,000 

260,000 

86,670 

4 

3,010 

12,040 

10,000 

2,040 

270,000 

67,500 

5 

4,030 

20,150 

18,060 

2,090 

280,100 

56,020 

6 

7,060 

42,360 

28,210 

14,150 

290,300 

48,380 

7 

13,100 

91,700 

56,480 

35,220 

320,600 

145,8001 

8 

23,190 

185,520 

117,900 

67,620 

381,000 

47,620 

9 

37,391 

336,519 

231,900 

104,619 

481,900 

53,540 


*In the case of a continuous r(t) function, we shall have: 


dv _ c 8 r\t) . t — [c x Np 4 - c t KOI . 
dt ~~ /• ; 

the minimum (and it actually is a minimum) occurs for t = t 0 , in 
such fashion that: 


, tt , Cl No 4 - Ca r(to) 
c%r (t 0 ) = - - - 

Thus, and this is remarkable, the minimum occurs for a time t 0 , 
or period of general equipment replacement, that corresponds to 
equality between the cost of variation and the mean cost. 
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Let: 


S(6) < 25,000 < S(T ). 50.16 

Thus we would select t = 7, for which y(7) = 45,800. 

Let us set: 


a = —; 50.17 

C* 

It is interesting to construct a curve for a given function r(t) that 
will show the optimum times, t 0 , for different values of a (Fig, 
50.1). 



Thus, for example, for r(t) as given in Table 49.1, if a = 0.9, 
then t 0 will equal 9. 

We could construct tables for the two most importance cases: 

K0 = e~V 50.18 


and 


v(0=e -/ v*. 50.19 

We could also state the optimum time as a function of \ 0 and 
Ci/c s , or of /i 0 and oj c s . This task we shall leave to the reader. 

In the work cited under ref. A-2 in the Bibliography, the 
reader will find various further developments: of particular in¬ 
terest is the comparative study of two policies, one in which group 
replacement takes place for an interval t satisfying inequations 
(50.12) and the other in which group replacement is never used. 





PART II 


MATHEMATICAL DEVELOPMENTS 





Chapter £ 


Mathematical review 


Section 51 
INTRODUCTION 

In this chapter we shall give only those formulas and properties 
that are most important in helping the reader interested in 
mathematical developments to follow them more readily. This very 
brief review will deal with: 

—matrix calculations 

—the concepts of probability and random variables 
—statistical concepts; 

and, even more briefly, with the Carson-LaPlace transformation. 

In order to explain the formulas more clearly, we shall often 
give examples. 


Section 52 

MATRIX CALCULATIONS 
1. General remarks.—2. Operations on matrices. 

1. General remarks. 

Instead of writing a system of linear algebraic equations in 
the form: 


011 X t + 018 *3 + 013 *3 = bi 

021 *1 + 0 22 X Z + 023 X 3 = b % 52.1 

031 X X + 032 X t + 033 *3 = b 3 , 

we can present the three sets of magnitudes a^j, x*, and bj in the 

form of tables or matrices: 


~011 

012 

013 

( ' Yl ) 

( bl ) 


021 

022 

023 

■r. [ 

==: | b 3 j 

52.2 

_031 

0.3 2 

033_ 

( * 3 / 

[b 3 ) 
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associating with this representation a very simple rule of multi¬ 
plication: take the sum of the products of the elements in row i 
times the elements in column j. For example: 

\ Xi + (In X-i + #13 x 3 — b 1 52.3 

This rule can be generalized, no matter how many columns or 
rows there are in the matrices, provided that the number of 
columns in the matrix at the left is always equal to the number of 
rows in the matrix at the right. 


Numerical example: 

5 0 3] ("4 -8 ' 
2-12 0-15 = 

48-3 12 


(5X4)+(0)(0)+(3)(l) (5)(-8)+(0)(-l 5)+(3)(2) 
(2)(4) +(-l)(0)+(2)(1) (2)(-8)+(-l)(-15)+(2)(2) 
(4)(4)+(8)(0)+(-3)(l) (4)(-8)+(8)(-l5)+(-3)(2) 

"23 -34 ' 

10 3 

13 -158 


We shall use the following abbreviated notation: 

fa] for a rectangular or square matrix, 5 

{a} for a column matrix, 

or, when there is no possibility of confusion, simply a. 

2. Operations on matrices. 

Equality of two matrices: [a] = [b] 52 0 6 

Two matrices are equal if all the corresponding elements are 
equal. 


Addition of matrices: 


[a] + [b] = [ c ], oil Cij = ay + by 


Example: 


2 3 1 
0-14 


' 8 11 
1 3 4 


"9 11 12' 
-11 2 8 _ * 


Multiplication by a scalar: 

X\a\ — \b\ , where by = Xay . 

Example: 


[3 21 _ [15 10" 
[-1 8j “ [-5 40_ 


52.10 
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Multiplication of one matrix by another*: 

n 

[a] [b] - [c], where cy = 52.11 


If n is the number of columns in a, then b must have n rows if 
multiplication is to be possible. 

Null matrix: [0] 52.12 


A matrix in which all elements are zero. 
Example: 

"o o 01 
o o oj. 

Unit matrix. 


52.13 

52.14 


A square matrix in which all the elements are zero except those 
along the main diagonal (the diagonal from upper left to lower 
right), which are 1: 


[a] = [1] if ay = 0 


i *3 
i = /; 


Examples: 


1 

“1 

0 

0“ 

"1 0" 

9 

0 

1 

0 

_° l . 


0 

0 

1 _ 


For every unit matrix: [a] [11 - [a], [l] [ b ] = [b]. 

Whole powers 


[a] 2 - [a] [a ], 


- M M ... M , 


[a] m [a] n = [a] n [a] m = [a] m + n t 
([a] m ) n = ([a] n ) m = [a] mn . 

Inverse of a matrix: 

[b] is the inverse of [a] if [a] [6] = [ b ] [a] = [l]. 
We write: M = [a]- 1 . 

(See the calculation of [a]" 1 below.) 


52.14 


52.15 


52.18 

52.19 

52.20 

52.21 

52.22 

52.23 


*Except in special cases, we have: fa] [b] ^ [b] [a]. 
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Transposed: 

Matrix obtained by switching rows and columns, 
We write: [a] 

Example: 


'3 2 -5 
1 0 4 


52.24 


52.25 


Adjunct: 

Square matrix formed with the co-factors of the transposed 
matrix of the given square matrix. 

Y' 

We write: [a] . 

Example: 


'2 3 -2 
[a)'= 1 0 4 
0 1 2 


52.26 

52.27 


52.28 


-4 -2 1 

-8 4 -2 . 

12 -10 -3 


The inverse of a square matrix may be written: 


52.29 


52.30 


Thus, we may calculate in the following sequence:* 

[ay, [a) r , | a\ (derived from \a\ [1] - [a] [a] r ) we finally obtain [a]' 


*Actually, easier methods of calculation are used when matrices 
are of a higher order. 
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Example: 



5 3 — 1 " 


5 2 —21 


■—12 — 6 12 " 

[#]= 

2 0 4 

—2 3 1 

, [#]' = 

3 0 3 

1 4 1 _ 

, M r = 

—10 3 —22 

6 —21 —6 


{#] [#F 


-96 0 0 
0 -96 0 
- 0 0 - 96 - 


["- 12-6 12 ~ 

[ ° ri ” ~96 ' 10 3 " 22 
L 6 -21 -6-J 


1 

1 

1 - 

IT 

16 


5 

1 

li 

48 

“32 

48 

1 

7 

1 

16 

32 

16 _ 


Sub-matrices: 

Matrices can be broken down into “sub-matrices.’’ 
Example: 


By posing: 


[A] = 


b c 


e f 
h i 


= # , 

t J = [b c ], 


52.32 

52.33 

52.34 


52.35 


52.36 


52.37 


52.38 

52.39 



we have: 


52.40 

52.41 


M = [* *;] . 52.42 

Another example will demonstrate the use of sub-matrices. 
Assume a system of 5 equations with 5 unknowns. 


a n 

#12 

#13 

#14 

« 15 

1 Xi 

<221 

#22 

#23 

#24 

#25 

\x 2 

#31 

#32 

#33 

#34 

#35 

JX 3 

#41 

#42 

#43 

#44 

#45 

1 Xi 

_#51 

#52 

#53 

#54 

# 55 _ 

X 5 



52.43 
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We pose: 



52.44 

52.45 

52.46 

52.47 

52.48 

52.49 

52.50 

52.51 


The system of equations (52.43) will then be written: 


aX x + px % = B x where we derive: x 1 = (a—f}&- l y)- l (B 1 —pd- 1 B») 52.52 

yX l -\-dX 2 = B 2 X 2 = (d —ycr 1 /?)- 1 ^—ya _1 £i), 52.53 


which allows us to obtain the unknowns x^Xg, Xg, x 4 , Xg by inverting 
at the most (3x3) matrices, instead of a (5 x 5) matrix. 


Section 53 

THE CONCEPTS OF PROBABILITY AND RANDOM VARIABLE 


Concept of probability: 

The probability that an event E will occur is the ratio between 
the number, n, of cases in which E does occur (called favorable 
cases) and the total number, N, of the elementary cases, all 
equally possible. 


p - Pr(£) - 


Probability of the contrary event: 


q = \—p = 


N—n 
N 


Conditional probability: 


53.1 


53.2 

53.3 


The probability that an event A will occur, if we know that event 
B has occurred, is called the conditional probability. It is written: 
Prs(A). 
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A priori probability. 

53.4 

As contrasted with the expression 4 ‘conditional probability of 
event A with relation to B”, the expression “a priori probability 
of A” so often used, instead of probability of A. In this way, we 
emphasize the fact that we are not concerned with the occurrence 

of any other event. 


Compound probability: 

53.5 

This is the probability that both A and B will 
written: Pr (A. B). 

occur. It is 

Total probability: 


This is the probability that A and/or B (A alone, 
A and B together) will occur. It is written: 

B alone, or 

Pr (A + B) 

: 53.6 

Principle of compound probabilities: 


Pr (A . B) = Vr(A) . Pr^(fl) -Pr(5). Pr B (A). 

53.7 

Principle of total probabilities: 


Pr (A + B) = Pr (A) + Pr(£)—Pr(4fl). 

53.8 

If the events are mutually exclusive: 


Pr(/4.i?) = 0 

53.9 

and 


Pr(<4 +B) = BvA + Pri?. 

53.10 


Random variable: 


If a variable, X, can assume the values 


Xu Xt, .... Xn 

53.11 

with each of these values having a probability of 


p(xi ), p(x2),-- ,P(Xn ) 

53.12 

where 


Zpixt) = 1, 

i— i 

53.13 

it is called a random variable. We write it as X, 

and its value as xp 
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Mathematical expectation or probable value: 
This is the weighted mean value of X: 


E(x)=x l p(x 1 ) +x 2 p(x 2 ) + ... +X n p(x n ). 53.14 


This may also be written X or x. 
Reduced random variable: 


X'^x—x; 53.15 

we find: 

EO") - E(x— x) - 0. 53.16 

Function of a random variable: 

If y = f ( x ) is a certain function, then Y = f(X) is a function of 
the random variable X and is, in turn, a random variable. We give 
the name expectation of the Y function of the random variable X 
to the quantity: 


E(Y) = E[f(X)] = X/M.pixi). 53.17 


Variance: 


a\ = E[(X-xy) 

— (*i ~~ x) 2 p(x 0 + (Xi — x) 2 p(x 2 ) + ... +(*« — x) 2 p(x n ). 53.18 

a x is called the standard deviation or the mean square deviation. 
Once again, we use the formula: 

o* =E(X>)-IE(X)]\ 53.18a 

Probability or frequency function: 

The function p(x) which assumes the discrete values plXj), 
P(Xa) s ...» p(x n ) is called the probability or frequency function. We 
may also use the notation: 


p( Xi ) = p r (x = Xi ). 


53.19 


Cumulative probability or distribution function: 

By accumulating the values of p(x), we obtain a new function 
called the cumulative probability or distribution function. 
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The function: 


Pr(X > x) - 1 — Pr(*«s x) 53.21 

is called the complementary distribution. 

The Bienayme-Tchebycheff inequality: 

This unequality gives the upper limit of the probability that a 
variable X will deviate (in absolute value) from its mean by a 
quantity equal to t times the standard deviation. 

Pr [pr— Jc| > cr f] < i- />1. 53.22 

For example, the probability of a deviation greater than 10cr is 
less than 1/100. 

If t is large, the second member of this inequality becomes 
very small, and the information provided by the inequality becomes 
very useful. 

This inequality is valid for any distribution of X. 

Binomial distribution: 


If X assumes the integral values 0, 1, 2, 3, ..., r with the 
probabilities: 


B r = cr pr (1 - p)n~r t where C' = ——- , 
71 n r\(n — r)! 


53.23 

53.24 


and where n is a positive integer, the distribution is called a 
binomial distribution. The distribution: 


Pr 


r 

= v; 

s = 0 


P s (1 _ p)n-s 


53.25 


is called the cumulative binomial distribution. 


We have: 


E(X) = np and g 2 x = np{ 1 —p). 


53.26 

53.27 


Poisson distribution: 

If X assumes the integral values r = 0, 1, 2, 3,... with the 
probabilities: 


a r - 
Pr = — e 


53.28 


where a is a positive parameter, the distribution is called a 
Poisson distribution. The corresponding cumulative distribution is: 
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p r = i SL e" a . 53.29 

5=0 s ! 

We have: 

E(X) =a, a\ = a. 

System of two random variables: 

If X can assume values xj with the probabilities p(xj), i = 1, 
2, ..., m, and if Y can assume values yj with the probabilities 
q(yj), j = 1, 2, ... n, then the simultaneous occurrence of the 
events E 1 and E s , corresponding respectively to X and Y, has the 
compound probability p(X,Y). This will be written: 

p(xu yj ) = Pr [X = Xi, Y = yj] 53.32 

where 

m n 

^ p(xi,yj) = l. 53.33 

From the distribution with two variables p(x, y) we find the 
function of the division of: 


53.30 

53.31 


P(x, y) = Pr [X< X, vj - 2 S p(x t , yj). 

53.34 

We have 


P(xi, yj) = q Xi {yj).p(xj) *= p Vj (Xi).q(yj), 

53.35 

where 


p(Xi) = Pr [X = xt, Y< GO], 

53.36 

= Pr [X< 00, y - yjl. 

53.37 

The mathematical expectancy of a function of two random variables: 

m n 

E[f(X, K)] = S pAxuyj). plxt.yj), 

t~ 1 j~ 1 

53.38 

E[X+ Y] = E{X) + E{Y), 

53.39 

E [X . Y] = E(X) . E(Y) 

53.40 


if X and Y are independent. 
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Continuous distribution: 


fix) = 


lim 


a* > o 


Pr [x < X< x A x] 

. — 


/>[*< x -f dx] - fix) dx, 

p[a< x^ b] — f f{x)dx, 

^ a 

r +'oo 

/>[— oo < x <oo] = / f{x)dx = 1 . 

^ — 00 

f(x) is called the probability density. 

r x 

P(x ) = Pr(— oo < X*Z x) - / y(x)d* 

—00 


is the distribution function. 

System of 2 continuous random variables: 

fix, y) dxdy = Pr [x < X ^ x + dx, y < Y < y + dy] ; 
the probability density is f(x, y). 

P(x, y) = f Z j V fix, y) dx d y 
= Pr[X<x, Y^ y] 

is the distribution function. 


We have: 


where 


52 


[P(x, y)] — fix, y). 


'bxhy 

fix, y) = Pxiy) fix) = Pyix).giy); 


f(x) = ^-P(x, 00 ), 
7>x 

giy) = lp(oo,r). 


fix, y) 


fix) ’ 


Pyix) 


fix , T) 
£Cv) 
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53.41 

53.42 

53.43 

53.44 

53.45 

53.46 

53.47 

53.48 

53.49 

53.50 

53.51 

53.52 


Hence: 
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Mathematical expectancy of a function of two continuous random 
variables: 


E[h(X, Y)] — f J h(x, y) fix, y ) dx d y t 
— 00 — 00 

53.54 

E(X + Y) = E(X) + E(Y), 

53.55 

E(X. Y) = E(X) . E(Y). 

53.56 


if the variables are independent. 

Correlation coefficient: 

If 

l = E[{X-xy ], 53.57 

o* y = £[(¥-?)>] 53.58 

a %y = E[{X — x) (T—y)] 53.59 

2 

T _ ° xy 

Gx'Gy 53.60 

is called the correlation coefficient. 

0<\r\<l. 53.61 

This statistically characterizes the independence of X and Y. 

Normal or Gaussian distribution: 

If a random variable X can assume all the continuous values x 
in the interval - oo < x < oo with a probability density of: 

/(*) = — l - e , 53.62 

's/Ik 

its distribution is called normal or Gaussian. 

The corresponding distribution function is: 


P(x) = Pr (X ^ x) 


vsrf 


-*A* , 
e dA 


53.63 


where 
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We have 


* - E{X) - 0, 4 - E[(X— *) a ] - 1. 

For a non-reduced variable X'we write: 



cry 2 tc 


0(X) = —L 
<T\/ 27C 



with: 


* = Em , 

V “ <r 8 - 
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53.65 

53.66 


53.67 


53.68 


53.69 

53.70 


If X and Y are random Gaussian variables, then the random vari¬ 
able: 

z = x + y 53.71 

also has a Gaussian distribution, such that: 

z — x 4- y 53.72 


and 


2 2 2 
(T z — Gx ~r Gy. 


53.73 


If Xj(i = 1, 2, ..., n) represents a set of independent random 
variables all having the same arbitrary distribution, the sum: 


x = 


« 

i?i Xi 


n 


53.74 


approaches the normal distribution when n -* oo. If each X^ (i = 1, 
2, ..., n) has a zero mean and a finite variance crxi» then: 

1 n 

E(X) = 0 and a y = — X g v . 

x w, =--i x t 


53.75 



246 


MATHEMATICAL REVIEW 


Section 54 

STATISTICAL CONCEPTS 

Histogram: 

A table showing the number of individuals falling within each 
interval or class; this number is called the frequency. 

Before constructing a histogram, we must define: 

—the limits of the group studied, 

—the data or characteristics measured for each individual, 

—the conditions under which the measurements were made. 

Mean: 

Given a population consisting of N individuals, if f* is the 
frequency of the variate xi, the mean, x, is given by the formula: 

* * 7fSi ft Xii 54#1 

where k is the number of classes and 

N = £ ft. 54.2 

i = i 

The term frequency is also used by some for the ratio fi/N. 
Translation of axes: 


Displacement of all the variates by a given quantity, x 0 : 


X .. = X{ — X o 


i - 1,2, k. 


Deviations: 


Translation by an amount equal to the mean: 

x'j = xt — x i = 1,2, 54.4 

Fundamental property: 

ft (xt — x) = 0. 54.5 

Measure referred to the class interval (reduced measure). 


If c is the class interval, variates are related to that interval 
and the mean by 



54.6 
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Obviously, this will yield: 


n = o. 

54.7 

Mean of the means. 


If m measurements are taken in populations of the 

same nature: 

n x Xi + HiXi + ... -f- n m x m 

N 


Mode: 


The value of x* for which is greatest. 


Median. 


The value of xj (or lying between two consecutive xi) for which 

cum / = 

54.8 

where cum f means the cumulative value of fi. 


Moments: 


l k 

1st moment: = — 2 f iXi = x 

N i = 1 * 

54.9 

1 K 

2nd moment: v % - — 2^ x x \ 

54.10 

, i k 

rth moment: v r = — 2 . 

AT i'=i 

54,11 

Moments relative to the average: 


rth moment: A» r ,» = ^ ( l/«(*, — x) r , 

54.12 

1 * 

|Ur ’“ = 77 ,?/«<“» 

54.13 

Relations between moments /u and i^ : 

54.14 

= C*ja a>H , fi&3 t x = C 8 ^3,h , i«4,je == c 4 jUd,n 

54.15 


54.16 

/*a 5 w — — Vi* , jM 3fW = y 3 — 3+ 2v\, 

54.17 

54.18 

{■h,u = Vi — 4vsV x -f 6v t Vi* — 3vJ. 

54.19 
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Variance: 


Measure of the dispersion: 


* 1 k 
<*x = [*i>X = fi (Xi — x )*. 


54.20 


Standard deviation, or mean square deviation: 


o'aj — Vi“« 


-=771 


fi (x { — x)*. 


54.21 


Standard deviation: 




54.22 


Invariance of 

A change in origin does not change cr u . 


a* u = = -i — «) 8 = —• ~~ 


54.23 


where 


m, = Ui — U a 


54.24 


Standard units: 


Moments in standard units: 


54.25 


1 Y f tr — l ir > x 
N i-i fi * (o x ) r 


54.26 


Note that otr are pure numbers; measure of dissymetry, 
measure of flattening. 

For curves approximating bell curves: 


2<a 3 <2, 04^3, a 4 > a 3 * + 1. 


54.27 

54.28 

54.29 


MATHEMATICAL REVIEW 

249 

Other measures of dispersion: 


Quartile deviation: Q = i (&> — Qt), 

54.30 

where 


Qq = x value for which cum f = 3/4 N, 

54.31 

Q x = x value for which cum f = 1/4 N. 

54.32 

Mean deviation: 


1 

1! 

IQ 

54.33 

__ 1 k 1 _ 

DMu = -jy fi | Ui — a I = — DM X 

54,34 


Random sample: 

A sample from a population is considered to be drawn at random 
if the trials that produced the sample are independent, and if the 
probability distribution function of the random variable connected 
with each trial remains unchanged throughout the trials. 

A sample is said to be of size n if it contains n individuals. 

Relationship between the total population and a group of samples 
all having the same size. 

It can be demonstrated that, given a group of random samples 

x 1$ Xg, x 3 .Xj[, each one of size n, having the respective means 

x ls x 2 , x 3 , ...» %, and denoting: 

m = mean of the unknown total population, 
cr p = variance of the total population, 
x = mean of the sample means, Xi, 

Ox = variance of the sample mean, 5q, 

then: 


X “ 


m 


54.35 


and 


a s 
n' 


54.36 
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Estimates of m and of: 

The usual estimates of the mean, m, and the unknown theoreti¬ 
cal variance a®, of an entire population, based on a sample of 
size n, are: 

estimate of m = arithmetic mean of the values ~ 

contained in the sample, o4.d7 

s? = estimate of a 2 = *>* . 54,38 

n — 1 


The presence of the denominator n - 1 instead of n constitutes 
compensation for bias. 


Significance tests: 

A sample having been taken from a population, the question 
arises as to whether the evaluations produced on the basis of that 
sample are meaningful. Significance tests provide an answer to 
this problem. Three of these tests are explained below: those of 
Pearson, Student’s t, and Fisher-Snedecor. 


Pearson’s x 3 (“chi square”) test: 
One calculates: 


* ( 0i — e %f 

y 2 = L - 

/= i et 


54.39 


where k is the number of pairs of frequencies o^ (observed) and ej 
(expected, theoretical). 

Once this calculation has been performed, we find the number, 
V, of independent frequencies, or degrees of freedom. In a dis¬ 
tribution associated with a single variable, we have: 

v = k — 1C 1 ). 54.40 


For distributions of several variables, v must be calculated. 
The variable x® has the distribution: 


*This holds true only if the theoretical distribution is com¬ 
pletely independent of the observed distribution. If observed data 
have been used to estimate h parameters of the theoretical law, 
then: y = k - 1 - h. 
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/(**) 


i* t-. 

2 rav) 


where 


00 

F(n ) — J f w ~ l Q~t d t (gamma function) 


54.41 


54.42 


If we adopt some probability as the criterion upon which a 
hypothesis can be accepted or rejected, a x s table (see Appendix) 
will enable us to decide whether to accept or reject this hypothe¬ 
sis. 


Student’s t test: 


This test is used for means of small samples drawn from a 
Gaussian population (number of individuals less than 30). 

In such cases, we cannot assume the property of normality for 
the distribution of 


because the estimate of a. 


x — m 
sjy/n — 1 


J 


£(* — Jf) a 


54.43 


54.44 


is too subject to large fluctuations where n is very small; there¬ 
fore we calculate: 


m 


- y/n 


54.45 


the distribution of which has been calculated by Student: 

1 


(pit) = 




w« r(-») (i+i)¥ • 

where v is the number of degrees of freedom defined above, 
By the use of a distribution table 


54,46 


Pit) =2 J (p(X)dA (see appendix) 54.47 

which gives the probability of obtaining an absolute value higher 
than t, one can accept or reject a hypothesis if a limiting prob¬ 
ability has been established for such acceptance or rejection. 
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Here, we have two distinct cases: 

a) deviation of a mean from its theoretical value (treated as shown 
above, taking v = n - 1); 

b) difference between two means, x' and x". 

In this latter case, we calculate: 


x —x / n t n t 


Sd V «i + fit 


54.48 


where 


Hi -f- n% — 2 




x') z + 2 ( X " — x") a 

i = 1 


and t is distributed as <p(t), with: 


54.49 


v — Hi + — 2. 


54.50 


Fisher-Snedecor F Test: 

This test is used for standard deviations of samples taken from 
a Gaussian population. 

Assume we have two samples, whose standard deviations are 
Si, s 3 : 


2 Ttix'i — x'y 2 £(*'$— x*f 

s i — -: ■> s 2 — - 

«! - 1 «2 - 1 


54.51 

54.52 


Fisher has shown that the distribution of 


F = —h. (^i > s 2 ) 

-s a 2 


54.53 


99 (F)- 


r»rl / , v, c.k' 1 - 2 ) l”! ^2 

r[\{v x + Va )].F W! _«2_ 

Air,) (y, + v, /t^ (,,1+V8J 


54.54 


where 


Vj — — 1 and y 2 = «a — 1 


54.55 


(see table in the Appendix), 


54.56 


This test is used in the same manner as the other tests for 
accepting or rejecting a hypothesis. 
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Regression: 

To find a regression curve is to determine the curve that best 
represents a group of points referred to a reference system. We 
assume that the best evaluation of the parameters of the curve is 
the one for which the sum of the squares of the deviations from 
the mean is minimum (principle of least squares). 


Straight-line regression curve: 


Case 1. Deviations measured for yp 


Equation sought: 

y = mx + k; 

54.57 

Deviations: 

di — yi — (mxi -f k); 

54.58 

m and n are given by: 




m £ Xi + kn — £>>$, 

54.59 

m 

£ xf + k = £x< , 

54.60 

where n is the number of 

points. 


Case 2. Deviations measured for xp 


Equation sought: 

* = ay + b; 

54.61 

Deviations: 

II 

£ 

1 

15 s 

+ 

54,62 


a and b are given by: 

a S yi + bn = S xt , 54.63 

a X yf + b £ y- t = £ xt yi. 54.64 


Case 3. Deviations measured on the perpendicular erected on 
the straight-line regression curve. 


Equation sought: 

y = ax + 0, 

54.65 

Deviations: 

•B- 

<, * 

+ 1 

J. 

54.66 

where 


'X 

i 

£ 

ii 

* 

54.67 

and 


y* = yt — y 

54.68 
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Ot and ft are given by: 



CL — 1 i \/ A a + 1, 

54.69 

where 

3 2 

x — ° y — ° x 

2 a x Gy 

54.70 


ft — y — ax. 

54.71 

Regression curves. Deviations measured for yi. 


Equations sought: 

y =/<*); 

54.72 

Deviations: 

<k = yi — /(*«); 

54.73 


If f(x) contains m parameters, a x , ag.a m , these can be 

evaluated by means of the following m equations: 

k (sr), * -'<**»- ° 1 ":!: 2 ,:::: m , 54 - 74 

When the deviations are measured for x^, the same method is 
used. 


Correlation coefficient: 


Si: ui 


xi — x yi — y 

-, Vi = —- 

% Sy 


54.75 

54.76 


where s x and Sy are the standard deviations of x^ and yi, the mean 
value, 


n 

S m Vi 
%-■! 


is called the correlation coefficient: 

r 1 S (** — *) Cv< — JO 

n 1 % 

0< jr|< 1. 


54.77 

54.78 


Section 55 


THE CARSON-LAPLACE TRANSFORMATION* 

Let h(t) be a function of the real variable t, defined for all values 
of t and zero for t < 0. We refer to the function 


*The Car son-Laplace transformation method is often called 
operational calculus; in view of the danger of confusion, we shall 
avoid the use of this expression here. 
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00 

#(?) = ? J e~ 8t h(t)dt. 55,1 

0 

as the Carson-Laplace transform of h(t). 

In this integral, s is a real or complex variable; if s is com¬ 
plex, we assume that the real part c of s is greater than a given 
positive number c 0 , and that, under these conditions, the integral 
55.1 ) is convergent. 

Symbolically, we write this as: 

g(s) = ££h{f). 55.2 

The inverse transform, known as the Mellin-Fourier trans¬ 
form, is: 


A (,) = _L f ——~ d*. (j V'-D 55.3 

K 2tz) J s 

C—J00 

where c > c 0 is stated above. Symbolically, this is written: 

h(t) = 55.4 

COMMON THEOREMS: 

1. «S?Y(r) = 1 where Y(t) is the unit scale function, 55.5 
such that 

TO) = 0 for / < 0 
= 1 for t > 0 . 

55 6 

2. If = g(s), then Sek h(t) = k g(s), 

where k Is a constant. 

3. + />,(/)] = S?hi (<) + S’h 1 (I) = g x (s) + g,(s). 55.8 

4. If <£h(i) = g(s) : = sg(s) — *A(+ 0) , 55.9 

at 



= s*g(s) — s*h{+ 0) — sh'{+ 0), 


55.10 
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and 


6 , 

7, 


• 2 ^ = **8(3) — h{r) (+ 0 ).s*~r. 


If JPhit) — g(s ): J h(u)du — 


£Cs) 

s 


*ff~r *<■«•■" - f- 


0 0 0 
n times 


If &h(i) — g(s ) : ££h{kt ) = g ( — ), where k is a constant 


(i> 


If <£h(i) = g(s ): JS?[e-«A(0] = 


.s’ + a 


+ a) 


55.12 

55.13 

55.14 

55.15 

55.16 


8. If g(s) has the form N(s)/D(s), where N(s) and D(s) are 
polynomials in s, in which the degree of N is lower than that of D, 
we can decompose g(s) into simple rational fractions: 

N(s) _ Am A m -1 Aj. _ 

D(s) (s — a)™ is — a)™" 1 + *" 55,17 

(if a is a real root of order m) 

i B n , Bn-\ ^ Bx 

(s-b)* (s — b )*~ 1 ■ '** s — b 

(if b is a real root of order n) 


4 - 7/r ~r Kf s H r -1 4- Kr—iS H x -\-K\S 

(s* + as + py + (T“ 4 '"as + pv~ 1+ *" + (j a + as+/?) 

(if s 8 + as +0 is a trinomial whose roots are complex.) 

9. If J?h(t) = g(s ): i!? -1 e“ ST £(s) =0 for f< r 


= h{t — r) for t > t. 55.18 

10. If JPhit) — g(s\ with hit) — 0 for t < r : 

= hit + t). 55.19 

11, Let there he a periodic function, with period 2a: 

hit) = hit + 2d) =* A(f + 4a) = ... - /»(/ + 2ka) 55,20 
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then: 


^*W = T=^r r e "‘ A ‘ (,)d '’ 55 - 21 

0 

where h x (t) is equal to h(t) in the interval from 0 to 2a, and zero 
outside that interval. 

12. If gi(s) = ^/»x(0, *i(*> = 55.22 

then 


gi C?) g% (•?) 
s 



55.23 


We write symbolically: 

hx{t) * h % (f) = J hi(T)ht ( t — r)dr; 55. 

0 

this is the Borel theorem. This operation is called composition. 
We also have: 


Note that: 


13. 


«■,(!).*.(*> =& J f h l (T)h,(t—X)dT 

0 

= -SP [-(a.W **.«)] . 

Ax(0 H* /la(0 = Aa(d * /h(A 
If 3?h(t) =* £(s): lim ^0) = lim A(0 

Ui —> w t —^ 0 


55.25 


55.26 

55.27 


for any h(t) which gives meaning to the transformation. 
14. If &h(t) = #($) : lim g(s) = lim A(0. 

|3|->0 «-> • 


55.28 


if certain conditions are satisfied. A sufficient condition is that g(s) 
be the quotient of two polynomials, N(s) and D(s), with the denomi¬ 
nator having no root in which the real part is positive. 
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15. If g(s) = 


NLsl 

D(s) 


(quotient of polynomials in s): 


Wf) = W>) £ *(*>) e v 

D(s) D( 0) »=i % D'(s fl ) 6 


55.29 


where m is the number of roots. 

The reader will find in the Appendix a summarized table of 
Car son-Laplace transforms.* 


*We refer to one of our own works: Cours de Calcul opera- 
tionnelle (transformation de Carson-Laplace), by M. Denis-Papin 
and A. Kaufmann, Editions Albin Michel, Paris. 



Chapter ~J 


Methods of computing 
linear programs 

Section 56 
INTRODUCTION 

The basic method for finding the optimum of the economic 
function of a linear program is the simplex, or Dantzig, method. 
We shall explain this in detail. George Dantzig published his 
celebrated notes in 1947; since that time, he has continuously 
published new variations that facilitate the solution of programs 
with special structures. At the same time, many mathematicians 
and economists were hard at work deepening and developing both 
the theory and its applications. In France, we may cite G. T. 
Guilbaud; in the United States, Kuhn, Tucker, Charnes, Orden, 
Cooper, and Henderson. But, given the profound connection between 
the theory of linear programs and game theory (or the theory of 
games of strategy), we must not overlook the great mathematician 
Von Neumann and his followers. 

Here we shall present only the essentials of what may be of 
interest to those who would like to know just how to go about 
calculating the optimum for a program. For further details or 
for a study in depth, we refer those interested to the references 
quoted in the Bibliography. 


Section 57 

GENERAL MATHEMATICAL STATEMENT 
OF LINEAR PROGRAMS 

Let there be n + m non-negative variables satisfying m linear 
equations that we shall call constraints: 


ttuXi + 0i2#8 + + 0i»*» + 0i»+i*ra+i + ... +«i,n+m-*»+?» —b x 
021*1 -f-... +02»*» 4-02 »+i*»+i + ...+02,»+jw*w+»t — b% 

am\X i + cijtizXs + ... + GmnXn ~r a mn+i x n+i "H • •• + ain,n+m x n+m ~ bm> 
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where the coefficients aij(i=l, 2.n+m) and bi(i = l, 2,...,m) 

are real numbers concerning which we shall make no special 
hypothesis. 

We also adopt a linear function which constitutes the economic 
function: 


z = CiXi-\-c*Xi + ... J rc n x n -\-c n + l x n jri + +c n + m Xn+m, 57.2 

where the coefficients cj(j = 1, 2,..., n+m) are also real num¬ 
bers concerning which we shall make no special hypothesis. 

For simplicity’s sake, we shall abbreviate equations (57.1) and 
(57.2) as follows: 


n+m 

2 ^aijXj — bt i — 1,2,..., m, 57.3 


and 


n+m 

z ^^ Cj Xj . 57.4 

The solution of a linear program consists of finding the values 
of the non-negative variables xj that satisfy the constraints 
(57.3) and optimize (maximize or minimize, according to the case) 
the function z given by (57.4). 

In some programs there are inequations in place of equations, 
or both together. We shall now show that one can always convert 
these to produce equations alone. 

Let: 


n 

2^ ay xj < bi i — 1,2. m, 57.5 


and 


n 

Z — S ^Cj Xj. 


57.6 


Now we introduce m new variables, x n +i, x n +2,.*., x n +m» 
which we shall call “slack variables,’* all of them non-negative, 
and such that 


+ ^ 12^2 + ••• n x n + x n +i — b i 
O-nXi + tinX'i + ...+02w^n. + •X'w+a “ 


OmiXi +tfjw2# a + ... -\~cimnXn + -%+w “ 
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Here, we then find ourselves with a special case of (57.1), in which 
some of the coefficients ay are zero or equal to 1. If the signs of 
the inequations are opposite, we place a minus sign before the slack 
variables, but they will still be considered as non-negative. If we 
encounter a mixture of equations and inequations, we simply intro¬ 
duce a sufficient number of slack variables. 

If we now consider N variables and M constraints, any solution 
that produces a maximum (or minimum) of the function z will 
correspond to one of the vertices of the convex polyhedron formed 
by the intersection of the reference N-hedron (xi ^ 0) with the 
hyperplanes constituting the constraints.* Hence, any solution 
must fulfill the following necessary condition if it is to correspond 
to a maximum (or minimum): it must include at least N-M 
variables of zero value. If we set N = n + m and M = m, the condi¬ 
tion can also be stated as follows: the solution must include at 
most m positive variables, all others being zero. 

It is of prime importance to point out that all polyhedrons con¬ 
structed in this way are convex; the polyhedron formed by the 
intersection of the hyperplanes of the constraints and the reference 
N-hedron is convex because the intersection of two convex poly¬ 
hedrons is always a convex polyhedron. Thus, we are certain, as we 
move from vertex to vertex increasing (or decreasing) z at each 
step, that we will eventually reach the maximum (or minimum) we 
are looking for. If this were not the case, we should not be sure 
of attaining the maximum maximorum (or minimum minimorum). 

To avoid confusion, let us define exactly what we mean by the 
word “solution” in the problem that concerns us. 

Solution: The set of n + m quantities xj that satisfy the system 
of equations (57.3). 

Possible solution; The set of n + m quantities xj (xj £ 0) that 
satisfy the system of equations (57.3). 

Possible basic solution (more briefly, a basic solution): The 
set of m quantities x* (xi ^ 0) and n quantities xj (xj = 0) that 
satisfy the system of equations (57.3).** 

Optimum basic solution (more briefly, optimum solution): the 
basic solution that renders (57.4) optimum. 

The foregoing considerations underlie the simplex method, 
which we shall now take up. 


*The foregoing statement is strictly true if the maximum or 
minimum is obtained at one single point. Degenerate cases in 
which the maximum (or minimum) is obtained by all the points of a 
face are also possible, 

**Certain authors use the expression “nondegenerate possible 
basis solution” to refer to the body of m quantities xi (xi > 0) and 
n quantities xj (xj = 0) that satisfy the constraints. 
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Section 58 

THE SIMPLEX, OH DANTZIG, METHOD* 

1. General explanation.—2. Marginal costs.—3. Example.— 

4. Second example.—5. Use of the variant. 

1. General explanation. 

Let us return to the m equations (57.3): 

WrOT 

?. ayxj^bt i — 1, 2,... m t 58.1 

]~ 1 

where the matrix ay is of order m by hypothesis. 

The columns in the matrix ay and the column formed by the 
quantities bj can be considered as the vectors Pj (j = 1, 2,... n+m) 
and P 0 in a linear m-dimensional space. We assume that in 
arbitrarily taking m distinct vectors Pi among the n + m vectors 
Pj, we achieve a system of linearly independent vectors. We shall 
therefore state that: 


( hl 

and P 0 — I 

| bm 

Since we have assumed that this system of m linear equations in 
n+m variables is of order m, we can now express n vectors Pj, 
numbered from 1 to n, and P 0 as a function of the m vectors, Pi, 
numbered from n + 1 to n+m, which are, by hypothesis, linearly 
independent. 

Let us assume that we have found a basic solution whose vari¬ 
ables are all positive, or m positive quantities xi, numbered from 
n + 1 to n+m, while all the others, numbered from 1 to n, are 
assumed to be zero. For this basic solution, equations (57.3) and 
(57.4) will be reduced to: 


58.2 

58.3 

58.4 


n+m 


= Po 


where 


f Qij 

ay 

am] 


S Pi xi~ P 0 and r 0 = 2 C{ x t Rft R 

Xi> o , / = » + 1, rt + 2, .... n + m. 58.6 


*See the fundamental article by G. B.Dantzig: ‘‘Maximization of 
a Linear Function of Variables Subject to Linear Inequalities,’» in 
“Activity Analysis of Production and Allocation,” T. C. Koopmans 
(ed.) (New York: Wiley, 1951), pp. 339-347. 
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The n other vectors Pj (j = 1, 2,..., n,) can, as we have 
just written, be expressed linearly as a function of the m vectors 
Pi, which will constitute, as they are generally called in the theory 
of linear spaces, a basis (the case in which the vectors are not 
linearly independent will be discussed further on.) We write: 

n+m 

Pj = ^ Xfj Pi j = 1, 2, n. 58.7 

The coefficients xij can be calculated by inverting the square 
matrix formed by the m vectors Pi, that constitute the basis. 

We shall call zj the quantities: 

n+m 

Zj = 2 XijCi j - 1,2, n; 58.8 

I * /H* 1 

zj is the increment of z corresponding to Pj. 

Now, let one of the vectors Pj (58.7) that are not in the basis 

be multiplied by a positive scalar quantity 0; referring to (58,5), 

we will write: 


n+m M+m 

z Pi x t = 1 (xt — 6 Xij) Pi + 6 Pj = />„, 58.9 

Jsss/J-f-i i“«Tl 

(we do not write j = 1, 2.n since the vector Pj was chosen 

from among the n vectors). 

In the same manner, by adding 0(cj - zj) to both sides of 
(58.6), we obtain: 

n+m 

Z Q 4 d(cj — Zj) = 2 (Xi — Oxij)ci 4 - 6 Cj. 58.10 

<»=«+ i 

We have thus developed a new basis solution, on condition that 
not all xij are negative, and that 0 ^ 0 (if 0 ~ 0, the solution will not 
be changed). 

If some xij are positive (at least one), we choose the positive 
quantity 0 in such manner that; 


6 — 6 o = min 

i Xij 


58.11 


this means that 0 corresponds to the smallest value of the ratio 
xi/xij among those that are positive: (i = n + 1, n + 2,..., n + m). 
If we choose 0in this manner, all the terms 


(xi-Oxij) 58.12 

will be positive except one, which will be zero and will correspond 
to (58.11). 
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With 0 thus determined and denoted as 0 O , we shall remove from 
the basis the vector Pi, such that 0 O = xi/xij, since its coefficient 
will be cancelled out in (58.9) where it will be replaced by the 
vector Pj whose coefficient is 0 O . The basic solution thus obtained 
will therefore be distinct from the preceding one. 

Lastly, let us try to increase z 0 : consulting (58.10), we see 
that this will occur if we choose j in such a manner that: 

Cj — zj > 0 . 58.13 

The highest value of Cj - zj will correspond to the greatest possible 
increase in z 0 by this procedure; it is this value that we shall 
choose and which we shall use to designate the vector Pj that will 
become part of the basis. We may say, for convenience, that we 
choose the value of j corresponding to the most negative quantity 
of the values of zj - Cj. 

The result is that by choosing Pj such that zj - Cj is most 
negative, and by choosing the row i for which 0 = xp/xij is minimum 
but positive*, we can determine a transformation of the initial 
basic solution such as to produce the greatest possible increase 
in z 0 . When it is no longer possible to find a single quantity 
Zj - Cj, it is no longer possible to increase z 0 , and we shall thus 
have found the maximum of z**. An analogous line of reasoning, 
taking the most negative value of cj - zj, would have allowed us to 
diminish z 0 and find its minimum. 

The number of basic solutions (m non-negative variables, that 
are not all zero, and n zero variables) is at most this 

number is very high when m and n are large. Finding an optimum 
solution by calculating all the basic solutions would require 
enormous amounts of calculation; this will convey some idea of the 
value of Dantzig’s method of analysis by iteration. 

A variation of this method consists of choosing j such that 
0 0 (cj - zj) has the largest possible value, or (which amounts to the 
same thing) that 0 O ( Zi- Cj) has the most negative value possible. 
However, this procedure greatly complicates the calculations, 
since we must then evaluate all the quotients xp/xij instead of 
calculating only the ones that correspond to column j. 

2. Marginal costs. 

The quantities zj - Cj or Cj - zj represent the unit variation of 
the economic function when the basis is changed. These quantities 


*We shall refer to these selection conditions as the Dantzig 
criteria. 

**We should emphasize the fact that this conclusion is linked to 
the property of convexity of the polyhedron formed by the con¬ 
straints. 
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allow one to evaluate the sensitivity of the economic function about 
each stationary point (basic solution) and, in particular, about the 
optimum. In some cases, it is preferable to consider the variations: 

xt , x Xi 

— (Zj — Cj) or — (Cj — Zj) 

Xij Xtj 

corresponding to the inclusion of a vector Pj and the exclusion of a 
vector Pi in the basis. 

In economic studies, the development of the concept of marginal 
cost is of great interest. 

3. Example. 

We shall take some very elementary examples to demonstrate 
how to apply the Dantzig algorithm. 

Find: 


[MAX]z==3* x +2* a +*3 +*4 -\-5x r , 

with the constraints; 


3* x + * 3 —* 5 = 3 

X ! + *2 - 3*4 =—12 

*2 + *3 + *5 = 4 


which can be written in matrix form as: 


‘3010 —l' 
110—30 
0 110 1 
(1) (2) (3) (4) (5) 



3 

—12 

4 


58.14 


58.15 


58.16 


Let us start with an arbitrarily chosen basic solution*: 

Let 

*1 = o, *2-0, *3—^ *4=4, *5 — i. 58.17 

The value of z corresponding to this solution is. 

z - 3(0)+ 2(0) + 1 Q +1(4) + 5 (i) = 10. 58.18 


*We shall show later on how to find a basic solution. 
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First, let us find the transformation (58.7), that is, the coefficients 


Xjj such that: 


J = 1,2; 


58.19 


this gives us the matrix equation: 


3 0 10 —1 X31 *3; 

11=0 -3 0 *41 * 4 j 

0 1 1 0 1 *5i *55 

(1) (2) (3) (4) (5) 


58.20 


Inversion of the square matrix (58.20) immediately gives us the 
coefficients x^: 


1 0 —ll 3 0 

0—3 0 11 

1 0 lj L° 

-i 0 il [3 O' 
0-^0 11 
-i 0 L° ij 


-I i 


Let us now find quantities zj yielded by relations (58.8): 


Z 1 = c t 7 = 1,2. 


58.22 


Thus: 


[Zi z 2 ] - [1 1 5] \-i 


[-? g- 


58.23 


We then find the corresponding quantities zj - cj: 


3 

3 ’ 


~ 3 


58.24 


We select z l - c 1 as having provided the most negative zj = c^ 
(evidently, this is the only negative value at this stage of the 
calculation.). Therefore we introduce a non-zero coefficient for 
the vector P 1o Next we find this coefficient; to do so, we calculate 
the ratios xp/xij and select that index i for which we obtain the 
smallest positive value: 


— 12. -fi = — 


58.25 
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Hence, we shall take 0 O = x 3 /x 3l = 7/3. This is, furthermore, 
the only positive value in this case. 

For the new solution, we obtain: 


x[ -■ 8 1 


*3 

*31 


7 

r 


- 0, 


, *3 

X — A '4 -*41 

4 *81 



, *3 

*' = *5-*51 

8 *31 


1 

2 




58.26 


The new value of z will be: 


2 = + 2(0) + 1(0) + 1^ + 5(4) = 31 + 

We can check this as follows: 

2 - z 0 + 0o(ci - z a ) * 10 + Q (jj 


31 + 


"3010 
110-3 
0 110 



Hi- 


58.27 


58.28 


58.29 


Now let us try to find a third solution that will give a higher 
value of z. Let us calculate the transformation this time for 
vectors 2 and 3, 


"0 

r 


“3 

0 - 

~r 

*12 *13 

1 

0 


1 

—3 

0 

*42 *43 

1 

i 


0 

0 

i 

_*52 *53_ 

(2) 

(3) 


0 ) 

(4) 

(5) 



Inversion of the matrix formed by the basis gives: 


- 


“ 1 2“ 

*12 *13 


3 3 

*42 *43 

*52 *63 


2 2 
“9 9 

„ 1 1. 

.. - 



58.31 
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Now let us find the quantities zj: 


z 3 ] = [3 15] 


r 1 

3 
2 
9 
1 


r 52 65 -j 

L~9 9" J 


58.32 


hence: 


„ 52 O 34 A 65 

z i — c % -— — 2= — >°, z 3 — Cz = — 


l= 5 |->0. 58.33 


Since these two numbers are positive, it is no longer possible 
to increase z, and the value z = 31 + 7/9, for which we have 


= 0 


*3 = 0 


*4 


43 

J ’ 


*5 = 4. 


58.33a 


corresponds to the maximum Q 

We have chosen an “apple pie” example to start with, since 
only a single stage gave us the maximum. 


4. Second example. 

This time, we shall deal with inequations: 


[max] z = 4*! + 3*2 58.34 

*^ 4 , 000 , * 2 < 6 , 000 , *,+ 1 * 2 ^ 6,000 . 58.35 

We introduce three new variables, x 3 , x 4 , and x 5 , which con¬ 
stitute the slack variables: 


*1 + *3 = 4,000 , 

*2 + *4 = 6,000 , 
*i + f * a + *5 = 6,000 . 

Using the matrix form, we have: 


“10 10 0 " 
0 10 10 
i 1 o o 1 

(1) (2) (3) (4) (5) 


*i 

* 2 , 

*3 

*4 

*S 


(4,000) 

6,000 

6 , 000 ) 


58.37 
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One obvious basic solution is: 

Xi = 0, jc 2 = 0, * 3 = 4,000, jc 4 - 6,000, jc 6 = 6,000 

which yields: 

Zo = 4(0) + 3(0) - 0. 

Performing the transformation (58.7), we find: 


"1 0" 


o 

o 

_i 


"Xsi x i% 

0 1 

=s 

0 1 0 


Xtt Xii 

J iJ 


0 0 1 


_X 5 1 x 52 


(l) (2) (3) (4) (5) 


58.38 

58.39 


58.40 


Since the basis constitutes a unit matrix, the coefficients xij 
are given directly by the vectors P x and P 3 : 


~X 31 

X 3 2~ 


'1 

0~ 

X &i 

*42 


0 

1 

_^51 

* 52 ^ 


J 

L 


Let us compute z 1 and z s : 


l> 


**] - too 


0] 


ol 


i 

1 


[0 0], 


58.41 


58.42 


hence: 


z 1 = 0 , z 2 - 0; 


58.43 


and: 


z x — Ci — 0 — 4 ~ — 4, z % — c 2 — 0 — 3 — — 3. 58.44 


Therefore we shall choose P x , for which we have z x - c x = -4 
(the most negative). Now let us calculate the ratios Sj/xy: 


Xa_ 

Xu 


4,000 


= 4,000, — = 

Xai 


6,000 


= 00 


Xs_ 

X 6i 


6,000 


= 6 , 000 . 


58.45 


We shall therefore select index 3, which gives the smallest 
positive number, and we shall take 0 O « x 3 /x 31 = 4,000. 

The new solution will be: 


< = 0. = — = 4,000, X' t = 0, X' t = 0 

1 Xsi 

x' = x 4 — — x tl = 6,000 — (4,000) (0) = 6,000, 

4 *31 

x’ = *,- — *» = 6,000 - ( 4 , 000 ) ( 1 ) = 2 , 000 ; 

* JC.t 


58.46 
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hence: 


Z = 4(4,000) + 3(0) = J6,000 . 58.47 

We verify this through: 

z - z 0 H- Q(c x — z t ) = 0 + 4,000(4) - 16,000 . 58.48 

I 4,000\ 

0 / /4,000) 

0 ) = 6,000 . 58.49 
6,0001 (6,000) 

2 , 000 / 

Let us go on to a new stage, attempting to transform the vectors 
P 3 and P 3 : 


10 10 0 
0 10 10 
1 $ 0 0 l 


"0 

r 


"1 

0 

0 " 

"* i2 

x l3 ~ 

1 

0 


0 

1 

0 

*42 

X i3 

i 

0 _ 


_1 

0 

1 

_*5 2 

* 53 _ 


(2) (3) 


which gives, after inversion of the square matrix: 


*12 

*13 


"0 

r 

*42 

*43 

= 

1 

0 

_*S 2 

* 53 _ 


J- 

-i_ 


Let us calculate z 2 and z 3 : 

[z a zj = [4 0 0] 

hence: 

z a — c a = o — 3 - — 3, 

We shall select P g . Next: 


0 l" 
1 0 

Li-L 


= to 4], 


C 3 = 4 


Xt 

*12 


4,000 * 4 

—— = oo, — 

0 Xu 

2,000 


6,000 


= 6 , 000 , 


x & 


58.50 


58.51 


58.52 


58.53 


= roon 


58.54 
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Then we shall choose P 3 to take the place of P 5 in the base. 
The new solution will be: 


< - *! —— Xu *= 4,000 — (3,000)(0) - 4,000, *' - — = 3,000 

*58 * Xu 


*3 ~ 0, x'i — Xi 


*6 

Xu 


x i3 = 6,000 — (3,000) (1) = 3,000, 


*; « 0. 


i.e,: 


58.55 


z « 4(4,000)+ 3(3,000)+0(0)+ 0(3,000)+0(0) - 25,000. 


58.56 


Leaving the task of verification to the reader, let us seek a 
new solution. 


"1 0“ 


"1 0 0“ 

*18 *16 


'1 0 0‘ 


r 1 On 

A O 

0 0 


0 1 1 

*23 *25 

= 

0 1 1 


o if 

~ 2 2 

-0 1_ 


.1 i 0. 

_ *43 *45 _i 


.1 i 0. 


3 3 

L g 2 J 


(3) (5) (1) (2) (4) 

[*» z J - [4 3 0) 


1 0 

3 3 

2 2 

3 3 

2 ^ 2-J 


-f-i {]. 


58.57 


58.58 


- = * 0 = S 

Cs a " n‘ 


z 3 — C 3 = -0 - ~ \ , 

Then we shall select P,. 


4 ’° 00 4,000, -ii=M^=_ 2 ,00O, ^=1^= 2,000. 


Xu 1 


* 83 -3 

2 


*43 


58.59 


58.60 


We shall choose P 4 . 

The new solution will be: 


V' - JC 1S = 4,000 — (2,000) (1) = 2,000 

*43 

X' » * a — — *88 = 3,000 — (2,000) i-h - 6,000 

*48 * 


K 


*43 


= 2.000 


K - °> < 


58.61 


i.e.: 


x - 4(2,000) + 3 (6,000) + 0(2,000) + 0(0) + 0(0) - 26,000. 


58,62 
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Let us go on to a new solution: 

'o oi n o ii *i 6 ] [1 0 11 r-$ i‘ 

I 0 - 0 1 0 JC 2 4 * ss = o 1 0 10 

0 1 1 ■§• 0 *34 *S5_ 1 ^ 0_ ~1 . 

(4) (5) (1) (2) (3) 


58.63 


R n 

[z t z 5 ] - [4 3 0] 1 0 — [J 4], 58.64 

.i-K 

z A — c 4 =^ — 0 = -£, z s — c s — 4 — 0 = 4. 58,65 

There is no larger negative zj - cj. z can no longer he in¬ 
creased so: 

z = 26,000 is the maximum, 58.66 

with 

58.67 

x 1 = 2,000, x 2 = 6,000 and the deviations x 3 = 2,000, x 4 = 0, x 5 = 0. 
5. Use of the variant. 

Let us pick up the preceding program (58.34) and (58.35), at the 
point to which we had carried it at (58.44). 

This time, let us calculate all the ratiosXj/xy corresponding to 
the indices j = 1 and j = 2. 


*a_ 

*31 



-± 

*41 



6.000 (already 
*6i 1 calculated) 


58.68 

58.69 


The smallest positive number corresponding to the index j = 1 
is 4,000, and the smallest for j = 2 is 6,000. Comparing we have: 


— ( Cl — z i) = (4,000) (4) = 16,000, 

*31 

— (ca — z,) - (6,000) (3) = 18,000. 

*42 


58.70 


The greatest increase in z, 18,000, corresponds to the inclusion 
of vector P 3 in the basis in place of P 4 . We shall therefore take 
0 o = x 4 /x 43 = 6,000. This gives us: 


je'=0, *'= 00 —-—=6,000, x'=x 9 — — *32=4,000 —(6000(0) 

1 2 *42 3 *42 

=4,000 

*'=0, *'=x 5 — — x 52 = 6,000 — (6,000) (J) =2,000. 

4 6 


58.71 
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hence: 


z = 4(0) + 3(6,000) +0(4,000) +0(0) + 0(2,000) = 18,000. 


58.72 


Let us go on to the next stage, calculating the transformation 
of vectors P T and P 4 : 


hence: 


58.73 


"1 O' 


0 

0 


'*21 *24 

0 1 

= 

1 0 0 


*31 *34 

0 


J 0 1- 


*51 *64_ 


(1) (4) (2) (3) (5) 


*21 *21 


"0 1 o' 

-1 

"1 

o' 


'0 1 

0 " 


"1 

0 " 


"0 f 

*31 *31 

= 

1 0 0 


0 

1 

= 

1 0 

0 


0 

1 

= 

1 0 

_*51 * 51 _ 


f 0 1 _ 


1 

0 


.0 -i 

1 _ 


1 

0 


J -L 


58.74 


and 


Calculating z, and z 4 , we have: 

[*i zj - [3 o 0] 

Zi — c i — 0 — 4 =■= — 4, 


o r 
1 0 
i -4 


[0 3], 


C4 — 3 — 0 — 3. 


58.75 


58.76 


We shall select P 1 , for which we have a negative value. Let 
us calculate ratios xp/xij: 


^=^= 2 , 000 . 

Xji 0 X31 1 1 


58.77 


We shall select index 5, for which we have the smallest positive 
number. Hence, vector P x will enter the basis, while vector P 5 will 
leave it. 

The new solution will be: 


* 5 


*6 


x '= d 0 =— = 2,000, *'=x 2 — — * ai -6,000 — (2,000) (0)-6,000 

1 *51 2 *51 

x 58 78 

*'=*»- -* 81 - 4,000 — (2,000) (l) = 2,000, *'=o, *'= o. 

3 *51 4 5 


Finally, we have the solution: 

*X = 2,000, * 2 =• 6,000, *3 = 2,000, - * 5 - 0, z - 26,000. 58.79 


This is the solution of (58.67) obtained in two stages instead of three. 
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This variant has the advantage of reducing the number of 
iterations but, on the other hand, requires calculation of all the 
quotients x^/xij relative to the basis vectors. One can also combine 
the two methods if there is a possibility of thereby finding a 
means of reducing the volume of calculations. 


Section 59 

FINDING A POSSIBLE BASIC SOLUTION 

1. General explanation.—2. Algorithm for finding a possible 
basic solution.—3. Example. 

1. General explanation. 

With the exception of the case of inequations of the type: 

n 

knowledge of a possible basic solution is not immediate (one does 
not know how to find a vertex of a convex polyhedron).* Dantzig 
has suggested a method for finding such a basic solution. We 
shall now present his method, as well as its demonstration. 

We arbitrarily choose a basis made up of m - 1 vectors Pk and 
the vector P 0 . Then each of the other vectors can be expressed as 
linear combinations of the vectors in this basis. 

m- 1 

Pj = yv Pa + yij Pi + ... + y m -i,j Pm -1 =^2, y kj P k • 

First, let us demonstrate that there exists no possible basic 
solution if: 


y 0 j £ 0 for all values of j. 59.3 

To prove this, let us begin by supposing, on the contrary, that 
there exists a possible basic solution \ lt A s ,..., ; that is: 

= Ai Pi + A a Pz + ••• + Xu Pfi Xj > 0 j — 1 , 2, j u. 59.4 


*We have seen, for example in (58.38), how to obtain a basic 
solution very easily in the case where we have only inequations 
similar to (59.1). In that example, it was enough to take x x = 0 
and x s = 0. 
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Substituting (59,2) into (59.4), we obtain: 

Po — [y<n Po + ^11 Pi + ... + ym~i,i Pm- 1] 

+ A 2 [>»oa Po + y\t Pi + ... + ym— i,a Pm- 1] 

+ ... 

+ [>>0^ Po + .Vi^ Pi + ... + ym -it!* Pm- iL 
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After some collection of terms and rearrangement, we have: 


y 03 — 1] + Pi [ yij\ + ... + Pm- i % ym—i,j] — 9 59.6 

However, the vectors P 0 , P 1 ,..., P m _ i have been assumed 
linearly independent (a necessary condition lor forming a basis), 
and therefore we must have 


yoj — 1=0 


59.7 


which is impossible if we have, simultaneously, X j > 0 and y 0 j £ 0 
for all values of j. 

To find a basic solution, we begin with some arbitrary values: 

w u wz, —q 0> 59.8 

where 

^>°> e 0 >0 ; i — 1, 2,..., m— 1. 

Let: 

G — WiPi + P% + ... + Wyn—i Pm—t — 0 oPo» 59.9 

which is more conveniently written: 

G + Po = W1P1 + w 2 Pz + ... + Wm- 1 Pm-i* 59.10 

(In what follows, p 0 will play a role analogous to that of z 0 in the 
preceding example.) 

From what was said above, if a basic solution exists, there is 
at least one j such that yoj >0. Let us choose such a j. 

Now we multiply (59.2) by a quantity 0 and subtract the result 
from (59.10); this yields: 


{7 + (0o + &yo])Pu = 6Pj + ()Vi— Qyxj)P\ + ... + (wm— l— Qym— ij)Pm-i* 59.11 

At this point, we return to the argument of Section 58, from 
(58.8) to (58.13). For values of 0 : 0 < 0 < 0 O , we can construct a 
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set of vectors, G +pP 0 , each of them given by a linear combination 
of the vectors Pj. Since p plays a role analogous to that of z, we 
shall be interested in the highest value of p for which this is 
possible. It will be noted that: 


Q = Qo + dyoj > q o, 59.12 

since y 0 j > 0 was taken as a hypothesis. 

If, in the representation of Pj in (59,2), all yy < 0 (i = 1, 2. 

m -1), the coefficients of Pj in (59.11) will be positive and p -* » 
when 0 -> » . At the same time, we see, in solving (59.2) for P 0 , 


Po = 




y* ) 


P-m-it 


59.13 


a possible basic solution has been obtained; that is, P 0 has been 
expressed as a linear combination of P x , P 3 ,..., P m _ i, and Pj 
with non-negative coefficients. If at least one yy > 0 (i = 1, 2,..., 
m -1), the highest value of 0 is given by: 


for values of i such that yij > 0. 

By taking 0 = 0 O , there is at least one coefficient of a vector Pi 
that cancels out, and one new vector: 

G + 59.15 

will be formed from (59.9) which is expressed as a linear com¬ 
bination of exactly m - 1 vectors, where: 


gi — go + 6 0 y e j >> g 0 . 59.16 

By expressing all the vectors P as functions of the new basis, 
the process can be repeated, and each step will yield a higher 
value of p (or an infinite value, meaning a possible basic solution). 
The process must permit a conclusion in a finite number of 
iterations; actually, if this were not so, since there is a finite 
number of basic solutions, the same combination of m-1 vectors 
Pi would appear a second time. In other words, we would have: 


G + g'P 0 = Wi'Pi + Ws'Ps + . 

•• + w m-1 Pm- 1» 

59.17 

G + g"P 0 = w H x P x + w"p 2 + .. 

• + w m-i p m- 1 » 

59.18 


with p"> p' . By subtracting (59.18) from (59.17), we obtain an 
expression which is not identically zero and gives P 0 as a function 
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of (m - 1) vectors Pi, in contradiction of our hypothesis concerning 
the basis (linearly independent vectors) 0 Hence, there are only two 
conditions which determine the process. 

After a finte number of iterations, we have: 
either: 


0 for all j = 1, 2, m, 59.19 

in which case there is no possible basic solution; 
or: 

yq 0 for all i = 1, 2, m 59.20 

in which case the desired basic solution is found by solving (59.2) 
for P 0 , as we did for (59.13). 

2. Algorithm for finding a possible basic solution. 

1. Determine the coefficients yij; 

2. Choose arbitrary values for P„ and for the m -1 coefficients 
wi of the vectors included in the basis, expressing: 

171—1 

G + e ,P, = .2 w ( P(. 59.21 

3. Select y 0 j. which gives the vector Pj that enters into the 
basis; 

4. Express: 


m—t 

Pi = y,j p, + S, ya Pi. 59.22 

If all y^j are not negative, continue; otherwise a possible basic 
solution has been found; 

5. Select 


6 = min (wi/yy > 0), 


59.23 


which gives the vector Pj to be removed from the basis, 

6. Form: 


m-i 

G + (£?o + 0 y<>}) Pq = 0 Pj + (Wi — 8 yy) Pi, 


59.24 


59.25 


which yields the new solution: 

Q' = £o 4- Qy»j > w'j = 6 , w'i = Wi — Byij i = 1, 2, m— 1. 
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7. Repeat all these operations from the beginning until: 


Pj = yojPo + ytj Pi 


59.26 


contains only negative yy quantities. We then have a possible basic 
solution: 


1 m-i v .. 

— Pj — S P; = P 0 . 


59.27 


3. Example. 

Let us find a possible basic solution for; 

3*1 + *3 - *5 =3 

*i + *3 —3* 4 = — 12 
* 8 "4~ *3 "4" * S =* 4 . 


59.28 


Or, using matrices and numbering the vectors: 


‘3010 -ll l* a 
1 1 0 -3 0 I *3 

0 1 1 0 lj /*4 

(1) (2) (3) (4) (5) \* 5 , 


59.29 


Let us take as an arbitrary basis the (0), (1), and (3) vectors 
and write the corresponding quantities yy: 


0 0—1 
1 —3 0 

1 0 1 

(2) (4) (5) 


3 3 r 

-12 1 0 

4 0 1 

(0) (1) (3) 


r<>s roi r<>5 
vis yu v u 

y** rs4 y *s 


59.30 


hence: 


y*i y 04 y „ 5 
yu ri4 yis 

raz y a * rss 


3 3 1]-1 0 0—1 

-12 1 0 1—3 0 

4 0 lj L 1 0 1 

1 3 1-, rn a 

35 - 35 - 35 0 0 -1 

12 1 12 4 o n 

53-35-53 1-3 0 

4 12 39 ini 

T* r* I U 1 


- i 

35 

3 

-35 

* . 

-35 

12 

1 

12 

53 

-35 

-53 

4 

12 

39 

"53 

53 

53- 

. 4 

9 

2 • 

“35 

53 

-35 

13 

3 

24 

-53 

F« 

-53 

51 

43 

• 53 

“53 

55- 


59.31 
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We start with arbitrary coefficients: 


Then 


Qo = 2, w t = 4, w 9 = 3. 


G = 4Pi 4- 3P 8 — 2P 0 . 


59.32 

59.33 


To select y Q j, we have: 


^ oa -ro4 = r5» = 59.34 

Thus, we shall select j ■ 4 (the only positive y Q j). We then express 

p« = y„ p. + y„ Pi + p.« p> = 35 p ° + n p ' — H p »- 59.35 

Next, we find the vector that will be replaced by P 4 : 

w-i _ 4 _ 14Q n> 3 3 ^ 35 

^14 ~ 3 “ 3 ’ ^ 84 ~_36 12 * 59.36 

J3 35 


Therefore, we choose the vector P x , which gives the smallest 
positive value. Next, we find the new coefficients: 

G + (§• + 0^00 Po = 0P 4 + (w.- Qy*d P *, 59.37 

G + [2 + P. = “V, + [3-(^X—i!)l p. 59.38 

or 

a + 14 p„ - ^ p. + 51 p». 59.39 

The new coefficients are therefore: 

eo == 14, W, = 51, vt>4 = -y. 59.40 

Taking as our new basis the vectors P 0 , P 3 , and P 4 , we find 
the corresponding yij: 


"3 0-1" 


“310" 


>01 roa ros - 

1 1 0 

= 

-12 0-3 


y$i .Vs* yzs 

0 1 1 


4 1 0 


_y 4i y it 


(l) (2) (5) (0) (3) (4) 


59.41 
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hence: 


>01 y*% .Vos' 


' 3 1 0‘ 

—i 

U> 

O 

1 

Hj 

.V31 ^38 >>36 


-12 0-3 


1 1 0 

_y 41 .V42 y 45_ 


4 1 0 


_0 1 X - 


1 0 f 

4 0-3 

4 -i -4 


'3 0-1' 

1 1 0 
0 1 1 


59.42 


1 2 
3 -7 


the columns 


1 2 

-3 and -7 
n « 

"T 


each give a solution. 

To select y 0 j, we have: 


.Voi-3, .Voa — 1) .Vos —• 2. 


59.43 


We shall therefore take y 0 5 (we might equally well take (y 02 ). Now 
let us express P 5 . 


i*s — y<>iP o 4" y* s4“ yi6^i — 2/*o 7 P 3 8/*4. 59.44 

All yij (i ^ 0) are negative: therefore, we have found a solution; 
it remains only to write (59.44) as follows: 

-jPa4-4P 4 +l/ , s = i , o, 59.45 


giving: 


*i = 0, *»=0, *3 = 5 , *4 = 4, *s=£. 59.46 

This is the way we obtained (58.17). 

Another basic solution could have been obtained with y 03 : 

P, + 3 P, + y P. = P„ 59.47 


giving: 


^1 — 0 s X% — 1 J X 3 — 3 , X 4-J , Xfi — 0. 


59.48 
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Section 60 

CONDITIONS FOR THE EXISTENCE OF AN OPTIMUM OF 
THE ECONOMIC FUNCTION 

Referring back to what was said at the beginning of Section 58, 
we can formulate the conditions for the existence of an optimum as 
follows: Let there be 3 possibilities, p lt p 3 , and p 3 : 
p,_: max z = oo 

p s : max z is finite and was found by the present solution; 
p 3 : an optimum solution has not been obtained, and a higher 
value of z must be found. 

A) If at least one zj - Cj < 0, then p 1 or p 3 is true. 

a) If all xij <s 0, for the zj - cj < 0 columns, then p x is true.* 

b) If some of xjj >0, the solution can be improved, which means 
that p 3 is true. 

B) If all zj - Cj > 0, then max z has been reached, and p s is true. 
In the case of a minimum, it is only necessary to repeat this 

explanation replacing zj - Cj by Cj - zj, and max z = ® by min 


Section 61 

USE OF THE INVERSE PRODUCT FORM** 

1. General explanation.—2 0 Example.—3. Application 
to the simplex method. 

1. General explanation. 

Let [B a ] be the regular matrix corresponding to the arbitrarily 
chosen basis, and let [Bfc] be the regular matrix corresponding 


* Actually, in this case, the coefficients of the pi and pj in (59.9) 
are positive and constitute a possible solution (which is not, how¬ 
ever, a basic solution, since it contains m + 1 non-zero variables). 
The corresponding value of z is 

n+m 

Z i (Xi ~ 6 Ct + 6 c b 


in which 0 can be as large as desired; the same is true for z, and 
consequently there is no maximum. 

**It might perhaps be better to call this method: factoring the 
inverse. The reader is free to adopt whichever he likes. 






282 


METHODS OF COMPUTING LINEAR PROGRAMS 


to a new basis obtained by the inclusion of a vector Pe in place of 
a vector P s removed from the basis. Let us give the vectors P e 
and Ps the first position at the left in the bases B a and Bb, in order 
to simplify the beginning of our presentation. To state it concretely, 
let there be 5 vectors forming the matrix: 

5 3 2 4 0 
2 10-34 
2 8 10 1 
(1) (2) (3) (4) (5) 



61.1 



If we multiply [Bbl by the vector ]oj we obtain: 

(°) 

(1) [3 4 01 (1) (3) 

[. B b ] 0 — 1 -3 4 0 = 1 - {Pe}; 61 4 

(0) L 8 0 (°) ( 8 ) 

but: 

{Pe} - |l| = HI jlj = IBal t Bat ‘ ^ 61.5 

Let us set: 


{Xb} = [Pal 



61.6 
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Therefore, from (61.4)—(61.6), we have: 


iBb 1 0 
0 



61.7 


and, since [B]J and [Ba] differ only by their first vectors: 



~ 1 

0 

0 " 


r H5 

To 

0 

0" 

[Bbl 

0 

1 

0 

= [Bal 

50 

T0 

1 

0 


.0 

0 

1 _ 


35 

L— ro 

0 

1 _ 


Let us set: 



r 115 

10 

0 

0 ' 


0 

0“ 

m~' = 

50 

10 

1 

0 


1 

0 


35 

L —-10 

0 

1 _ 


0 

1 _ 


61.9 


Then we have: 


[B b 3 - [B a ] [E b ]~\ 61.10 

It is apparent that the property shown by formula (61,10), in 
which the special form of (61.9) is used, is general, no matter 
what the order of the basis and the position of the vector replacing 
a unit vector in [E^] -1 may be. We have presented the demonstra¬ 
tion of (61.10) by means of a numerical case so as to avoid excessive 
abstraction. 

By inversion of (61.10), we obtain: 


[BbY 1 - [E b ] [B a r x 61.11 

The (61.11) form is of special interest in relation to the direct 
form (61,10) for purposes of electronic computation as will be 
brought out further in Section 70. 

If we change a new vector, we can also write: 


[Be ]- 1 = [Ed [B b l~\ 


61.12 


and so forth. 

For any (m x n) matrix of rank m, we can write: 


[BiV 1 = [Ej] [E k ] ... [ Ec .1 [Ell [Bal~\ 


61.13 
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where the matrices [Ei] are unit matrices in which we have re¬ 
placed one column by the column [B^ _ ^] -1 {P^ and inverted the 
square matrix thus obtained. The column must be chosen to 
correspond to the position of the vector {P s }. 

Therefore, if we know [B a ] -1 - , we can find [B b ] _1 , [B c ] _1 . If 
[B a ] is a matrix that can be inverted easily, the calculation of the 
matrices of the succeeding bases will be particularly simple. In 
the case where [B a ] is a unit matrix, we have: 

mr 1 = m 3 

[B 0 ]~' = [Eel [B b V l - [ E c .I [ E b ] 

[Bat 1 = [E rf ] [Bd - 1 - [Erf] [E t ] [E b ] fi1 14 


[Bi]-' = [Ei] [E k ] ... [E c ] [E b ]. 


It is easy to invert a regular matrix that differs from a unit 
matrix by only one column. Let 1 be the index of the column that 
is not formed by a unit vector, let yn represent the elements of 
this column, andletyij(j ^ 1) represent those of the other j columns. 
Then the elements of the inverse will be: 

m ... 

nn — - i y / 

m 


tiij - o i y- j, j y / 

til] 1 i = ] j l • 


2. Example. 



61.16 


thus: 



-1 -f o o- 

[a]~i - 0 J 0 0 . 

0 J 1 0 
_0 -2 0 1 _ 


61.17 

61.18 


61.19 
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3, Application to the simplex method. 

Let us take a program: 

[max] z = 3 xi + 4 x 2 + x 3 


8 -3 

4 7 
2 3 

5 -2 


0 0 
0 0 
1 0 
0 1 


(1) (2) (3) (4) (5) (6) (7) 


X! 

*3 

*4 

*6 

*7 


61.20 


61.21 


One apparent solution is: 

x x = 0, x 2 = 0, — 0, x 4 = 2 , x 3 = 10, * a = 1, x 7 — 3 . 61.22 

giving: 

* = 3(0)+ 4(0) +1(0) =0. 61.23 

Now we find the transformation: 


61.24 


oo 


"1 0 0 0" 


"*41 *42 *43 _ 

1 4 7 


0 10 0 


*51 *52 *53 

0 2 3 


0 0 10 


*61 *6 2 *63 

1 5 -2 


0 0 0 1 


_*71 *7 2 *73_ 


(l) (2) (3) 


(4) (5) (6) (7) 


Here, the basis [B a ] is the unit basis: [B a ] 1 = [1]. Thus, we 
have: 


61.25 


*41 *42 *43 


'2 8 -3“ 

*51 *52 *53 


1 4 7 

*61 *6 2 *63 


0 2 3 

_*71 *72 *73_ 


1 5 -2 


Now we calculate z 1? z s , z 3 ; 


[ z \ z 2 z s ] =- [0 0 0 0] 
(4) (5) (6) (7) 


'2 8 -3 
1 4 7 
0 2 3 
1 5 -2 


-[0 0 0 ]; 


hence: 


61.26 


61.27 


z x — 0 , z 2 — 0 , z 3 — 0 . 
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This gives: 


7i—Ci — 0—3——3, z-i —c*2 — 0—4 --—4, z 3 —c 3 — 0—1 =— 1 


61.28 


Therefore, we choose P g , for which we have the largest negative 
number, for inclusion in the basis. Next, we calculate the ratios 
xi/xij: 


*6 _ 10 „ 5 _ 1 XI 

*s* 4 2 Xu 2 Xtx 


61.29 


We select the index 4, for which we have the smallest positive 
number; thus, we remove P 4 from the basis, to be replaced by P-,. 


*' = o, 


x' — xi — 0 


= x b — 6 * 52 , 

- 10 - (J) (4) = 9 


= 3 — (4) (5> = 2 ; 


hence: 


“ °> 


x t — d x,t, 

1 “(i)(2)-i 


2 = 3(0) + 4(i) 4 1(0) - 1. 


Now we verify: 


61.30 


z — z 0 + 6 (c 2 — z 2 ) 


0 4- i [4 — 0] - 1 


2 8 -3 1 0 0 01 U 

1 4 7 0 1 0 0 0 

0 2 3 0 0 1 0 ^ 0 

.1 5 -2 0 0 0 lj J 9 

(1) (2) (3) (4) (5) (6) (7) f i 


61.32 


61.33 


Let us proceed to the next step, which is to find the transforma¬ 
tion of vectors P 1f P s , and P a . 


2 1 —3 8 0 0 0 *n Xu Xg3 

1 0 7 4 1 0 0 Xu Xst X 53 

0 0 3 2 0 1 0 *si X 34 Xg 3 

1 0 —2 5 0 0 1 *71 *74 *73 

(1) (4) (3) (2) (5) (6) (7) 


61.34 





METHODS OF COMPUTING LINEAR PROGRAMS 


287 


To invert the matrix formed by the vectors, P a , P 5 , P 6 , P 7 , we 
shall use the product form (one might also invert it directly, since 
it has the requisite special form): 


1 8 

2 

5 


( 8 ) 

) 4 ( 

) 2 ( 

( 5 ) 


61.35 



‘8 0 0 0* 


' 5 0 0 0- 


i 0 0 0-1 

[£&]-> - 

4 10 0 

2 0 10 


-i 1 0 0 
4 0 1 0 

, m-' = 

4 1 o 0 
4 o 1 0 


,5 0 0 1. 


L-I 00 lj 


_-| 0 0 1_ 


61.36 

61.37 

61.38 


This gives: 


*21 *24 *23 


§ 0 0 0 1 


*51 *64 *53 


- i 1 0 0 


*61 *64 *63 


- *0 1 0 


_*71 *74 *73. 


L-4 0 o 1. 



2 1- 3“ 


i i ~ i 


1 0 7 


o -i 


0 0 3 


2 2 

-4-4 'i 

61.39 

1 0-2 


-i -1 - J ,J 



Now we calculate z 4 , z 3 : 


[z x 2 4 z 3 ] =[4 0 0 0] 
(2) (5) (6) (7) 


o -i y 
4 -i V 
L-i 4 -8 l J 




61.40 


hence 


—1 — 3=—2, 2 4 — c 4 =J —0=i, 7 3 ——l=—61.41 


The most negative value corresponds to index 3, hence we introduce 
into the basic, vector P 3 . Let us calculate the ratios Xi/xij: 


l 


*2 

#23 

4 

3~ 

n | tn 

1 

II 

X 53 

II 

oo’jV 

II 


“ 8 



2 



1 



7 


Xs 

•Xs 3 

in j ^ 

II 

M 'l a 

li 

X? 

X? 3 

4 

1 

= — 14 


4 



" 8 



61.42 





Now we calculate z lf z 4 , z 6 . 

i io po 

17 ± 34 

15 15 15 

_J_ _4 

15 15 15 

4_ _1? _1 

“15 30 30 

hence 


Zi=$, Zi = z 6 = $, 

and 

Zl _ Cl =£—3 == - 1, ^4— c 4 =4—0 = J, z 8 —c 8 =f ■— o -f . 


= » i fl; 


Ui Z 4 z„] — [4 0 1 0] 
(2) (4) (3) (7) 


61.53 

61.54 

61.55 


Therefore we introduce vector P x into the basis. 

The reader can continue these calculations for practice. 

The principle of this variant (see Section 70) is particularly 
useful when the simplex method of calculation is used with the aid 
of an electronic computer. This variant was developed by Dantzig 
and Orchard-Hays.* 


*See, for example: G. B. Dantzig and W. Orchard-Hays, “The 
Product Form for the Inverse in the Simplex Method,” Mathemati¬ 
cal Tables and Other Aids to Computation, VIII, No. 46, April 1954, 
pp. 63-67. 
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Section 62 


DEGENERACY 


Let us return to expressions (57.3), (57.4), and (58.2). Let: 

n+m n+m n+m 62.1 

'Z aij xj = b u z = S C j Xj et j S Pj XJ - P Q . 62>2 

* = 1, 2, m 62.3 

If the m equations (62.1) are not linearly independent, we 
say that we have degeneracy. In this case, we can form 1 < m 
new linearly independent equations to replace equations 
(62.1). 

Another case of degeneracy can occur if the vectors repre¬ 
senting columns of the matrix of coefficients are not linearly inde¬ 
pendent; at a certain point in computation, this involves the presence 
of a quantity 0 O = min/i (xi/xij) = 0, and it is no longer possible to 
increase (or decrease, as the case may be) the value of the 
function. We say that this is a cyclical degeneracy. It can occur 
at the beginning of computation, or even after several itera¬ 
tions.* 

Furthermore, it is possible that P 0 may be a linear combination 
of p (p < m) vectors chosen among the Pi; this is another case of 
degeneracy. This kind of degeneracy can be avoided by modifying 
slightly the values of the components of P 0 . This method is em¬ 
ployed particularly in transportation problems. It is also possible 
to increase the number of Pj vectors, by means of a certain number 
of unit vectors Vi, with the corresponding Ciin z being chosen very 
small in relation to the others. By replacing Vi with —Vi, if need 
be, a possible solution can be obtained. The rank of the linear sys¬ 
tem in this case is k = m. 

In linear programs corresponding to actual economic phenomena, 
the presence of degeneracy is a rare occurence; for lack of space 
in this book, we refer the interested reader to several works on 
the subject.* 


*See the following references: A. Charnes, “Optimality and 
Degeneracy in Linear Programming,” Econometrica, Vol. 20 
(1950), No. 2, pp. 160-170. E 0 M. L. Beale, “Cycling in the Dual 
Simplex Algorithm,” Naval Research Logistics Quarterly, Vol. 2 
(1954), pp. 269-275. A. J. Hoffman, Cycling in the Simplex 
Algorithm (National Bureau of Standards Report), December 16, 
1953. 
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Section 63 


METHOD OF SUBMATRICES* 


1. General explanation.—2, Variant,—3. The case of 
equations.—4. Example. 

1. General explanation. 

A purely algebraic method, using a breakdown into submatrices, 
will be our next object of inquiry. 

First of all, we shall show how to find a maximum in the case of 
finding an optimum with any kind of equations whatever. 

The relations (57.5) and (57.6) can be written, after the intro¬ 
duction of slack variables as: 

j~#ii Ox a • •• dm 1 0 ••• ® 

Oal O a2 • din 0 1 ... 0 


Qmi %2 ••• a mn 0 0 ... 1 

—Cx— c a ...— c n 0 0 ... 0 



x n+m 


Let us adopt the hypothesis that all the quantities bj (j = 1, 
2,..., m) are positive. We have changed the sign of z for reasons 
of convenience, which will become apparent later on. 

We can divide this into submatrices as follows: 


-O u 

Joia . 

.. dm 

]_ 

0 .. 

o' 

Oai 

j Oaa 

...dm 

0 


0 

dm i 

1 dm 2 

... dmn 

0 

0 .. 


-ci 

\-c t . 

.. ~c n 

0 

0 ... 

. 0. 




63.2 


Let us take: 


a u == On, — [oi 2 l 0 ... 0), 


63.3 

63.4 


*This method was inspired by the work of Dantzig, Orden, 
Charnes, Cooper, and Henderson on the one hand, and that of 
Gabriel Kron on the other. 
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flt 2 l 


fl 22 

.. a 2?? 0 1 

... 0 


a 4 — 




Ojm 


a m a • 

0 

... 1 

-Ci _ 


_-c a . 

.. -c» 0 0 

... 0 


A\ — X\, 


I x n-i-i | 
x n+m I 


fit — bi 


63.7 

63.8 

63.9 
63.10 


Then, the system of equations (63.1) can be written: 

oti Ai + a a A a == 63.11 

a 3 Ax + a 4 A a = 63.12 

We propose to transform equations (63.11) and (63.12) in such 
a manner that the new system will take the form: 


Ax -f a 2 ' A* = fii 

a* A* = 


63.13 

63.14 


this in order that the set of solutions to (63.11), (63.12) will remain 
unchanged in the transformation that leads to (63.13), (63.14). 
Note that this amounts to replacing the first column in (63.1) by: 


If we remove X from (63.11), we obtain: 

Ax = a " 1 ^Mx — or 1 a 2 A a . 

Substituting (63.16) into (63.12), we obtain: 

a 3 or 1 — a 3 or 1 a 2 A 2 + a 4 A 2 - ^ 
(a 4 — a 8 cr 1 a 2 ) A 2 = ju 2 — a 3 cr 1 /^. 


63.17 


63.18 
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The system (63.11), (63.12) thus becomes: 

Ai 4 cr l a a A a = a" 1 

(a4 — a 3 a" 1 a 8 ) A 2 = — a 3 a~ l fix ; 


63.19 

63.20 


this is the desired new form. Identifying (63.19), (63.20) with 
(63.13), (63.14), we obtain: 

a' — 1, 63.21 a' = cr x a„ 63.22 = cr 1 ^, 63.23 

a'= 0, 63.24 a'— « 4 — a 3 a -1 a s , 63.25 — ^2 —a 3 a -1 ax, 63.26 

To avoid tedious explanations, we shall now demonstrate this 
method by an example. Returning to (58.34), (58.35), after the in¬ 
troduction of the slack variables (58.36), we write: 


r 1 ; 

1 

0 

1 

0 

O' 

/ *1 

0 ! 

1 

0 

1 

0 

)xt 

1 1 

1 1 


0 

0 

1 

)x 3 

-41 

-3 

0 

0 

0 

[ *4 

(1) 

(2) 

(3) 

(4) 

(5) 

1 V* 5 



63.27 


Now we apply the Dantzig criteria given in Section 58. We 
choose the first column, which contains, in the bottom row, the 
most negative quantity (the choice is limited to columns (1) and 
(2), since the other columns relate to the unit matrix; thus, we 
exclude them from our field of choice.) So we choose column (1-), 
in which we find (-4). Next, we compute the quotients: 


4,000 

1 


= 4 000. 



6,000 

1 


= 6 , 000 . 


63.28 


We choose the element in the first row, for which we have found 
the smallest positive quantity (4,000). 

Then we divide into submatrices as shown in (63.27); this gives 
us: 


63.29 


a' = a- 1 a 3 = [1] [0 1 0 0] = [0 1 0 0], 


0 

0 

- 0 - 


63.30 


63.31 
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ioio] ro~ 
f 0 0 1 — 1 [0100] 

-3 0 0 0 -4 


10 10 
f —10 1 

-3 4 0 0 


63.32 


/(=a'iVi = ^000, 


63.33 


6,000 0 
“ as “TV 4 * = 6,000 _ 1 


Which gives: 


6,000 

2,000 

— z + 16,000 


4,000 
6,000 
2,000 
z+ 16,000 


This time, in conformity with the Dantzig criterion, we select the 
second column and the third line. Let us perform permutations to 
place them in the first column and in the first line: 


ijo-i o 


l !o o 
0 {1 1 


11 / X1 _\ 


6,000 
4,000 
z + 16,000 


63.36 


This gives: 




63.37 

[0-10 1] = 

[o - | 0 §, 

63.38 

roi 

o o 
_1 

II 

e 


63.39 
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0 0 10 
110 0 
0 4 0 0 

0 ! 1 -i- 
110 0 
Lo-i o |J 


i 
0 

L-3J 


[0 -l 0 l], 


63.40 


H[ = a~ l ^ = -. 2,000 = 3,000, 


6,000" 


" 3,000" 

4,000 

— 

0 

— z + 16,000 _ 


—9,000_ 


3,000 
4,000 
z + 25,000 


63.41 


63.42 


which gives: 


1 0 -f 0 

o 0 


3. 
2 

1 -I 


2 * 2 
0 110 0 
,0 0-4 0 |J 
t 


X 2 

*X 

x 9 

x t 

X s 


3,000 
3,000 
4,0001 
z + 25,000 


63.43 


This time let us select the third column and the second line, 

*3 


r - 
2 

0 

0 

1 -2- 

3 

“2 

0 

1 

0 i 

1 

1 

0 

0 0 

u 

0 

0 

0 |J 


3,000' 


X a 

*4 

*5 


3,000 
4,000 1 
z + 25,000 


63.44 


Let us not give the details of the computation any more: 


63.48 


a/ = 

1 , 

63.45 


= [0 

o i -i 


“0" 



"0 

1 1 0“ 

a/ = 

0 

» 63.47 

<V = 

1 

0 _$ 1 


0 



_0 

0 i 4J 





- 

6,000“ 

f*x' = 2000, 63.49 

P* = 


2,000 





— z 

+ 26,000 


63.50 
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Which gives: 

-1 0 0 i -1 ] l x, \ ( 2 , 000 ] 

0 0 110 '( ) 6,000 ( 

0 1 0 1 = 2,000 ' 63.51 

0 0 0 * 4 J [ X ‘J ( — z+ 26,000 ] 


There are no more negative numbers in the last row, and thus 
we have reached the maximum. The solution is obvious; in order 
to state it, let us transpose the columns and rows back into their 
original order: 


"0 0 l — J —l 

0 10 10 
1 o o $ 1 

_0 0 0 | 4 


*l\ 

1 

X 2 I 

I 2,000 

* 3 / = 

( 6,000 


I 2,000 

xj 

\ — z + 26,000 


63.52 


We have: 


= 2.000, * 9 = 6,000, *3 = 2,000, = 0, * 5 = 0; 2 - 26,000. 63.52a 

Before going on to equations, we should point out that in the 
case of a minimum we would take z rather than -z in the column 
of the second member, and in the bottom row, Ci rather than -ci. 
Consequently, the signs of the coefficients aij will be changed, as 
will the Dantzig criteria (see Section 64). 

2. Variant. 

To obtain, in the first column of the rectangular matrix on 
which we perform the transformation, the values: 


1 

0 

0 63.53 

0 

we can avoid the computations indicated by formulas (63.21) ~(63.26) 
simply as follows (the explanations will be given by means of an 
example). Returning to (63.36), we multiply the first row by the 
inverse of 2/3, or 3/2. This gives: 


- i °-| ° | 

10010 
01100 
.-3 0 4 0 0 



3,000 \ 

6,000 r 

4,000 ( 
— z + 16,000/ 


63.54 
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Now we multiply the first row by ~1 and add it to the second 
row; then we multiply the first row by 3 and add this to the fourth 
line; this yields: 


l 0 


3 

"2 v 2 
0 0 \ l-l 
0 110 0 
0 0 -i 0 l 

t 


X a 

Xi 

x 3 

x 4 

X 6 


3,000 
3,000 1 
4,000 
z + 25,000 


63.55 


And thus we find exactly (63.43). 

Using this same procedure, we shall now try to obtain the third 
column the values: 


o 

0 63.56 

0 


We multiply the second row by the inverse of 3/2, or 2/3, and then 
we obtain zeros in this row by means of suitable multiplication and 
the addition of certain other lines. We can very quickly obtain 
(63.51). This procedure is much faster than the preceding ohe, and 
is used in the Charnes, Cooper, and Henderson table presented in 
Section 65. 

3. The case of equations. 

We proceed as follows: 

1. The economic function is transformed by the addition of m 
variables whose coefficients are equal, very large, and negative; 
in this way, we know that the solution corresponding to the maxi¬ 
mum will contain none of these variables. 

2. These variables which are called artificial variables, are 
added to the constraints, as in the case of inequations, but we know 
that these variables will be zero for the maximum. 

3. The remaining procedure is the same for inequations. 

4. Example. 

Let us take: 


3x, + x 3 — x 5 — 3 
Xi + X2 — 3x 4 ~ 12 

x 2 + X 3 -f x B = 4 . 

[max] z — 3xi 4- 2 x 2 4- x 3 4- x 4 4- 5x 5 . 


63.57 
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With the addition of the artificial variables, this becomes: 


3*1 4- *3 — *6 + * C 

*1 "T *2 3*4 - *7 

*2 4~ *3 4" *5 4" *8 


63.58 


It will be noted that the artificial variables are given the sign 
corresponding to that of the second member. Thus, in our example, 
we begin with the solution: x s = 3, x 7 = 12, x s = 4, the others being 


z ~ 3*i 4- 2* 2 4- * 3 4- *i 4- 5. 


Mxt — Mx 7 — Mx g 


63.58a 


where M is a very large and arbitrary quantity (as we shall see, 
there is no point in assigning a value to M). 

This gives us: 


3 0 1 0 -1 10 0 " 

-1 -1 0 3 0 0 1 0 

0 1 10 10 0 1 

-3 -2 -1 1 -5 M M M 


63.59 


or, by shifting the square matrix: 


"1 

0 

0 j 3 

0 

1 

0 

- 1 ' 

0 

1 

0 ,-1 

-1 

0 

3 

0 

0 

0 

1 1 0 

1 

1 

0 

1 

M M m\ 3 

-2 

-1 

-1 

- 5 _ 


63.60 


Using formulas (63.21) - (63.26), which are valid no matter what 
the division of the submatrices, we obtain: 


loo 3 
0 10 -1 
0 0 1 o 

0 0 0 -2M-3 


-2M-1 -3M-1 -5 

t ‘ 


«! 

4 

z - 19 Af 


63.61 
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This result can be obtained directly (as can easily be shown) by 
placing zeros below the unit matrix and adding to each-c^ the 
quantity -(a^ + a 3 i + ... + a m i)M, and to -z the quantity -M(b 1 + 

bg + ... + bin). 

Now we choose the seventh column (the most negative of the 
~ci, taking into account, of course, the -M). 


“ 3 

1 

0 

-1 

-1 0 

0 

0 

0 

0 

3 

0 1 

T 

0 

0 

1 

0 

1 1 

0 

3M-1 

0 

0 

-2M-3 

-2 -2M-1 

0 


01 

-1 

1 

5 


12 


3 

4 

z —19 A/ 


63.62 


The transformation gives: 


T 

i 

0 

4 

4 

0 

0 

o- 

/ x t 
l x 1 

1 ^6 

0 

0 

0 

3 

0 

1 

1 

-1 

]*1 

0 

0 

1 

0 

l 

1 

0 

1 

)x 2 

_0 

A/+4 

0 


-w-j 

-2M-1 

0 

- 5_ 

I X 3 




t 





[ *9 

\ x 3 


4 

3 

4 

z — 7A/+4 


63.63 


r 3 


10 0 0 


1 -11 


i ! i 

o i o 

10 1 


-3M-y 0 0 -M-l -2M-1 0 -5. 


4 

4 

2 — 7Af-f 4 


63.64 


The transformation gives: 


0 0 0 
0 i 4 
1 o 1 


LoM+$0 0 -M-\ -M+l M+-- 


10 


-M- S j 


13 
3~ 

4 

-z-4M+j 


63.65 







Section 64 

FINDING A MINIMUM 

1. The Dantzig method.—2. Submatrix method.— 

3. Another method.—4. The case of equations. 

1. The Dantzig method. 

We proceed as in Section 58, except that j must be chosen so 
that Cj - zj is as negative as possible. 

Example: 

[min] z = 15JCI + 33jc 2 64.1 

with the constraints: 

3jci + 2jc 2 ^ 6 

6x i + x 2 > 6 Xi> 0. 

*.» 1 64.2 
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With the slack variables, we shall write: 

[min] z = 15* x + 33* a 


3*i + 2* a — * 3 = 6 

6*1 + *a — *4= 6 xi > 0. 

* a — *5 = 1 


Let us start with an arbitrary solution: 


*! = f * a = 2, *3 = 0, *4 = 0, * 6 = 1, z = 15(f) + 33(2) = 76. 


We have 


"3 

2 -1 

0 

0 " 

/* 1 
1*2 

6 

1 

0 

-1 

0 

<*3 

0 

1 

0 

0 

-1 

|*4 


(1) (2) (3) (4) (5) \xj 


r-i oi 


"3 2 0 ' 

"*1S *14 “ 


“3 2 0" 

r 1 2 

9 ~ 9 

1 0-1 

= 

6 1 0 

*as **4 


6 1 0 

-i i 

o 

o 


_ 0 1 -1_ 

_ *53 *54 _ 


.0 1-1. 

L-i *J 


(3) (4) (1)(2)(5) 


Us 


z*] — [15 33 0] 


r I 2 -i 
9 “9 

-f i 

U u 


= [- 


61 

T 


¥i. 


a / 61\ _ 61 

c 3 — z 3 = 0 — (— y) ~ T ’ 


A (23 
Zi = o — (y) --3 ■ 


Thus we select j = 4. 

*;-*--£*““*- 3 HK’ 

<= JC >-^:^ = 2 - 3 ( i )= 1 

x' = 0, *'=—=3, x' = 0. 

• * *.. 5 

z = 15 ( 3 ) + 33(1) + 0(0) + 0(3) + 0(0) - 53. 

Verification: 

'32-1 0 0 
6 1 0-1 0 
01 0 0-1 



64.3 

64.4 

64.5 

64.6 

64.7 

64.8 

64.9 

64.10 

64.11 


64.12 
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z = z 0 + 6(Ci — z 4 ) = 76 + 3(— f) = 76 — 23 - 53. 
Search for a new solution 


‘-I o" 
o o 
o -l 
(3) (5) 


"3 2 0‘ 

<*13 *16 


”3 2 0“ 

r4 f] 

6 1 -1 

*28 *26 

= 

6 1 -1 

0-1 

0 1 0 

_*48 *45_ 


i 

o 

o 

CO 

7. 


(1) (2) (4) 


[z$ 


*«] = [15 33 0] 


r-i fi 
0 -1 
-2 3 


= [-5 -23], 


64.13 


64.14 


64.15 


c 3 —z s =0 — (— 5) = 5, c 8 — z, = 0 —(—23) = 23 . 64.16 

There is no more Cj - Zj negative, the value z = 53 is the minimum. 
2. Submatrix method. 

There are several ways of using this method. First, let us 
study the case of inequations. 

The search for a minimum can be transformed into a search for 
a maximum, simply by transforming the variables. Remember that 
in the submatrix method, we must start from a z = 0 solution, 
which cannot be a basic solution in finding a minimum. In other 
words, we must transform the inequations and the economic 
function in such manner that the origin of the new reference 
(n-hedron) will lie upon the convex polyhedron formed by the hyper¬ 
planes, and that this new reference will contain, in its positive 
portion, at least one vertex of the polyhedron if the program has a 
solution. This is achieved by transforming the variables as 
follows: 

xk^xok — x'ic, 64.17 

where x 0 k are suitable constants. 

One can, except in special cases, take all the x 0 k constants as 
equal to a single constant a t so that the new inequations, with their 
signs changed, make possible a basic solution made up of the slack 
variables. 

Example. 

Returning to (64.1) and (64.2): 

[min] z — 15*! -f 33* a 64.18 

with the constraints: 


3*i + lx 2 > 6 
6*i + x a > 6 
* a > 1 


X{> 0. 


64.19 
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Now let us find a quantity a. such that, when = a - xj' is sub¬ 
stituted into (64.19), these inequations will hold for xi' = x 9 ' = 0. 

3(a — Xx') + 2(a — x % ') > 6 

6(a — Xx') 4- (a — */) > 6 64.20 

a — */ > 1. 

This yields: 

a > I> «>!> a > 1 - 64.21 

Let us take a - 2, which satisfies all the inequalities. The 
minimum we are seeking becomes: 

[min] z - 96 — 15*/ — 33*/ 64.22 

with the constraints*: 

3*/ + 2 * 2 ' < 4 

6*j + *2 < 8 64.23 

*»' < 1 . 


In place of this minimum, we shall now search for a maximum: 


[max] z' = 15*/ 4- 33*/, 


64.23a 


with the same constraints as above (64.23). 
This yields: 


"321 
6 l 0 
0 10 
-15 -33 0 

f 


0 0 “ 
1 0 
0 1 
0 0 


Xx') 

x/l 

x 3 ' / 
*/ 1 
x* 



" 1 

! 0 

0 

0 

f 

1 

! 6 

0 

1 

0 

2 

! 3 

1 

0 

0 

-33 

|-15 

0 

0 

0 _ 


Xi' 

x \\ 

x;\ 

*// 



64.24 


64.25 


*To these constraints it would be well to add: x[ ^ 2 and 
Xg ^ 2, so that x x 2 ; 0 and x s ^ 0. However, in this example chosen 
expressly for its great simplicity, the first inequation implies that 
x' x and Xg are less than or equal to 2; we have therefore omitted 
the constraints x\ £ 2 and x 3 ^ 2, but this should by no means be 
taken as a general rule. 
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n 

0 0 

0 

J - 

[X a 

0 

6 0 

1 

— 1 

i *i 

> 0 

3 1 

0 

—2 

{x/ 

0 

-15 0 

0 

33 

/ *4 

' X& 


t 



■ 3 

!o i 

0 

- 2 ] 

jX x f ' 

-- 

i 

— 


W 

6 

o 

o 

1 

-1 

u 

0 

1 1 0 

0 

1 

}x A '\ 

_-15 

|o 0 

0 

33 _ 

\* 5 ^ 

'1 

0 i 

0 


(Xi'\ 

0 

0 -2 

1 

3 

1 Xi 1 

0 

1 0 

0 

1 

} x '\ 

_0 

0 5 

0 

3 

i Xi ] 


LmI 

+ 


L—4 

+ 



1 
7 

2 

'— z' -f 33 


l 

h 

-z'+33] 


i] 

3( 

-z'+43 


Therefore, the optimum solution is: 

Xi = J , x/ = 1 , x$ — 0 , * 4 ' = 3 , .Vs' = 0 , z' = 43; 

which gives: 

Xi = I, * £ = 1 , z — 53, 


64.26 


64.27 


64.28 


64.29 


64.30 


a result which is already known (64.13). 

3. Another method. 

In addition to the m slack variables, one may add m other 
artificial variables (or complementary variables), giving them 
a + sign and introducing them into the economic function with very 
large positive coefficients, so as to make sure that these comple¬ 
mentary variables will not appear in the solution corresponding to 
the minimum. Thus, the program: 


[min] z = 15*i + 33*2 


64.31 


with the constraints: 

3*i 4“ 2*a ^ 6 

6*i+ x a > 6 x t > 0, 64.32 

* 8 > 1 


will become: 


[min] z — 15*1 + 33*2 + A7*e + Mx 7 + Mx 8 


64.33 
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with the constraints: 


3*! -f 2x 2 — x 8 + *8 •— 6 

6*x + *2 — *4 + * 7 = 6 64.34 

*2 — X # + *8 = 1 . 

We are thus brought back to the search for a minimum for the 
case of equations, which we shall discuss below. In the case of 
(64.33) and (64.34), we start from the solution x i = 0, i = 1, 2, 3, 4, 
5, x 6 = 6, x 7 = 6, Xg = 1, which gives us a unit starting basis and 
makes it possible to apply the submatrix method. 


4. The Case of equations. 

We shall treat linear systems as we did (63.57), adding an 
artificial basis whose coefficients M in the economic function are 
very large. 

Example: 


[MIN] Z — 3*1-*2+*3+*4 


64.35 


with the constraints: 


—3* t + 5* 2 —2* 3 + Xi — 1 

4Xi —* 3 + * 4=4 

*1 -f 2*2 + 8*3—4*4 = 8. 


64.36 


We shall take: 


[min] z = 3*! — * 2 + *3 + *i + Mx 5 + M* a + Mx-! 64.37 


— 3*i ~f* 5*2 — 2*3 i - *4 4" *5 1 

4*1 - *2 + *4 + *6 = 4 

Xx -f 2*2 + 8*3 — 4*4 + *7 = 8. 


Now we set: 


'1 

0 

0 ! 

-3 

5 

-2 

r 

0 

1 

0 l 

4 

-1 

0 

1 

0 

0 

1 1 

1 

2 

8 

-4 

M 

M 

, —i 
M\ 

3 

-1 

1 

1 


*5 

*8 

*7 

*1 

*2 

*8 

*4 



64.38 


64.39 
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from which we obtain: 


1 0 0 -3 5 -2 1 

0 10 4 -1 0 1 

0 0 1 1 2 8 -4 

0 0 0 -2M+3 -6M -1 -6M +1 2M+1 

A 

I 


Here we proceed just as we did for (63.57), except that the 
selection of columns is made by taking the largest negative num¬ 
ber among the coefficients of M in the economic function. Thus, 
we shall select in (64.40) the vector with index 2 in the first row. 

We shall leave the remaining calculations to the reader. One 
obtains, finally: 


l 

4 

8 

-13M 


64.40 


= 1.298, x, = 1.194, * 3 = 0.539, x 4 = 0, x 6 = = * 7 = 0 

min z = 3. 2402. 


64.41 


Section 65 

THE CHARNES, COOPER, AND HENDERSON TABLE 

Let us consider the matrix equations (63.21) - (63.26), writing 
them with the system of index symbols used for (63.2); thus, if r 
is the index of the row that has been transposed to appear in the 
first row, and if j is the index of the column transposed to appear 
in the first column:* 


In place of: 

We shall write: 

65.1 

= 1 

4 - i 

65.2 

a z = “T 1 a 2 

, *rl 


65.3 

otg — 0 

o 

II 

H 



*The coefficients aij are written xij in this section, so as to 
follow the notation of the authors of the table. 
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In place of: 

We shall write: 

65.4 a' = fti — a 3 a" 1 a 2 

4 1 

, ( x r i\ 

x u = xu —[ - Xjj 

1 \XrjJ 

i^L r et 1 j 

z'j — c'i = 0 

65.5 

r x rj 

65.6 — ft 2 — a a cr* 1 

,, , / x r i\ , . , 

£>.—[ - )b r i¥- r 

* i \ Xrj) 

— z' = — \z — — (z r — Cr) 

L x rj J 


These relations can be written in a more condensed manner as 
follows, letting: 

65.7 

Xro — »r» •*$<> — Oi . gcj g 

Thus, with row r and row j chosen: 


, _ xn 

/ = 0, 1, 2, n + m, 

65.9 

r l Xrj 


ii 

lE 

-* 

l = 0, 1, 2, n -f m, 

65.10 

z l - c 'i (z i - c i> - (“) (z i - c i ] 

/ - 0, 1, 2, .... n -b m, 

65.11 

, x rl r 

z' = z - \ z r - 

- c r ). 

65.12 


Xrj 


Charnes, Cooper, and Henderson suggested a table for easy 
computation which is justified by relations (65.7) -(65.12), above. 
In this table, the rows are no longer numbered in their arbitrary, 
1, 2, 3, 4 order, but in numbers corresponding to the basis vectors 
(see Table 65.1, where as an example we have used four equations 
in six variables.) The quantities x^(i = 7, 8, 9, 10; 1 = 1, 2, 3, 4, 5, 
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6) are the coefficients ay corresponding to the four equations. 
Starting with this table, one forms a new one, which is obtained by 
means of relations (65.7) - (65.12). 

It will be convenient to show the mechanics of this computation 
by means of an example. We choose the one given in the Operations 
Research course at the Case Institute of Technology (Cleveland, 
Ohio).* 


Table 65.1 


c i 


1 

0 

0 

0 

0 

Cl 

* 

c 3 

Ci 


c 8 


Vectors 

A, 

Pi 

p & 


P 10 

Pi 

Pt 

P 3 

Pi 

Ps 

A 


Pi 

*70 

i 

0 

0 

0 

*71 

*72 

*73 

*74 

*75 

*76 


Ps 

*80 

0 

1 

0 

0 

*81 

*82 

*83 

*84 

*85 

*86 


A 

*90 

0 

0 

1 

0 

*91 

*92 

*93 

*94 

*95 

*98 


Ao 

*10.0 

0 i 

0 

0 

1 

*10.1 

*10.2 

*10.3 

*10.4 

*10.5 

*10.8 


z i 

1 

1 











z 3~ c } 





1 








Let us take the following linear program: 


0,01 Xx + 0.01 x a + 0.01*3 + 0.03*4 + 0,03*5 + 0.03* e < 850, 

0.02*x + 0.05*4 < 700, 

0.02 * a + 0,05*5 < 100, 65 * 13 

0.03* 3 + 0.08* 6 < 900. 

[max] z = 0.40*: + 0.28*2 + 0.32* a + 0.72* 4 + 0.64* 6 + 0.60* 6 . 65.14 

After introducing the four slack variables x 7 , x 8 , x g , x^, these 
data will be introduced in Table 65.2. We shall employ the term 
vector, which is very useful and is altogether justified by the 
geometric consideration relating to the linear spaces in which the 
convex polyhedrons of the linear programs are embedded. 


*“A Short Course of Operations Research,” Case Institute of 
Technology. This example is also used in the Introduction to 
Operations Research, by Churchman, Ackoff, and Arnoff. 
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u 

We begin with Table 65.2, and we use the Dantzig criteria to 
select the vectors P 4 and P 8 ; the vector P 8 will enter the basis, 
and the vector P 8 will leave. We must how calculate the new 
coefficients x ij of Table 65.3, which will follow Table 65.2. We 
obtain: 


*80 

*84 


*74 


850 


700 

005 


003 - 430 , 


*87 

*84 


*74 = 1 - 0 = 1, 




, *89 

*79 ~ * 7 » v XU 

•*84 


0 — 0 = 0 , 


etc... 


*' = — = ^.= H000, 
40 *84 0.05 


etc... 


, *87 __ U 

~ 0.05 ’ 


/ *88 1 

= ~xZ “(M)5 = 2 °' 


65.15 


at' — c' = (z, — Cj) — ( z * — c,) = 0 — X (•— 0.72) - 0 

z,'—c' = (z,—c 9 )~ ^(z.-c,) = 0- (^(-0.72) = 14.4...etc 

Table 65.2 


c i 







0.40 

0.28 

0.32 

0.72 

0.64 

0.60 


Vectors 

*• 

Pi 

P 9 

P 9 

Pi 0 

Pi 

Pt 

Pi 

Pa 


P 9 


Pi 

850 

1 




0.01 

0.01 

0.01 

0.03 

0.03 

0.03 


P 9 

700 


1 



0.02 


( 

JO 




P$ 

100 



1 



0.02 



0.05 



-Pio 

900 




1 



0.03 



0.08 


z j 






0 

1 0 

I 

0 

0 

0 

0 


Z ) — C } 






—0.40 

—0.28 

—0.32 

—0.72 

—0.64 

—0.60 


t 
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Table 65.3 


c i 







0.40 

0,28 

0.32 

0.72 

0.64 

0.60 


Vectors 

Po 

Pi 

Ps 

P> 

Pm 


P % 

P* 

Pi 

Pz 

Pi 


Pi 

430 

1 

-0.6 



-0.002 

0,01 

0,01 


0.03 

0.03 

0.72 

P* 

14,000 


20 



0.4 



1 




P> 

100 



i 



0.02 






Pi 0 

900 




1 



0.03 



0.08 


Z J 

10,080 


14.4 

j 0.288 



0,72 


1 


z i~ c 3 

10,030 


14.4 


|-0.112 

-0.28 

-0.32 j 

-0.64 

-0.60 


t 

Thus we obtain Table 65.3. Figure 65.1, shows schematically* how 
a new table is obtained from the old. Tables 65.4 to 8 and the rest 
give succesive results. 



*This scheme is given in the course of the Case Institute of 
Technology. 
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Table 65.4 




Table 65.6 














c s 







0.40 

0.28 

0.32 

0.72 j 0.64 

0.60 


Vectors 

Po 

Pi 

^8 

p . 

Pio 

p ‘ 

P% 


P 4 

P 5 

P* 



150 

1 

-0.5 

- 0.5 

-1/3 




1/200 

1/200 

1/300 

0,40 

0.28 

Pi 


■ 

m 



1 



5/2 


■ 

P 2 

5,000 



50 



1 



5/2 

■ 

0.32 

\ 

P 3 

30,000 




100/3 



1 



8/3 


I 

25,0001 

20 

14 

32/3 




0.28 

0.06 

- 

0.253 


Table 65.8 is the final table, since all the are positive. 

The optimum solution is: J J 

= 35,000, = 5,000, =-- 30,000, * 4 =-■ * 5 = * 6 = 0 

•*7 150, Xg = x$ ~ Xio ~ 0 . 6516 

max 2 = 25,000. 

The Charnes, Cooper, and Henderson table is equally readily 
used in the case of equations: we simply add artificial vectors, 
the coefficients of whose variables are quantities, M, that are very 
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large — positive or negative, as required —in the economic func¬ 
tion. Then one proceeds as in the submatrix method, of which the 
table is a different presentation. 


Section 66 

PROPERTIES OF DUALITY 

1. General explanation.—2. First example.— 

3. Second example.—4. Third example. 

1. General explanation. 

In Section 16 we illustrated the property of duality by means of 
a simple example. We shall now discuss this very important 
question in more detail, without, however, going into its proof, 
whose difficulty is far too great for the scope of this elementary 
book.* 

The programs: 



n 

[MAX] g = TiCjXj 


[MAX] g =■ {c}'{x} 

66.1 

I 

n 

S ay Xj < b{ 

i == 1, 2, m 

or in matrix 
style: 

[a] {*} < {b} 

66.2 




m 

[MIN]/ = 2, bi yi 


[MlN]/= {b}’{y} 

66.3 

I] 

m 

. S ay yt > Cj 

or in matrix - 
style: 

A\ 

’T” - ' 

66.4 


j = 1, 2, n 





are called duals of each other, and possess the following properties: 

1. ,max g = min f. 

2. Let us designate the marginal costs z* - cj > 0 of the pro¬ 
grams at their optimum value as follows 

gk “ c k for program I 66.5 

~(fk “ bk) for program II. 66.6 


*See bibliography: refs. C-3 and C-4, for example. 
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Now let us number, from 1 to n, the effective variables of I: 
x T , x s ,...,x n ; and from n + 1 to n+ m the slack variables: 
x n + l, x n + 2» • • •» x n + m. For program II, however, let us 
number the effective variables from n + 1 to n + m, or y n + i, 
yn + 2>..«» yn + m» and the slack variables from 1 to n, or y i5 y a , 
..., y n . The only purpose of this numbering system is to facilitate 
the explanation. 

The marginal costs of I will provide the solution for II, and the 
marginal costs of II will provide the solution for I. 

Thus: 


gk — Ck ^ yk 

yk> 0 k = n + 1, n + 2,...,» -+ m. 

66.7 

bk — fk ' 

= Xk Xk> 0 k — 1, 2, ... n. 

66.8 

First example. 



Let us take the programs: 


[max] g = 4xi + 3*2 

[max] g = 4xi -f 3x2 

66.9 

xi < 4,000 

X2 < 6,000 

xi -h J X 2 ^ 6,000 

i.e., by adding the xi + X3 = 4,000 
deviation variables x 2 + x 4 = 6,000 
*1 + \ X2 + X3 = 6,000 

66.10 


and 


[min] / = 4,000 yz + 6,000 y± + 6,000 yz 


66.11 


ys+y* >4 i.e., by adding the - yi+ys = 4 gg 12 

y 4 + i y$ > 3 deviation variables - yz + y* + 3, 

that we will write by means of matrices to make concrete the 
expressions: 


and 


[max] g = [4 3] 

*2 


66.13 


1 0 

; 1 

0 

0“ 

/ xi \ 

1 x 2 l 

)4,QQ0] 

0 1 

0 

1 

0 

( *3 / 

= 6,000 

4 i 

0 

0 

1_ 

*4 

)6,000j 





\ *5 ] 



66.14 


r 

[min]/= [4,000 6,000 6,000] jj 4 ), 


66.15 
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y 1 

y4 

ys 


We have seen in section 58 that the optimum of the 
(66.13, 14) was, according to (58.65, 6, and 7): 


max g = 26,000, = 2 , 000 , * 2 = 6 , 000 , - 2,000 

gi — Ci^ -J-, g 5 C 5 = 4 . 

From this it results that the optimum of this program is: 

min / = 26,000, y x — -J, y 8 — 4 

b x ~/t - 2 , 000 , ■—•/*« = 6 , 000 , 6 * ~/ 8 = 2 000 . 


3. Second example. 

The dual of program (65.13, 14) is: 


[min] / = 850 y 7 + 700 >> 8 + 100 + 900 y v 


0.01 y 7 + 0.02 v 8 > 0.40 
0.01 y 7 + 0.02 y 9 > 0.28 
0,01 y 7 + 0.03 y l0 > 0.32 
0.03 y 7 + 0,05 y a ^ 0.72 
0,03 y 7 -(• 0.05 „v 9 > 0.64 
0.03 v- -f 0.08 y, 0 > 0.60 

and according to table 65.8, we can write: 

min/ - 25,000, y t = 0, y 8 = 20, y 0 - 14, y l0 =- 32/3, 
b, —j\ - 35,000, b* — /, - 5,000, b A —/, = 30,000, b, — /* 
^5 —/& 0, b a — 0. 

4. Third example. 

Let us take (64.1, 2) again: 

[MfN]/ = 15 y x + 33 y t 


3 y t + 2 >> a > 6 

or, after the addi¬ 

'3 

2 -1 

0 

0 " 

iy 1 

\y 2 

6 yt !- y% >6 

tion of the devia¬ 

6 

1 0 

-1 

0 

< ,v 3 


tion variables 

0 

1 0 

0 

- 1 _ 

1 y* 
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66.16 

program 

66.17 

66.18 

66.19 

66.20 

=0 66.21 

66.22 

6 ) 

66.23 
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The dual is: 


[max] g = 6 x 3 + 6 jc 4 +■ * 8 


[max] g = 6*3 + 6*4 + 


66.24 


3 * 3 + 6* 4 < 15 
2*3 + *4 -i- *5 ^ 33 


1 0 3 6 Oil*, 
0 1 2 1 lj{*3 


66.25 


The solution of (66.22, 23) is: 

min/=53 y 1 = 2, y 2 = 1 

63—/ 3 = 5, 6 4 —/ 4 = 0, 65 —/a = 23. 


The solution of (66.24, 25) is: 

max £• = 53 * 3 = 5 


0, * 5 = 23 

^2 — c 2 = 1 . 


These properties enable one to transform a search for a mini¬ 
mum into a search for a maximum, or vice versa; and this can 
make computation much simpler. They make possible the choice 
between two programs of the one with fewer rows, which reduces 
the volume of calculations; they also make it possible to check the 
accuracy of computations by calculating the economic function of 
the dual. Furthermore, the property of duality of linear programs 
has made it possible to prove some important theoretical properties 
in the theory of linear programs and in that of games of strategy. 

Section 67 

CONVERSION OF EQUALITIES INTO INEQUALITIES. 

To compute certain linear programs, or to demonstrate certain 
properties, one must convert equalities into inequalities. Let: 


[min]/= 2 bi yu 


h 2. n. 


The n equalities (67.2) can be replaced by the following 2n 
inequalities: 


j — 1 ,2, 
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Let: 


yi > — q 7 = 1 , 2 ,...» n. 


[min]/ =6 Ji+ ^2 + ••• + £w 


' flu 

fl 12 

... fl vm 

-flu 

-«ia ••• 

• •• -fli m 

flal 

<722 

flaw 

-flu 

fl 2 2 

... -a 2m 

. 

fl« 1 

an 2 ••• 

... Qnm 

.-dm 

~ a n a ••• 

• • * ~ a nm 


Cl 

-Ci 

c 3 


> TV 


7m 


c» 

-Cw 


We shall have to deal with the dual of this problem: 

[MAX] g = Cl a+ — Cl *7 + c 2 A+ — c a A“ +...+ c n a£ — c n X- 

b x 

b 2 








i 

a~ 

i 


Oil 

— flu 

fl 2 1 

— a 2 i . 

• flfti 

— dm 

A + 

2 

1 

fl 12 

— fl ia 

fl 22 

- fl 2 2 

• An, a 

— d n 2 

A - 
i 2 

><■ 


1 ! 


[_fli m 

— dim 


— flaw • 

.. dnm 

— d%m 

f A+ 
n 



a_ 

»/ 


\ / 


67.4 


67.5 


67.6 


67.7 


The meaning of the + or - signs written above and to the right 
of the variables is obvious. It will be noted that xj + ^ 0, xj" > 0, but 
the same does not necessarily hold true for xj = xj + - Xj“. The use¬ 
fulness of this arrangement will be brought out in the next section. 


Section 68 

MATHEMATICAL ANALYSIS OF THE 
TRANSPORTATION PROBLEM 


We return to equations (17.16) - (17.19): 
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n 




YtXij = at 

i- 1,2,... 

, m. 

68.2 



m 

^Xij = bj 

j = 1, 2, ... 

, n, 

68.3 



m 

n 

— S bj. 


68.4 

The m + n 
following 2(m + 

equations (68.2) 
n) inequations: 

and (68.3) 

can be replaced by the 



n 

at , 

n 

^.- ai 

68.5 



m 

E*#> bj, 

m 

> -V 

68.6 

The 

2(m+n) inequations (68.5) and 

(68.6) 

can be grouped 


together in a single matrix: 



which we shall write as: 


[A] {x}> {B}. 


68.8 
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These constraints will be associated with the economic function: 

[min] f~{C}'{x), 68.9 


where 


{C} / = [c 11 c i 4 ... c in c si c 2a ... c 2 n ... Cm a ... c ran ]. 

Now let us consider the dual problem: 

{c}, 

[max] g - 

where 

{r}' = [«+«7«+«7 ... u + m u- m y\ V- yf y- ... y+y- 

the meaning of the + or - signs being obvious. 

Equation (68.12) can also be written: 

in n 

[MAX] g = .£(*/+ — 10 di -1- J X (\+ — V-) bj 

m n 

= E ui ai + X v; bj 

where 


68.10 


68.11 

68.12 

68.13 


68.14 


Ui = uf - u % , v, = vt - Vj 

i = 1, 2, ..., m j = 1, 2, ..., w. 


68.15 

68.16 


Remember that ui + £ 0, ui“ £ 0, vj^ 0, and vj~£ 0, but that this 
does not any longer apply to ui and vj, because the differences do 
not necessarily yield positive quantities. 

The inequations of (68.11), in turn, can be written: 

( w +__ w -) + (v+ —v;)< Cu, 


(«+ — u~) + (v+ — V ) < Cij, 
t i j : j 


Or 

m 




v « ) ^ c tnn 


68.17 


or, again: 


i = 1,2, ..., w, 
j = 1, 2, ..., «. 


+ Cij 


68.18 
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Since there are m + n - 1 variables associated with a basis, 
there are m + n - 1 equations such that: 

Ui + Vj = Cij, 68.19 

to determine the m quantities ui and the n quantities vj. 

Now we will use the stepping-stone method, described in 
Section 17. In (17.8), we calculate, for example, 6 i 5 corresponding 
to an xy which is not associated with the basis. 


$15 — C 15 <?13 ~i* C 23 C 24 + C 34 C 3S 

= cn ~ — v 3 + « a + v 3 — u% ~~ v 4 + « 3 + v* — h 3 — Vg 68.20 

= c 16 — «i—- v 5 . 


It will be seen that this property is general, and that one can 
find the value of the variation of z corresponding to a unit increase 
in the zero variable xij (outside the basis), i.e., the unit marginal 
cost, by means of the formula: 


= Cy — Uf — Vj. 68.21 

We can avoid working out the steps and the somewhat lengthy 
computations that are involved in this operation. For example, to 
calculate (17.8), it is necessary to first determine ui and vj, which 
can be done by taking the 7 equations relative to the cij in the 
squares corresponding to the basis. 

Suppose we have to find the m + n = 8 variables: 


Mi, « a , « 3 , Vi, v„ v 3 , v 4 , 68.22 

Mi + Vj = 4 

Ml + V 2 = 1 

«1 + V 3 = 2 

K 2 + v 3 - 3 68.23 

m 2 + v 4 = 5 
m 3 + v 4 = 4 
u-i + v 6 = 8 


Since we have m+n-l==3+5-l = 7 equations, and m + n = 8 
variables, we shall set one of the variables arbitrarily equal to 
zero say iq = 0; then we have: 


Ml = 0, Ha - 1, h 3 = 0, vi = 4, v z = l, v 3 == 2, v 4 = 4, v 5 == 8. 68.24 
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Thus, we find once again: 


*14 

a variation 

(5l4 


Cn 

~ Ul — 

v 4 

—- 

6 

— 0 

— 4 

= 

2 

*15 

a variation 

$» 

= 

<?15 

— Hi — 

V 6 

= 

9 

— 0 

— 8 

= 

1 

*21 

a variation 

$21 

= 

C 21 

— h 2 — 

Vi 

= 

6 

— 1 

— 4 

= 

1 

*22 

a variation 

^22 


<*22 

— « 2 — 

v 2 

= 

4 

— 1 

— 1 

= 

2 

*25 

a variation 

$25 

= 

C 25 

— h 2 — 

V 5 

= 

7 

— 1 

— 8 

= 

— 

*31 

a variation 

$31 

= 

C 31 

~ Ih — 

Vi 

= 

5 

— 0 

— 4 

= 

1 

*3 2 

a variation 

$32 


C 32 

— H 3 ~ 

V 2 

= 

2 

— 0 

— 1 

=■ 

1 

*33 

a variation 

$33 

= 

^33 

— Hi — 

V 3 

= 

6 

— 0 

— 2 

= 

4 


This can constitute a variation of the stepping-stone method. 
All we need do is compute uj and vj for each new basis by means 
of equations (68.19). 


Section 69 

MATHEMATICAL ANALYSIS OF THE “TRAVELING 
SALESMAN” PROBLEM 

The “traveling salesman” can be formulated as follows: find a 
permutation P (1, i s , i 3 ,..., i n ) of the integers from 1 to ri that 
minimizes the quantity: 

z = c 'h + c Ma + — + c Ui 

where 

Cap* CL 1, *3> ift) ft — 1*2, Z*3, .ifiy 1 

are real numbers (negative costs are conceivable). 

If: 

c a p cp a matrix is nonsymmetrical; there are 
(n - 1)! possible permutations. 

Cap = c fia the matrix is symmetrical; there are 
1/2 (n - 1)! possible permutations. 

The problem can be stated in another way: find a cyclical per¬ 
mutation matrix [X] such that the trace* of the matrix [X] [D] is 
minimum, with [D] being the matrix of costs. 

Tr jXj [/)] minimum. 69.5 


69.1 

69.2 

69.3 

69.4 


*Let us recall that the “trace” of a square matrix is the sum 
of the terms of its principal diagonal. 
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Table 69.1 

Cyclical permutation 
matrix 




I 


i 



HIM 

l h 



l 

i i i 


Table 69.2 

Non-cyclical permutation 
matrix 


l | 



• i I 



i l 

‘ 1 h 

1 

1 

“fl 

— 

1 1 


Tables 69.1 and 69.2 show the special characteristic of a 
cyclical permutation matrix: it cannot be divided by partition at 
the principal diagonal, whether or not one forms cyclical permuta¬ 
tion submatrices. In Table 69.2, onecanform cyclical permutation 
submatrices, which means that this matrix itself is not one of 
cyclical permutation. 

We regret to state that there is, at present, no analytical 
method that makes it possible, in the general case, to find the 
minimum solution of a traveling salesman problem, other than by 
trying all the permutations, whose number quickly becomes astro¬ 
nomical: for example, with symmetrical unit costs: 

10 cities: 181,940 cycles, 

20 cities: a number of 19 digits. 

Even the fastest electronic computer would never complete such 
a task. 

In a report to the Operations Research Seminar at the Uni¬ 
versity of Paris, M. Kreweras pointed out: “Even in cases where 
the costs are uniform, in which case we naturally minimize the 
length of a closed circuit (let us call this minimum L), it is easy 
to show that the minimum circuit is not that of the convex polygon 
possible, nor that of the maximum enclosed area; the method that 
consists of starting at any arbitrary point and moving on to the 
closest one, and so on, does not give us L. The method of dividing 
the region into two parts and searching for an L in each of them 
is just as disappointing; the method of improving the length by 
operating with limited regions having arbitrary closed contours 
also fails to yield results .’’ 

Some methods have given partial results (improved the eco¬ 
nomic function in some cases, but with no assurance that the 
minimum has been found); but a general method has yet to be 
devised.* 


*See G. Dantzig, R. Fulkerson, and E. Johnson, “Solution of a 
Large-Scale Traveling Salesman Problem,” J.O.R.S.A., No. 4, 
November, 1954; M. Flood, “The Traveling Salesman Problem,” 
J.O.R.S.A., Vol. 4, No. 1, January, 1956. 
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Section 70 

USE OF ELECTRONIC COMPUTERS 

1. Description of operations on a GAMMA magnetic drum com¬ 
puter.—2. Data preparation.—3. Data recording.—4. Summary ofthe 
algorithm.—5. Distribution of numbers in the drum memory.— 6. Se¬ 
quence of operations.—7. Examples. 

1. Description of operations on a GAMMA magnetic drum com¬ 
puter.* 

To make the most of the possibilities offered by electronic com¬ 
puters, one is lead to utilize a variant of the simplex method 
usually called the inverse product form (see Section 61), and to 
operate with an adapted algorithm; we shall describe this method 
in such fashion that it can readily be associated with a flow diagram 
and a machine program. 

Take the linear program** 

n 

[MAX] z = E Ci xi Xi> o, 70.1 

^ { a ij x i — bj j — 1 , 2, m, bj> 0. 70.2 

We now introduce the artificial variablesxj,j - n + 1, n + 2,..., 
n + m, which gives us: 

n m 

[max] z = E ci Xf — M^x n+ j 


n 

Sffj, Xi + x n +j = bj 

where M is a quantity we make arbitrarily large. We limit the 
number of artificial variables introduced strictly to that required 
to provide a unitary starting basis. 


x* 5* 0 70.3 

k = 1, 2, n + m, 
j — 1,2, 70.4 


*We are particularly grateful to M. de Bournonville, Ingdnieur 
des Mines, and to M. Havelka, both of the Compagnie des Machines 
Bull, for their invaluable assistance in preparing this section. 

**This discussion will be stated with reference to systems of 
equations. However, the reader should find no difficulty in making 
the transition to the cases of systems containing inequations. 
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We shall use $2 to denote the elements of the matrix formed as 
follows: 



'Cl 

Ca 

... c n 

0 

0 

... 0 ] 


#11 

#12 

... am 

1 

0 

... 0 

w\ = 

#21 

#22 

... # 2 » 

0 

1 

... 0 


. 


_ a nn 

a m a 

••• %» 

0 

0 

... ij 


This matrix comprises the coefficients of the economic function 
(the first row), then the m x n matrix of the coefficients aij, and the 
m x n unit matrix. The first row will not contain the coefficient 
(“M)j we shall bring in these coefficients later on (70.12), in the 
calculation of zj - cj. Thus, in the initial basic solution that will be 
chosen (70.7), the economic function z will be equal to 0. There¬ 
fore we can write: 


Cl Ca 
# 11 #12 
#21 #22 


_#mi #m 

\ x n+mJ 


c% 0 0 
#m 1 0 

#2W 0 1 


Qmn 0 0 


/*! 

*2 

X n 

*n+t 

Xn+s 


70.6 


Or, in a condensed form using symbols whose correspondence is 
obvious, we can write: 


={£}. 70.6a 

In this system, an initial basic solution is given by: 

x n- fi — bu x n +% — bi, Xn+m = bm, z = 0; 70.7 

that is, by the second member of (70.6), where we have made z = 0. 
We can also write equations (70.6a) in the following form: 

— z 
x n+\ 
x n +2 

Xn+m 


70.7a 
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Note that by adding (-z) to the vector solution, we have enlarged 
the base by one row and one column. Let [B a ] be the m x m unit 
basis: 


t B a ] = 


'l o ... o] 
o l ... o 


m ; 


0 0 ... 1 

m 


we shall call[^ 0 ]the (m +1) x (m + 1) unit basis: 


[■#«] = 


“1 0 ... 0 * 

0 1 ... 0 


0 0 ... 1 


m 4- 1 . 


m + 1 


70.8 


70.9 


Similarly, we shall call[^&], ... the (m + 1) x (m + 1) bases 

of the iterations which will follow. Each of these basis matrices 
can be decomposed into “the inverse product form,” as we did in 
Section 61. We can then write: 


E^L 1 = EA] E @aY x = EA] [1] - [A] 

E ®cT l = 1 $ c ] E^&r 1 - tfc] EAl 


« [i T ] 1]... & e ] [<? b ] , 


70.10 


but each matrix [«f] will be an (m + 1) x (m + 1) matrix formed by 
an (m +1) x (m + 1) unit matrix in which one of the columns is 
replaced by a column of coefficients, as was shown in Section 61 
(see (61.15)); in this case, however, each column thus introduced 
has (m +1) elements and is incorporated in matrix (70.5). 

As was seen in Section 61, to obtain a new basis we must post- 
multiply a given basis (the first in the order of these operations 
being (70.9) by [efL 1 corresponding to the chosen new basis. 

In selecting the most negative zj - cj (the Dantzig criteria), we 
shall make use of the formula:* 


&j] = [Cj] [Pd" 1 [Pj] . 70.11 

If we replace [Ba] -1 by [^ a ]~s [Pi] by[<*/], and [cj by the first 
row of [f{] of the initial basis 0B a ], while making the first coefficient 
of [fj] negative, we obtain [zj - cj] directly in place of [zj] . 


* Referring back to (58.7) and (58.8): [x tj ] = [Pd" 1 [Pd, E*d = [c t ] . 
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This vector (row) [fjO will always have the form [-1, 0, 0,..., 0]; 
in practice, we take advantage of the fact that we can assure that 
a particular variable will be eliminated from the basis first by 
artificially assigning the value -M to a particular coefficient in 
Si]. Of course, as soon as this variable is eliminated, the 
corresponding coefficient in [fi] will be returned to its normal 
value, which is 0. The example given a bit further on ((70.17) and 
(70.18)) will clarify this procedure. 

The formula becomes: 


[zj - eft - [A] Wal~ l [Jafl • 70.12 

If we begin with the unit basis containing the artificial variables* 
(which necessarily must all be eliminated), the vector [filwill, in 
the first iteration, become: 

[A] = [— 1 — M — M ... —M] 70.13 

and the [zj - cj] vector will, in turn, become: 

[zj — cj] = [—1 — M — M ... — M] Wa]- 1 . 70.14 

In the subsequent steps of the calculation, the (-M) quantities 
must disappear, one after the other, from [fj.]as new vectors are 
introduced into the basis. Thus, we shall know zj - cj for every 
iteration by means of (70.14), in which we will have progressively 
replaced the (-M) quantities by zeros with each successive 
iteration. Of course, the Dantzig criterion concerning zj - Cj will 
apply only to the indices j which are not in the basis. In practice, 
this selection is not difficult, as we shall show in an example. To 
obtain the xj/xy values, we need only compute the xi corresponding 
to the elements that are not all zero in the solution, by means of 
the successive products which we shall now describe. 

If {j3 a } is the first vector constituting a solution corresponding 
to the second member of (70.6), we take as the vectors constituting 
the successive solutions: 



*As noted in an earlier reference, (-M) will appear with the 
artificial variables, and zero with the slack variables. 
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m = [Ai m 
{pc} = m m 


{Pt} = [<^t] {#T-i} 


70.15 


Similarly, if we call {pj} the vector of index j that enters the 
basis, we shall have, successively: 

W - {#*} 

= [#b] {P)} 

entering the basis at the 2nd iteration. 


W - [<?<] [<fd {«} 

entering the basis at the 3rd iteration. 70,16 


{0>t) =[<^r] [<?r->] • • • [<?<•] [#d {«} 

entering the basis 
at the 7th iteration. 


The vectors {& a }, {^b}, . {^V}»... will provide the... xy 

for each j chosen at each iteration. The xi/xij quotients will thus be 
obtained by taking the corresponding quotients, element by element 
(except for the first row, given the manner in which these vectors 
were constructed). In this fashion we find the vector to be removed 
at each step. 

When seeking a minimum rather than a maximum, we would 
take the most negative of the cj - zj quantities, which amounts to 
changing the signs of the zj - xj. 

As we pointed out at the beginning of this section, this procedure 
is particularly helpful in electronic computation because it reduces 
sharply the number of numerical elements to be placed in the 
memory. In fact, all that need be placed in the memory is the 
zeros, and eventually the ones, of the unit matrix; matrix multi¬ 
plications are reduced to only the essential operations. 

Let us again consider the example of (58.14), (58.15), which we 
have already treated in Sections 58, 62, and 63; this will permit 
the reader to compare all the variations on the simplex method as 
applied to one example. Here, of course, the problem is not one 
of simplifying manual calculation, but of saving space in the 
memory and in reducing calculation time to a minimum. 

Let: 

[max] z — 3*1 + 2* 2 4 *•> 4 * 4 -f 5*5, 70.17 

3*t -4- *3 — *5 - 3, 

*x 4- *2 — 3*4 - — 12, 70.18 

*2 4' *3 4“ *5 ~ 4. 
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Changing the signs of the second equation in (70.18) and intro¬ 
ducing the artificial variables x 6 , x 7 , and x 8 , we can write:* 

1 *1 j 

X 3 ( Z\ 

* 4 1 _ ) 3r. 

xA ~~ jl2( 70.19 

xA ( 4 ) 

*7 j 

*8 


First iteration 

The initial vector solution is: 

z ] 

xA 

xA 

X») 

The first basis is: 


1 0 0 0 “ 
0100 
0010 
o 0 o i_ 

and its inverse: 

1000" 
0100 
0010 
0 0 0 1 





70.20 


70.21 


70.22 


The calculation of zj - Cj is given by: 

(1) (2) (3) (4) (5) (6) (7) (8) 
n 0 0 01 r 3 2 1 1 5 0 0 0“ 


Z J-€)]=[- 1 


( 1 ) 

= [-2Af-3, 


1 0 0 0 " 
0 10 0 
0 0 10 
0 0 0 1 


(3) (4) 

2M-1, -3M-1, 


1 0 0 
0 1 0 
0 0 1 


70.23 


outside the basis 


*This arrangement has been chosen to agree with the description 
of the machine program that will follow. 
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The choice will turn on the zj - cj that are not in the basis; thus 
we will take j =4, which yields the most negative zj - c* (remem¬ 
bering that -M is arbitrarily very large). Therefore: J 


( °) 

{/»•> = 1,2 • W 

( 4) 


Thus: 



*c 

3 

*» 

12 

*s 


= — 00 - 

= — - 4, 


*0 4 

0 

*74 

3 

*8 4 


70.24 


70.26 


Therefore vector 7 will leave the basis. 

For the rest of the computation, we must evaluate the matrix: 



'1 

0 

1 

o' 



‘1 

0 -i 

0" 

= 

0 

0 

1 

0 

0 

3 

0 

0 

70.27 

[<?&] = 

0 

0 

1 0 

0 i 

0 

0 


_0 

0 

0 

l_ 



[0 

0 0 

1 


70.28 


Second iteration 


70.29 




'1 

04 

0" 


' 3 

2 

1 

1 

5 

0 

0 0" 




0 

1 0 

0 


3 

0 

1 

0 

-1 

1 

0 0 


0 

! 

1! 

M 3 

0 

0 i 

0 


-1 

-1 

0 

3 

0 

0 

1 0 




L° 

0 0 

‘-1 


0 

1 

1 

0 

t 

0 

0 lj 

70.29 

0) 

(2) 


( 3 ) 

( 4 ) 

( 5 ) 

(6) 


( 7 ) 

(8) 

~[— 3 M —-3°, - 

- M — 

7 

3 > 

— 2 M~ 

1, 

0, 

— 

5 , 

•— 

M , i . 

— M ] 


We bring into the basis vector 1, for which we have the most 
negative value of zj - cj (we do not consider vectors 4, 6, and 8, 
which are in the basis). 


{h} = [A] {§a} - 


'1 04 0“ 
0100 
0 0 | 0 
0 0 0 1 _ 




70.30 


t &blr l {0 , « ) }= [ibT 1 


3 

3 


Xi __ 4 

Xn -J 


'1 0 4 0 
0 10 0 
0 0 J 0 
_0 0 0 1 

= — 12, — = = o=. 70.32 

*81 0 


UJ ' 

3l 

n 


70.31 


*« 

*81 
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Vector 6 will leave the basis. 

To continue the computation, we evaluate the matrix 


t^r 1 = 


1 j o 1 
0 3 0 0 
04 10 
0 0 0 1 


70.33 


\0 cl = 


1 -y 0 0 

040 0 
0 1 0 
0 0 0 1 


70.34 


Third iteration 


ft-<*]«[-! 0 0 - M] [<f e ] [A] M 




1 

0 0" 

"1 0 

4 °i r 3 

2 

1 1 

5 

0 

0 

[-1 0 

0 -M] 

0 

i 0 0 

0 1 

00 3 

0 

1 0 

-1 

1 

0 



0 

i 1 0 

0 0 

i 0 -1 

-1 

0 3 

0 

0 

1 



.0 

0 0 1. 

_o 0 

01 J L 0 

1 

1 0 

1 

0 

0 

0) 

(2 K 


0) 

(4) 

(5) 

(6) 

(7) 

(8) 



~ro, - 

-M—i, 


- M + 1 

0, - 

-M-f, 

10 

9* 

b 

— Af], 



We bring into the basis vector 5, for which we have the most 
negative value of zj - cj (there are several -M values, but -M-55/9 
is more negative than any other value outside the basis). 


(<?J {fo} 


70.36 


Therefore we remove vector 8. 

To continue the computation evaluate [&a ]: 


1 0 0 f 
0104 
001 -} 
0001 


70.39 


0 1 0 
0 0 1 
0 0 0 


70.40 


Fourth iteration 


[- 1 0 0 0][^][^][A][^] 

(1) (2) (3) (4) (5) (6) (7) (8) 

[0, £ f, 0, 0, £ b "]; 


70.41 



METHODS OF COMPUTING LINEAR PROGRAMS 


331 


since there are no more negative zj - Cj, we have attained the 
maximum. 

Calculating the optimum solution, we obtain: 


{Pd} = i*d\{Pc} 


-1 oo-f' 

010 i 
0 0 1 5 
.0 0 0 1 . 



70.42 


Hence: 

z = 31 + J, xx = 7 ,x t = = 4, the other xj. being zero. 70.43 

The marginal costs are given by (70.41). 

We shall now describe in detail the use of this algorithm with an 
electronic computer. For this presentation we have chosen the 
type GAMMA electronic computer with magnetic drum memory 
(Gamma-E.T,), made in France by the Compagnie des Machines 
Bull. This computer may be considered typical of the medium- 
size computers found in the research departments of large cor¬ 
porations as well as in mathematical laboratories, universities, 
and other organizations that engage in scientific calculation. 

The GAMMA-E.T. computer comprises three major units: 

1. The input-output unit, which receives the input data and 
prints out the results. This unit consists of a standard punched 
card tabulator and line printer. Data are introduced at the rate 
of 150 80-column cards per minute, and results are printed out 
at the rate of 150 lines per minute. 

2. The arithmetic unit, which can perform the 4 operations 
to 12 decimal places. This unit has 71 rapid store memory 
banks which can store not only the input data and intermediate 
results but also the portion of the program in process. 

3. The memory. This unit consists of a high-capacity magnetic 
drum that can record more than 16,000 numbers of 12 decimal 
places. 

A program read into the drum from punched cards permits 
automatic control of the entire computer. 


2. Data preparation. 

Data are presented in the form of a table containing the 
coefficients of the equations and inequations, including the second 
members and the coefficients of the economic function. This 
table requires considerable preparation before it is put into the 
form of punched cards. 
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Fig. 70.1 

a) The second members of the equations and inequations must 
be made positive; actually, this second member is to serve as a 
basic solution by the addition of artificial variables. 

b) The inequations must be transformed into equations by the 
addition of slack variables. 
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c) Artificial variables must be added so as to obtain a basic 
solution formed by the second members. 

The artificial variables must tend to be eliminated first in the 
computation. If all the artificial variables cannot be eliminated, 
the system is insoluble. The values of the artificial variables 
that are not eliminated enable one to know the deviations in the 
unsatisfied equations. 

We may note that a basic solution can be formed by using the 
slack variables of the relations that contain a “less than or equal 
to” sign, because the coefficient of each of these variables is 
equal to 1; this makes it possible to reduce correspondingly the 
number of artificial variables to be introduced. 

In the algorithm to be used, zero coefficients will be assigned 
to the slack variables and artificial variables. 

d) Sequence numbers must be assigned to the equations and 
inequations (row indices) and to the real, slack, and artificial 
variables (column indices). 

3. Data recording. 

Data are recorded one datum to a card. One card is made for 
each non-zero coefficient of the first members; one card is made 
for each second member, whether or not it is zero. 

The data-recording area of the card is divided into 4 zones 
(see Fig. 70.1) (columns 1-6 are used only for auxiliary purposes 
and columns 7-57 are not utilized); 

Zone 1 ( 5 columns); sequence number (“term number”) of the 
card (0 to 99,999). 

Zone 2 ( 3 columns): row index of the matrix element (1 to 999). 

Zone 3 ( 3 columns): column index of the matrix element (1 to 
999). 

Zone 4 (12 columns): coefficient: 1 column for its sign and 11 
columns for its value; the decimal point is located after the 4th 
digit. If a coefficient is greater than 10,000, all the coefficients of 
the equation are divided by a suitable power of 10. 

4. Summary of the algorithm. 

The calculation is iterative*, and the chain of calculations for 
iteration T can be summed up as follows. 


*Mathematical engineers and programmers habitually use the 
word iteration for what is generally a step in the algorithm. The 
word iteration has a narrower meaning for mathematicians. We 
trust the reader will pardon us for accepting this abuse of termi¬ 
nology, which is so widely adopted. 
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On the one hand, we have the coefficients of the and &3} ma¬ 
trices, and, on the other, the vector (jSx-i} which is the solution to 
the preceding iteration. We also have the [«f a ], [tf b ] . \i T _ 1 ] ma¬ 

trices of the past iterations. 

If the artificial variables have not been eliminated, we create 
an artificial vector, [ft], giving the position of these variables, so 
that the machine can assign priority to the non-artificial variables. 

We compute: 


[fi\ mr 1 - &t- il [tfr-al ... l^o] 7O.44 

and 

[dj] - [z } — Cj] = [ft] [&T]- 1 [st]. 70.45 

We find the index corresponding to the most negative element 
of [dj] . Let that index be s. Now we compute the vectors: 


W = &t -d - &al {Ps} 


70.46 


and the xi/xy quotients that are given by {^ s } and . 

We select the i index for which xt/xij has the smallest positive 
value; let this index be r. 

We compute [^3 as the inverse of the unit matrix in which the r 
column has been replaced by *}. The inversion formula can be 
reduced to l/y rs if r = s and -yi s /y rs if i ^ s (see (61.15)), de¬ 
noting as yij the elements of [<g T \, the other elements being those 
of the unit matrix. 

Finally, we obtain the new solution vector from the product: 

{ftp} = I \&t\ {Pt- i}, 70.47 

and, if necessary, proceed to another iteration. 

We would point out that at the end of the calculation, the marginal 
costs are given by the elements of the [dj ] vector of the last 
iteration, and the value of the variables of the dual corresponding 
to the optimum are given by the [filter]- 1 vector of this last iteration. 

5. Distribution of numbers in the drum memory. 

The drum memory is divided into 6 major zones whose dimen¬ 
sions may be varied to suit the problem to be solved (see Fig. 
70.2): 

Zone 1: this zone holds the elements of the [sf] matrix. 

Zone 2: this zone holds the elements of the second member 
(those in column {5}). 

Zone 3: this zone holds the solution vector each suc¬ 

cessive new {/3 t} taking the place of the preceding vector j/3x-l}. 
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Zone 4: this is an operating zone which holds the following 
intermediate results: 


[fih W; 

Zone 5: this zone holds the meaningful colums of the successive 
[«fy] matrices; all these columns must he retained in memory. 

Zone 6: this zone holds the program, which contains slightly 
more than 2,000 instructions (at 3 instructions per location, this 
comprises slightly less than 700 locations). 


MEMORY ZONES 

ZONE 1 ZONE 2 ZONE 3 ZONE 4 ZONE 5 ZONE 6 



Fig. 70.2 


6. Sequence of operations. 

The sequence of operations performed by the machine is sum¬ 
marized in Fig. 70.3. This sequence can be broken down into 13 
phases, which we shall now describe in detail, 

1. Reading and arrangement of the elements of [<$&] and {0} . The 
program orders the reading of cards containing the elements of 
[sf], then of the {8} cards. The data read are arranged in order in 
zones 1 and 2; during this operation, the coefficients are changed 
into “numeration with floating decimal point.”* This numeration 
makes it possible to maintain a constant number of significant 
digits (in this case, 11) throughout the computation. 


*We say that a number is expressed in “numeration with float¬ 
ing decimal point” when it is represented by a mantissa and an 
exponent. The mantissa may (for example) involve 11 meaningful 
digits. The exponent is equal to that power of 10 which, multiplied 
by the mantissa, gives the value of the number considered. For 
example: 1.25 can be written: 0.125 x 10 1 or 125 (mantissa) and 
1 (exponent). 
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BLOCK DIAGRAM 



Fig. 70.3 

2. Transfer of J3} into {$t}* The first solution is formed by 
the second member; the machine therefore transfers {/3} to {Sx} 
(transfer of zone 2 into zone 3) to set up the first solution vector. 

3. Creation of the artificial vector [fj]. This phase is the first 
in the iterative part of the program. It is skipped over automat¬ 
ically by the machine when all the artificial variables have been 
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eliminated; from that point on, the [fi]vector will always have the 
form [-1 0 0 ... 0], The iterations that eliminate the artificial 
variables constitute phase 1 of the computation. The succeeding 
iterations constitute phase 2. The artificial variables are dis¬ 
tinguished at the outset by the special indices assigned to the ele¬ 
ments of {8}. As the artificial variables are eliminated, these 
indices are erased in [/?}. Creation of the [fj] vector consists of 
forming a vector in zone 4 made up of a 0 for every {/3)element 
lacking a special index, and a very large negative number for 
every {/3}element that carries the special index. By this means, 
in the later calculation of [dj], the artificial variables will have 
priority of selection. 

4. Computation of [/<] l^r]" 1 . The [fi] vector is multiplied suc¬ 
cessively by all the [<£t] square matrices in the order of decreasing 
indices. During each matrix multiplication, one single element is 
modified; the successive results are placed in zone 4. The [£t\ ma¬ 
trices are taken from zone 5. 

5. Computation of [dj]. This vector is obtained by post- 
multiplying [fi] D%] -1 by W ]. The [filter] -1 vector is taken from 
zone 4, while the W] is taken from zone 1. The machine calculates 
the elements of the successive [dj] and retains only the elements 
which satisfy the following two conditions: 

a) the element is negative and less than any of the correspond¬ 
ing elements previously calculated; 

b) the element corresponds neither to an artificial variable 
nor to a variable relative to the basis. 

If no element of [dij]is negative, the optimum has been reached 
and the machine goes on to operation 11, which will be described 
below. Otherwise the machine proceeds to operation 6: 

6. Computation of {& s }. The index corresponding to the highest 
negative value found in [dj]is taken as index s. {^} is calculated 
by pre-multiplying fp s ] by the successive \i T matrices. Note that 
these successive products are easy to calculate in view of the 
special nature of the [&t\ matrices. The machine selects the 
Q?s3 vector in zone 1 and places it in zone 4. The successive prod¬ 
ucts are formed in zone 4 after taking the {/> s } matrices from zone 
5. 

7. Computation of 0 = xi/xij. The calculation is performed 
using {#T-l} read in zone 3 and {0> s } read in zone 4. 

The problem is to select the row for which xi/xij is the 
smallest positive number. This row index will be called r from 
now on. If there is no xi/xij that is positive, the system has no 
solution, and the machine stops after printing a special signal. If 
there are positive values for x^x^, the machine prints the value 
of the chosen pivot-point as well as the r and s indices. 

8. Computation of &t\ . The [& ] matrix is calculated from the 
{0’s} stored in zone 4; this is then placed in zone 5, following the 
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earlier matrices of this same type. It is sufficient to store these 
matrices in zone 5 in the form of a column, with an indication of 
its position in the unit matrix. As can be seen, zone 5 is the only 
variable capacity zone, and the machine will eventually announce 
that zone 5 is full and that it is approaching zone 6, which contains 
the program. When zone 5 is full, it is necessary to perform a re- 
inversion, which makes it possible, knowing the variables that 
must be found in the basis, to reduce the number of [&t\ matrices 
to the minimum. 

9. Computation of {8 t}o This is done by pre-multiplication of 
fy3T-l} stored in zone 3 by [*?t] stored in zone 5. The result of the 
calculation takes its position in zone 3, in place of {/3 t- 1}. Simul¬ 
taneously, the value of the economic function is calculated and 
printed by the machine. 

10. Updating of the tables. This phase of the computation per¬ 
mits the revision of the various tables contained in the drum: table 
of artificial variables, table of variables contained in the basis, 
etc. It also permits the determination as to whether all the arti¬ 
ficial variables have been eliminated, and thus whether or not the 
machine should return to phase 3 or 4. 

These 10 initial phases end the iterative part of the computation. 
The phases described below are performed only at the end, once the 
optimum has been reached. 

11. Checking. The final {/3 t} solution found in zone 3 is carried 
over into the system (this solution is introduced without its first 
element, which, as we know, represents the economic function). 
In practice, this is achieved by a post-multiplication of{/3T}by 
[jtf] which is taken from zone 1. The result is compared with 
{/3} as read in zone 2. If the system of equations or inequations 
checks out, the machine prints “correct” and goes on to the next 
phase. Otherwise, the machine prints the index of the equation, the 
value of the first member, and the value of the second member and 
then stops. 

12. Extraction of solution. The machine prints the final {/3 t} 
stored in zone 3. The economic function is printed first and is 
followed by the values of the variables specified by the indices. 

13. Extraction of marginal costs (finding the optimum solution 
of the dual problem). This phase is performed only when it is 
desired to know the marginal costs, and hence the optimum solution 
of the dual. These numbers are contained in the [dj] vector of the 
last iteration, and are readily obtained. 

The 13 phases which we have just described are carried out 
automatically by the machine, without any intervention on the part 
of the operator. The result obtained gives the indices and the 
values of the successive pivot-points, as well as the value of the 
economic function in each iteration. At the end, the printed 
answer includes the optimum value of the economic function and 
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the values of the non-zero variables of the given system of equations 
or inequations, as well as the non-zero slack variables. 

7. Examples. 

The reader will probably be interested in a statement of some 
concrete results achieved by the use of the GAMMA-E.T. We 
shall outline here the results of three different problems, one 
quite small, one medium, and the third of quite respectable di¬ 
mensions. It is possible to provide approximate formulas relating 
the number of variables, the number of constraints, and the number 
of iterations; however, this last number has such great influence 
on the calculation time and is so dependent on the quantity of zeros 
occurring in the given matrix that such formulas do not provide 
any exact idea of the calculation time required. Here, then are 
three examples: 

a) A production problem (our example from Section 13): 
—number of variables: n = 34, of which 3 are slack variables, 
—number of constraints: m = 17, of which 3 are inequations, 
—number of non-zero elements in the matrix: v - 93. 
—number of iterations: k = 21. 

—calculation time including introduction of data and extraction 
of results: T = 10 minutes. 

b) An investment problem: 

n = 88, including 12 slack variables 
m = 43, including 12 inequations 
v = 345 
k = 95 

T = 3 hours and 30 minutes. 

c) A problem in inventory and production: 

n = 159, including 1 slack variable 
m “ 63, including 1 inequation; 

V = 618 
k = 187 
T = 10 hours. 
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Theory of delay 

(Queuing) phenomena 

Section 71 
INTRODUCTION 

Waiting lines (queues) are stochastic phenomena for which we 
shall establish, in the course of this chapter, the equations of state 
that are used in the calculation of a number of different average 
dimensions. These equations were first presented about thirty 
years ago by the Danish engineer Erlang, in connection with the 
problem of telephone communications. They are generalized by 
means of so-called birth and death equations which allow us to 
describe a great many stationary cases in transient or permanent 
systems. 

This subject might properly deserve a major work by itself, if 
only to describe the cases which display complicated structures 
and on which recent work has been done. We shall regretfully limit 
ourselves to the equations of state of the most frequently encoun¬ 
tered phenomena, but we shall deal with this aspect of the subject 
in considerable depth. 

For lack of space, we shall merely touch on the study of con¬ 
ditions of priority, the concept of impatience, network systems, 
and cases with non-Poisson arrivals and service times, in the hope 
that growing curiosity will lead the reader to consult the many works 
dealing with these questions, whose study is extremely rewarding. 

Section 72 

THE CONCEPT OF THE STOCHASTIC PROCESS—MARKOV 
CHAINS—THE POISSON PROCESS 

1. Markov chains.—2. Example.—3. The Poisson process. 

A “stochastic process”* is a process in which changes of 
state, related by laws of probability, succeed one another at 


* Stochastic comes from the Greek cttoxoC, which means “goal 
to be achieved.” oToxoioiZ means “assumption” or “conjecture.” 


340 


THEORY OF DELAY (QUEUING) PHENOMENA 


341 


random or determined intervals. This is also called a “random 
process .” 

We shall now review briefly what we mean by a “Markov chain,” 
and discuss more fully the Poisson process. 

1. Markov chains. 

Let us consider a group of possible independent results, E l9 
E 3 ,... (finite or infinite in number); with each result we associate 
a probability, pk. The probability of a sequence of results is de¬ 
fined by the multiplicative property: 

Pr {£)„, Ef, Ej n ) =PK- -Pin' 72 • 1 

In the “Markov chain” theory, we consider the simplest gen¬ 
eralization (72.1), which consists of making the result of each 
trial depend on the result of the immediately preceding trial, and 
only on that result. 

As a consequence, we associate with each (Ej, Ek) pair the 
conditional probability pjk* That is to say: if Ej occurs, the 
probability that Ek will also occur is pjk- It is also necessary to 
introduce the probability aj of the result Ej of the initial trial. 
Thus, for the probability of a sequence of 2, 3, 4... trials, we 
obtain: 



Pr {(Ej, E k )} 

~ a i p jk’ 

72.2 


Pr {(Ej, Ejc, E r )} 

= a 3 P ik P kr > 

72.3 


Pr {(Ej, Ek, E r , E s )} 

~ a i p }k p kr p rs * 

72.4 

and more generally 




Pr 

•••» E ir)) = "V p Uh 

,P EE' “ p 2n— 2 fn—i ' P ^n—i^n ‘ 

72.5 


where the initial trial is numbered zero and the second trial is 
numbered 1. 

Another terminology is frequently used. Instead of saying: the 
vfl 1 trial has Ek as its result, we say: at time k, the system is in 
state Ek» The conditional probability Pjk is then called the transi¬ 
tion probability Ej -> Ek (from state Ej to state Ek) « 


A crroxacrTixrJC was a person adept at the art of divination, or 
predicting a future event. Bernoulli, in 1713, published his “Ars 
conjeetandis,” and in that work he speaks of the “ars conjectandis 
sive stochastice,” the art of conjecture, or of stochastics. 
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Transition probabilities are usually represented in the form of 
a square matrix: 


P 11 Pit P 13 
P si P aa p as 
Pa Pa Pzz 


This is called a transition probability matrix, or a stochastic 
matrix; it may be finite or infinite; all its elements are obviously 
non-negative, and all the elements of any given row add up to 1. 

Every Markov chain is wholly defined by its stochastic matrix 
LP] and the initial distribution, a^. 

To sum up: “A series of trials with possible results E lt E 2 ,... 
will be called a ‘Markov chain’ if the probabilities for the sequences 
are defined by (72.5) as a function of an initial probability dis¬ 
tribution aj£ for the E^ states at time 0, and of the conditional 
probabilities pjk of E^ when Ej has occurred in the preceding 
trial.” 

2. Example. 

Take three ‘ ‘wheels of fortune” each of them divided into three 
unequal sectors marked A, B, andC (see Fig. 72.1). Make a random 
choice of one of the wheels, and spin it. If A comes up, you spin 
wheel A again; if B comes up, your second play is on B; if C comes 
up, your second play is on wheel C; and so on for the following 
plays. The sectors form given angles (see Fig. 72.1); with these 
angles in some arbitrary unit, we have:* 

a i —~k (oti + Cta + <* 3 ) eti + + J/i = 1 72 7 

= i (Pi + 02 + Pd With a* + fit 4 - y t = 1 

= i O'* + y* + y») + & + y s = i. 72,8 

The matrix of transition probabilities is: 


P 11 Pit Pl 3 
P 21 Pit Ptz 
Pti Pit Pa 


eti Pi yi 
at Pt yt 


*The first trial consists of choosing one of the wheels by lot 
and spinning it; the result is designated by the number 1, 2, or 3 
corresponding to the letter A, B, or C of the sector in which the 
wheel stops. In the succeeding trials, there is no more drawing of 
lots, since the wheel to be used is designated by the result of the 
preceding trial. 
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I i J 



Wheel A Wheel B Wheel C 



Fig. 72.1. 


The probability of obtaining the sequence ABC AC is: 

p — ch.p^.Pis.pat.pu — i (ai + a a 4- a 3 ) fit y t a 3 y t . 72.10 

The probability of obtaining B at the second trial is: 
p = Pr (A, B) + Pr (B, B) 4- Pr (C, B) 

— PiPia 4" QzPzi “I" Pa Pzi 72.11 

— ^ [(ai —f-Ct* + Cta) fit +(j#i + /?a + fia)fiz + (>>i + /a + 73)^3] • 

3. The Poisson process. 

Consider a series of events E resulting from the repetition of 
the same experiment and occurring consecutively. The number, n, 
of events that occur in the time interval t is a random variable 
which we shall call N; the probability that N = n we shall call 
p n (t). We shall adopt the following hypotheses: 

1. p n (t) depends only upon the time interval, and does not depend 
on the initial instant (homogeneity in time, also called stationarity 
in time); 

2. The probability that event E will occur more than once in 
the time interval dt is infinitesimally small in relation to dt; 

3. The probability that E will occur once in the infinitesimal 
time interval dt is proportional to dt, and is written Xdt. 

The random variable N is such that: 

1. N remains constant when E does not occur; 

2. N increases by 1 when E occurs; 

3. N is initially zero. 

This random variable, N, is therefore a function of t which can 
assume the values 0, 1, 2, 3,..., n,...; at random instants t x , t 3 , 
t 3 , ..., t n , ... it jumps abruptly from 0 to 1 , from 1 to 2, ... 
(Fig. 72.2). 
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The increment of N for a time interval t is equal to the num¬ 
ber, n, of events that have occurred during that interval. If we 
know the value, N(to), of N(t) at the instant to, its value, N(to + r) = 
N(t 0 ) + n at the instant to + r is random. The increment n has the 
following properties: 

—its probability is pn(T); 

—it is independent of the values of N(t) prior to to. 

Therefore, if the value of N(to) is known, the future of N(t) 
depends solely on the law of probability governing the increment n 
of N(t) after N(to). At no time is it possible to predict with cer¬ 
tainty what N(t) will be later on: chance enters into the result at 
every instant. 

The random function N(t) therefore defines a Poisson process, 
and constitutes an example of a Markov chain. It is wholly defined 
by the probability p n (t), and we shall now show that p n (t) obeys 
‘‘Poisson’s law.” 


Pn(t) = 


(At) n er*t 

~n\ 


n = 0, 1, 2, 3. 


72.12 


From what has been said about Pn(t), the principal part of 
Pi(At) is XAt 


Pi(kt) - X At + 0 a (A/)(*) • 72.13 

Furthermore, the probability that E will occur 0 times or 1 
time in the interval Zit is equal to: 

Po (At) + , 72.14 

since the two eventualities are mutually exclusive. 


*The Oi(At), i = 1, 2, 3, 4, 5, which will be used as symbols 
are infinitesimally small in relation to At. 
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But: 


Po(At) 4 4 Pz(At) 4 /> s (Af) 4 ... — 1 , 72.15 


or again: 


1 — p 0 (AO — pj(At) - p a (A/) 4 p s (kt) 4- ... • 72.16 

This represents the probability that E will occur more than once 
in the interval At; it is infinitesimally small, hypothetically, in 
relation to At. Since the sump s (At) + p a (At) 4 ... is infinitesimally 
small in relation to At, we can say with all the more assurance 
that the same holds true for all the positive numbers, p s (At), 
p 3 (At), etc. 

Now let us examine the nature of the distribution p n (t), n = 0, 1, 
2, 3... To have E occur precisely n times during the interval 
t + At, there are the following mutually exclusive possibilities: 

E occurs n times in the interval t, 0 times in the interval At; 

E occurs n - 1 times in the interval t, once in the interval At; 

E occurs n - 2 times in the interval t, twice in the interval At; 


As a result, we have: 

p n (t 4- A /) = p n (t).p t (At) 4 Pn-I (t)>P i(A/) 4 0 8 (Af). 72.17 

But: 

Pi(At) = AA t 4- 0i(AO and following (72.16) : 72.18 

p 0 (A 0 = 1 —Pi( A/) — O a (At) 72.19 

= 1 — A A t — 0 2 (At). 

Therefore we have: 

Pn(t 4 AO =■ Pnifi’W — AA t\ 4 Pn— i(t)-hAt 4 OlAt)‘, 72.20 

or: 

Pn(t 4 A t) — Pn(t) — [Pn— 1(0 — Pn(.t)]^At 4 OlA t). 72.21 

I.e., finally: 

j Pn (0 = Pn-xif) — Pn(!) n = 1 , 2, 3, ... . 72.22 

But this equation does not hold for n = 0, which requires some 
special investigation. We have: 


pit 4 Ao = pit ). plAt) 

- Pit) [l - A A t- oiAt)] 


72.23 
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Thus: 


p 0 (t + A t) —po(t) — —p 0 (t) A A/ — 0 6 (AO; 


which permits us to write: 

p'o(t) =- — %Po(t). 

At the beginning of the interval t, we have: 


72.24 


72.25 


/’o(O) = 1 


72.26 


Pn( 0) = 0 n # 0. 


72.27 


Condition (72.26) carried over into the general solution of 
equation (72.25) gives: 


P*(t) = e" 


72.28 


To find the solution of differential equation (72.22) for all the 
values of n = 1, 2, 3, ..., taking into account initial conditions 
(72.27), it is convenient to use the Carson-Laplace transforma¬ 
tion:* 


/ CO 

e st h(t)dt, where h(t) = 0 for t < 0. 


72.29 


Let us set: 


Se h{t). 


p n {s) = se p n {t) a = 0,1, 2, 3, ... . 


With conditions (72.26), equations (72.22) and (72.25) become: 


P n — —- -- Pn—i » 

A + s 


72.31 


X s 


72.32 


Thus by recurrence: 

p — S p — P — d _ 70 QQ 

• xw Pl a+*r p *-a +s r>-’ ^“ 0 +^ * 


*The Carson-Laplace (or Laplace) transformation is particu¬ 
larly useful for analyzing phenomena in which unilateral distribu¬ 
tions appear. 
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We obtain, finally: 


(h) n Q~ Xt 
n ! 


72.34 


n= 0, 1, 2, 3, ... . 

The variable N is therefore distributed Poisson’s 

law. 


fn(a) 


a n e a 


n\ 


n = 0, 1, 2, 3, ... . 


72.35 


Remember that the Poisson distribution given in (72.35) has the 
following properties: 


mean: n = a , 


72.36 


variance: = a 


72.37 


Thus, the mean number of events E during the interval t is 
Xt, and the quantity X may be called the average or mean rate of 
occurrence of E. 


Section 73 


EXPONENTIAL DISTRIBUTION OF INTERVALS BETWEEN 

TWO EVENTS 


Let us consider a Poisson process, and try to find the law of 
probability governing the intervals that separate two successive 
events. We wish to find the probability density of the random 
variable © representing these intervals; let f(0) be this function. 

We begin by finding the probability f(0)d(0) that if an event E 
has just occurred, no event will occur in the interval 0 that imme¬ 
diately follows it, and that an event will occur in the interval A0 
that immediately follows 0. 

The probability that no event will occur during the time 0 is: 


po0) 


o — xe 

qfl),e 

0 ! 


—xe 

e 


73.1 


The probability that no event will occur during the interval 
A0 is: 

Po (&6) = e- AA0 . 73.2 

The probability that at least one event will occur in the interval 
A0 is: 


1 -/>„( A0)= 1 — e~ AA *. 


73.3 
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When 0, we have: 



Therefore, the desired probability f(0)d(0) will be: 

m de = e X ^ Jim o — - -) X d0 = Xe dd. 73.5 

The probability density of ©is: 

, with <9>0. 73.6 

Now let us calculate the corresponding complementary dis¬ 
tribution function: 


P(0) = Pr(<9>0)= J Xt di — e ” , with 0>O. 73.7 

0 

Thus, the probability that an interval between two consecutive 
events will be greater than a given duration 0 is equal to the 
probability that no event will occur in an interval 0. 

This is called an exponential distribution. It must be asso¬ 
ciated with the Poisson distribution. The latter gives the prob¬ 
ability of a number, n, of events in a given time interval T, while 
the exponential distribution gives the probability that two consecu¬ 
tive events are separated by an interval greater than 0. 

It is easy to calculate the mean and standard deviation of the 
exponential distribution: 

_ + 00 00 00 

Q — E(0) =j df(d)dO=J dAo~ X °dd^ — f (?.d)e~* 0 d(/U?) 

-eo o 'o 

= ^ -1 A2), (where 3?(x) is the gamma function, i.e., 73.8 

Euler’s second integral). 

+ 00 00 
f fcf(0)dd—[E(6)Y= [/ d'Ae-**dd] — -i 

= [if w»daei] -1 - i/a-i 

o 

2 11 

“ T* ~T a ~ 


73.9 
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Section 74 

WAITING LINE AT ONE STATION 

1. General explanation. —2. Study of the permanent system.— 

3. Kendall’s formulas.—4. Calculating the number of units in a 
waiting line.—5. Waiting time.—6. Transient system. 

1. General explanation. 

We shall now try to find the distribution of the random variable 
N representing the number of units in the system, which here 
means both in the waiting line and being serviced. We shall take 
the usual case in which arrivals follow Poisson’ s law and. the 
service-time intervals follow the exponential law. We have, there¬ 
fore, the following hypotheses: 

1. The probability that a unit will enter the system during the 
interval At is infinitesimally small and of the order of At; it is 
equal to XAt, where X is the mean number of arrivals per unit of 
time. 

2. The probability that a unit will complete its service-time 
within the interval At is infinitesimally small, and of the order of 
At; it is equal to \x At, where 1/j u is the mean service-time inter¬ 
val. 

3. The probability of more than one arrival or more than one 
completion of service in the interval At is infinitesimally small 
in relation to At, and we shall treat it as negligible. 

From this point forward, we shall adopt the hypothesis that 
X < p, or X/jU < 1. Under the contrary hypothesis, a stable system 
would be impossible. This will be demonstrated in the following 
calculations, but we can already conceive it intuitively: the 
waiting line would grow indefinitely longer with t. 

It is easy to establish the linear differential equations that 
govern the delay phenomenon under the above hypotheses. From 
these equations, we shall derive p n (t) and h. 

The probability p n (t + At) that there will be n units (n > 0) in 
the system at time t + At can be expressed as the sum of the 


following four independent compound probabilities: 

(1) The product of the probabilities that: 

a) there are n units in the system at time t: p n (t ); 

b) there is no arrival during the interval At: (1 — A A/); 

c) no service is completed during the interval At: (l — ^A/); 

(2) The product of the probabilities that: 

a) there are n-KL units in the system at time t: 

b) there is no arrival during the interval At: (l — X A/); 

c) one service is completed during the interval 

At: ^ An 
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(3) The product of probabilities that: 

a) there are n -1 units in the system at time t: p n -i(t); 

b) there is one arrival during the interval At: XAt; 

c) no service is completed during the interval At: (1 — ftA /); 

(4) The product of the probabilities that: 

a) there are n units in the system at time t: Pn(t); 

b) there is one arrival during the interval At: Mr;* 


c) one service is completed during the interval At: /u At. 

The four above probabilities can be written as follows: 

(1) Pn(t)[ 1 — XAt][l —ft Ad =/>„(*)[ 1 —XAt—fxAt] + OxCAO, 

(2) PwfiWEl— X A/][^mA/] = Pn+i(t) ft Af + 0 2 (At), ^ 

(3) />n-i(f)[AAd[l — ftAtl=p n - 1 (t)AAt + O 3 (A0, 

(4) Pn(t)ttAr][ju Ad = 0*(A/>, 

with Oi(At), i= 1, 2, 3, 4, being infinitesimally small in At of 
order greater than 1 when At -* 0. 

Adding these probabilities to form the probability p n (t +At), 
we obtain: 


Pn(t + At) = p n (t) [i — X At — ft Ad + 4 

+ Pn+i(t)ftAt +Pn-i(t) X At + 2 Oi (At). 74 * 2 

t—i 

Or: 

Pn(t + At)—p n (t) , 1 4 

-— Apn-i(t) + ftp n +i(t) — (X+ft)p n (t)+— T,^Oi(At) . 74.3 

If At -» 0, we obtain: 
d 

-T- PnU) = Xpn-^t) ftpn+^t)— (X-\-p)p n (t) n > 0 . 74.4 


To these equations we must add the special equation corre¬ 
sponding to the case in which there is no unit in the system at time 
t + At. The probability that there will be no unit in the system at 
t + At is the sum of the following two independent compound prob¬ 


abilities: 

(1) The product of the probabilities that: 

a) there is no unit in the system at time t: Po (t); 

b) there is no arrival during the interval At: l — XAt; 

(2) The product of the probabilities that: 

a) there is one unit in the system at time t: Pl (t); 

b) there is no arrival in the interval At: 1 — XAt; 


c) one service is completed during the interval At: ft At. 
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These two probabilities can be written: 

(1) PoOMl—A A/] 74.5 

(2) pdt) [1 — A A/] O A/] = Pi(t) Af + O(A0 

where O(At) is infinitesimally small in At of order greater than 1 
when At -»0. 

Adding these probabilities to form the probability p 0 (t + At), 
we obtain: 

p 0 (t + AO = p 0 (t) [1 — A Ad + PiCOjwA* + 0(A/). 74.6 


Or: 


p ° (t +,M-gjW __ A w + (r) + i. 0(Ao ■ 74.7 

A t 


and finally: 


— p 0 (t) = — A/» 0 (0 + t*Pi(0 • 74.8 

at 

Equations (74.4) and (74.8) constitute the mathematical model 
of the waiting line in the case of a single station, when arrivals 
follow Poisson's law and service times follow an exponential law. 
We shall now find the p n (t) functions that constitute the solution of 
the differential system formed by these equations. In the specific 
case in which the probabilities Pn are independent of t, we say that 
the process is stationary and permanent: 

Pn(t) - Pn • 74.8a 

This case is the most important in actual practice. 


2. Study of the permanent system. 


If p n is independent of t, equations (74.4) and (74.8) become: 

A/>n- 1 + [APn+i — (A + ft)Pn — 0 n > 0 , 74.9 

— Xpo + /upI = o. 74.10 

Remember the hypothesis: X/ju< 1. 

Proceeding by recurrence, and remember that, by definition, 

oo 

S pi= l, we obtain: 

1=0 


P 0 — P 0> 

Pi = (A/^po. 
p 3 = (KlftYpo, 
p s - (X/p,) 3 Po, 

. A/jM < t 

Pn = (Xl/u) n p 0 , 


74.11 
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74.12 


S (*Y*_ _i 


since Ep* = i we therefore have: 


1 = Po 


74.14 


Po — 1 


with — <; 1 

f* 


Substituting (74.15) into (74.11), we find: 


r(' -s 


with - < 1 


74.15 


74.16 


The quantity T 7 = A, with o< !P< l, is called the traffic in- 

tensity and plays a fundamental role. As the distribution (called 
geometrical distribution) of the probability p n , we have: 

Pn = T 71 (\ — W) , With 0 < 7 / < 1. 74.17 

It is easy to show, by deriving p n in relation to % that: 

max p n corresponding to l F = —-—, 74.18 


max p n ( W) = 


.« + 1/ + 1 


74.19 


Thus, the maximum probability of finding 3 units in the system 
occurs when ^ = 3/(3 +1) = 3/4, and has the value: maxp 3 = 0.1054. 

It is interesting to find the cumulative probability, i.e., Pr(N ^ n). 
We have: 


S 77 a = S (i _ W) = (l - £ SP* 

a-0 a —0 a =0 

[ I _ Wtl+i ~ 

Y"_ xp = 1 — 


74.21 
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Therefore: 

Pr(Af< n) = 1 — W n+ K 74.22 

The value of the complementary probability is: 

Pr(/V > n ) = 1 — (1 — 74.23 

We see that the probability of there being at least one unit in 
the system, 

Pr(jV > 0) = V 7 , 74.24 

is equal to the traffic intensity, which we would have found from 
(74.15). 

Now let us calculate the average number of units in the system. 
By definition: 

n = E(N) = £ np n> 74.25 

«=o 

where 


2 = 
«=0 


74.26 


Now let us compute h: 


«=0 m “0 

= (1 —!? r )[^ + 27 /a + 37 /3 + ...3= !F(1 — ?P)[l+2?P + 3 7 /a + ...] 


W 


-*>U 


dW (.W+W‘+W‘+... ) y'I'( i-\P)± 


w 


74.27 


1-^ 


1 -W 


Thus: 


3. Kendall’s formulas.* 

If arrivals follow the Poisson’s law, while the service time 
distribution, ©, is arbitrary, we use the following formula, devised 
by Kendall: 

n = W + H'~ - ge 74.30 

2(1 — W) 


*See: D. G. Kendall, “ Some Problems in the Theory of Queues,” 
Journal of the Royal Statistical Society, Vol. 13, No. 2 (1951), 
pp. 151-185. 
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This formula shows that the average number, n, of units in the 
system will increase with the variance of ©for given values of X 
and fj,. For given X and fj ,, the minimum mean number of units in 
the system occurs when ct© =0, i.e., when the service time is 
constant: 


min «=!?+- 


2(1 - W) * 


74.31 


Finally, if a^~l/fjp (exponential distribution), we again find 
(74.28): 


W 

\-V 


74.32 


We observe in Kendall’s formula (74.30) that, if the average 
rate of arrivals X approaches the average rate of service u, i.e., 
when X -* /i, the length of the line grows without limit. 

We see, therefore, that for a given service-time distribution, 
the length of the waiting line can be reduced by a drop in the traffic 
intensity ^F = X/jU. Obviously, this quantity is the very essence of 
the problem. When ^increases, 1 - 'F decreases, which means that 
the solution to a waiting line problem requires a compromise 
between the cost of reducingthe mean number of units in the system 
and the cost associated with the installations and personnel con¬ 
stituting the service. 

4. Calculating the number of units in a waiting line. 

We have: 


(if « > 0) 


74.32a 


Now we calculate 13: 


v = 2 vpn = 2 (n — V)Pn 

r=l n=2 


2 np n 
n = a 


Xnp n — liftpn — \p n + £ Pw 

ji = 0 n~ 0 n — 0 n—0 

fi — pt — 1 + p 0 + Pi 
h — 1 4- Po 
S' 

YUlp ~ (1 — p«> 
l—W 1 — \'- 


74.32b 




THEORY OF DELAY (QUEUING) PHENOMENA 


355 


It will be noted that the property: 


n v 
ft X 

is valid in this ease; actually: 

h 1 W _ l W* 1 l F* v 

J ” J T^~¥ ~ \—w w-w ~ r 


74.32c 


74.32d 


5. Waiting time. 

An important quantity to calculated the average time spent in 
the waiting line. No matter what tne distribution of arrivals and 
service times in a permanent (ssystem, there cannot be, on the 
average, more units leaving than entered, and vice versa. The 
mean waiting time is governed by the rate of arrivals;* letting if 
represent the waiting time in the line, we have: 


if = 


v 

T' 


74.33 


Letting t s represent the average waiting time in the system* 


t s — 


n 

T' 


74.34 


In the case studied in this section: 


v i y* _ i w 

, n 1 V _ 1 1 

h ~ X ~ X 1 -W n 1 — V 

Once again, we find: 

- - _ ( 1 i\ * & I 

which represents the average service time. 


74.35 

74.36 


74.37 

Im.j 


*The average number of arrivals in the waiting-line per unit of 
time is X; the average number of units leaving the system is like¬ 
wise X. It is not surprising that this number is not equal to /i, 
but is smaller (X<^,by hypothesis), if we remember that from 
time to time the station is idle. 
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In the case of Poisson-distributed arrivals and a service time 
interval having an arbitrary distribution with variance cr^, formula 
(74.35) becomes: 


if 




A 2 1 t 1 A 2 a© + tp* 

2(1 — ip) J ~ A 2(1 — W) ' 


where 0 is the average service time. 
If we set: 


74.38 


<y@ = l/// 2 74.39 

and 

6 = 1 In, 74.40 

we are lead, once again, to (74.35). 

We might equally well decide to find the probability that a unit 
will wait in line for a period longer than a given time, w. Again 
we will take the case of Poisson-distributed arrivals and exponen¬ 
tial service times. 

The method of calculation will be as follows. Arbitrarily, we 
choose an initial instant t 0 and see what happens to a “reference” 
unit arriving at that instant. More precisely, we shall be computing 
the probability, f(w)dw, that this unit will have to wait in line for a 
period somewhere between w and w + dw. Let n be the number of 
units in the system at instant t 0 (not including the reference unit). 
The probability we are seeking is the sum, for all values of n, of 
the probabilities p(n,w)dw of the mutually exclusive events defined 
as follows: the number of units in the system at instant t 0 is n, 
and the waiting time in the line for the reference unit is between w 
and w + dw. 

This requires the calculation of p(n,w)dw. First of all, we may 
note that if the service time is exponentially distributed, the times 
at which service intervals end are distributed according to 
Poisson’s law as long as the station is occupied. Therefore, if a 
station is occupied, the probability that service will become 
available during the interval dt is /idt. Thus, the distribution of 
the number of exits (units which have just finished being served) 
while the station is occupied is: 


Pr(.v) = 


([Jtty e~^ 
s! 


0, 1,2,3,... 


74.41 


Let us return to our calculation. If n = 0, the reference unit 
will not have to wait in line at all; therefore, p(0,w) =0 for w >0. 
We shall therefore assume hereafter that n > 0. 
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The probability p(n,w)dw (n > 0) is formed by the product of the 
three following probabilities: 

1. The “a priori” probability that there are n units in the 
system at the start of the time interval w (i.e., at instant t 0 ). 
Since we assume that the system is stationary and permanent, 
this probability is: 


W n (l — W). 74.42 

2. The conditional probability that, if the system contains n 
units at instant t 0 , precisely s = n - 1 units are served and leave 
the system in the interval w, or: 


Quw )»-* . 

(vT—~f)^ 


74.43 


3. The conditional probability that, the foregoing two conditions 
being met, exactly one unit will leave the station during the inter¬ 
val dw, or: 


l^dw . 74.44 

This probability p(n,w)dw will therefore be written: 


pin,w)dw — W n (l — W). 


(twy 


in - 1)! 


pdw . 


74.45 


Thus, we have: 


f(w)dw =* ^ P(n,w)dw = V W n (l — W) . ^ -— . n 4w 

»-i n = l in — 1)! r 


= (1 - W) ,adw ^ 

n — 

= (1 — W) V jue-^dw 2 hl 


i in — 1)! 
{W /uw) h 

ti==o 


where we have set h = n - 1. But: 


(W juw) h 


Wfiw . 


A = 0 


h\ 


74.47 


and thus: 


f(w)dw = (1 — W) W p e"^ (1 ~ *'> dw. 

The mean of this expression is given by (74.35), or: 

W 

tf ~ nil - ¥) * 


74.48 


74.49 
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The probability that an arriving unit will wait for a time greater 
than w will therefore be: 

p(>w) = f mil = (1 - W) Vp f 

W * 

_ 5/ e -A*w(l-!P) > 

Thus: 

p(>w) - 

which can also be written: 

A , , 

/>(>w) = — 

Specifically, the probability of not waiting is: 

1 —/»(>0) = i — 
which, amounts to writing, from (74.22): 

Pr (n = 0) -= 1 — 'f'. 

6. Transient system. 

The solution of equations (74.4) and (74.8) with the initial con¬ 
ditions p 0 (0) = 1, p n (0) = 0, n = 1, 2, 3.for a transient system 

is highly complicated; we show it here for the reader’s information: 

Pn(0 = e~<* +<‘0 lip n,2 J_„ (2 ^/Tp t) + I n+1 (2 t) 

„ I 74.55 

+ (1 ¥’)¥’” 2 -^7»(2V^0] 

/c=«+ 2r ' 

where 

in(*) =r"J«(j*), 74.56 

is the modified Bessel function of the second kind of order n. 

It can be shown* that the expression of Pn(t) given by (74.55) 
has the asymptotic value: 

p«(oo) = y n (l — ip), 74.57 

which corresponds to the stationary and permanent state given by 
(74.17). 


*See, for example: T. L. Saaty, 4 ‘Resume of Useful Formulas in 
Queuing Theory,” J.O.R.S.A., Vol. 5, No. 2 (April, 1957), pp. 161-200. 


74.50 

74.51 

74.52 

74.53 

74.54 
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A vast amount of work has been done on waiting line phenomena 
in transient systems. We cannot present these special studies in 
this book, which must be limited to major questions; but the 
interested reader will find some very significant developments 
set forth in the reports of such work. 


Section 75 


BIRTH AND DEATH PROCESSES 


Equations (74.4) and (74.8) constitute a specific instance of the 
more general equations we shall now investigate. These define 
what is called a birth and death process* in which both arrivals 
and service times are Poisson-distributed: 


T ~Pn(0 = — (&n + t*n) Pn(t) + hn-iPn-i(t)+ftn+iPn+i(t) n]>-0 75.1 

at 


— J3 0 (0 = — hp*{t) + PiPxif), 75.2 

d* 

where X n and ju n are functions of n. 

These equations generalize many specific cases of delay 
(queuing) phenomena. 

Earlier, we saw a particularly simple case where: 

— X , pn — p > 75.3 

the case of a waiting line at one station, which we studied in 
Section 74. 

Let us now look at another example of the birth and death 
process: 

= pn^np- 75.4 

This amounts to saying that the average rate of arrivals is con¬ 
stant, but that the average rate of service is proportional to the 
number of units in the system. We have the equations: 

~PnU) = - (H np)p n (t) + Ap n -i(t) + (« + l)pPn+i(t), 75.5 

at 

4 />•(') = - + PPM- 75 - 6 

at 

Of course, the condition X//J < 1 is no longer necessary. 


♦These are particularly important in biology. 
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The solution of these equations, with the conditions p 0 (0) = 1, 
Pn(0) = 0, n = 1, 2, 3, 4.is: 


e -*/0 I „_(1 _ Q -^ t ) 

L (W 


n = 0, 1, 2, 3, ... 


In a permanent system where p n = Pn(oo), n = 0, 1, 2, 3, 
we have: 


which means that the situation tends toward an equilibrium gov¬ 
erned by a Poisson distribution; then: 




We conclude from this that the average number of units in the 
line is always zero if \/fj, <1. 

Formula (75.8) can be found directly and very simply. In a 
permanent system, equations (75.5) and (75.6) become: 


(w + \)(J Pn+i =■- (A + np)p n — kp n . 


75.11 


Or again: 


Pi — — Pa< 


Pi = — P? 
/* 


75.12 


hence: 


2/xpi — (A + [i)pi — A/> 0 , 

3,up s = (A + 2{j)p 2 — A/> ls 
4ppi — (A + 3 p)p a — Xp 2 , 


(m n 

Pn — :— Pn • 


75.13 


75.14 


" 1 


75.15 
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therefore: 


Po + Pa L —L-— 
n= l n ! 


Po + Po (p* 1 * — 1 ) = 1 


Po = e- 1 '", 


and finally: 


Pn 


{XtfjC) n e —A ^ 
~n\ 


75.16 

75.17 

75.18 


75.19 


It is interesting to calculate the average number n(t) of units in 
the system in a transient state, which is fairly easy in the present 
case: 


n(t) — S npnit ) 75.20 

«=o 

Multiplying (75.1) and (75.2) by n, and taking the sum over n, 
then remembering that the sum* of p n (t) (summation over n) is 
equal to 1, we are led to the equation: 

j t + pn{t) = A. 75.21 

The solution of this equation with the hypothesis n(0) = 0 is: 



— e -^). 


For t -♦ oo, we find once again: 


n — fi{ oo) — —. 




75.22 


75.23 


Section 76 

WAITING LINE AT SEVERAL STATIONS 

If the S stations that provide the service are not busy when a 
unit arrives, that unit is immediately served; on the contrary, if 


*The operation ^ £ = £ ~ 7 is legitimate because £ * Pn is 

n —0 

uniformly convergent. 
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the S stations are busy, the unit must wait, and a waiting line is 
formed. If we call n the number of units in the system in the state 
E n (n ^ S), the units will not have to wait; in the state E n (n > S), 
there will be a waiting line of n - S units. 

Suppose that the arrivals are governed by a Poisson distribu¬ 
tion and that service times are exponentially distributed; let X and 
/i be the corresponding rates, and ^ = X/ju the traffic intensity, 
which must be such that: 


An — A.* 

p n = n/j, 0 < n < S, 

p n — S/Li n > S. 


The equations of state are then: 


Pa(t) = — Apa(t) + ppiif) 


d 

- 7 ~PniO 
at 


(A+np)Pn(t) + Ap n -i(0+(rt + l)pPn+i(0 n<S 


— Pn(t) — — (A + Sp)p n (t) + Ap n -i{t)+Spp n -\-i(t) n> S. 76.5 

dr 

The solution of this system of equations for transient states is 
very complicated, and we shall not discuss it here. 

Practically speaking, a permanent system (i.e., a steady state) 
will be achieved, in a time on the order of 3 or 4 times 1/pS. 
Therefore, we assume that: >j . 

Pn(0 = p n = C te for every n. 76.6 

Equations (76.3)-(76.5) then become: 


Ap<> = ppi, 

(A + np)p n — Apn-i + (n + l)pPn+i 
(A + Sp)pn — Apn—i ■+■ Sppn+i- 

From these equations we derive: 


l < n < S, 


\< n< S, 


76.10 


S\S n ~ s 


76.11 


THEORY OF DELAY (QUEUING) PHENOMENA 


363 


Let us calculate pb. We have: 


2 Pn ~ 1 ' 
n=>0 


76.12 


Therefore: 


or 


and 


P 0 


Ip t£/a lps-l IpS / <p 0/3 \ 

1 - I - . -j~ -(-— ( 1-)-1-!-I- } = 

L 12 ! (5—1)! 5! V s 5 a 5* 7_ 


1. 76.13 


r/v pk \ ps i 

.(2, TfJ + si(i — <P/s) _ 


Po 




Po = 


xps s ~\ tpw 

+ 


5! (1 — WjS) 


n=o 


We easily obtain:* s 
Here are some values of p 0 


limpo = e . 


76.14 


76.14a 



5=2 

5=3 

5=4 

5=5 

5=6 

5=7 

5=00 

w - 1 

0,333 

0.363 

0.367 

0.367 

0.367 

0.367 . 

. 0.36788 

W = 2 


0.111 

0.130 

0.134 

0.135 

0.135 . 

. 0.13534 

W = 3 



0.037 

0.046 

0.049 

0.049 . 

.. 0.04978 

= 4 




0.013 

0,016 

0.017 . 

.. 0.01831 


The mean value of the number of units in the system will thus 
be given by: 


n = Tinp n . 

n =0 

The mean value of the number of units in line, by: 


76.16 


v = £ (n — S)p n . 

»=s +1 


76.17 


*It is not at all surprising that pb does not approach 1 when the 
number of stations becomes infinite, inasmuch as nhere means the 
number of units waiting in line and/or being served. 
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And lastly, the mean number of idle stations is: 


Q 2(5 — n)p n . 
«=0 


76.18 


Between these three means there exists the relationship: 

n = v + s — Q =!> + W (see 76.25). 76.19 

We can give an expression of \S which is not too complicated: 


v = 2 {n — S)p n — V (ft — s) — 

n=S+l ^ '■ 

n=S+l 


76.20 


S'. 51(1— *?7S) a 

The probability that a unit will have to wait is the sum of the 
probabilities p n from n = S to n = oo. We shall use the notation 
p( > 0) or Pr(n ^ s). 


co S S f¥\ n 

p(> 0) = Pr(« ^ 5) == I^pn = p» — 2^ f — J =Po 

n ‘ n—s' ' 


51(1 — W/S) 


. 76.21 


The probability of a waiting time longer than a given interval 
w is: 

p(> w) = e-W-^K>0), 76.22 

(This can be proven in the same manner as (74.51).) 

To find the mean waiting time in line, it is sufficient to note 
that in a permanent system we have: 


v = A fy. 


76.23 


~ tf A s.sifi(i—w/sy Po ‘ 


76.24 


It is possible to find a simple expression of jo; we calculate: 


Q = ^ ( s ~n) p n 


2 ( 5 -«) - 

»- o n 

5-1 

p 0 2^-«> 


76.25 


v W n V 

2< —r — P» 2 n ~~r 

n~o nl n ! 
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S -1 


P ° S ^0 it\ Pii i (ft — 1)! 


because 


S~1 i f/n 
“ PaS 2 —r 

-5-1 xun 

” ^ Att 

>S Z3 wn 
- 2 


,s-i 


P 0 


*2. 


\ffn -1 


(« — 1)! 

^0^2 7-— + />o^ ( } 


'1 (n—1)! 
S ~ 1 if/n 


(5-1)! 
yss 


_ ^0^ 2 —r + 

n^o «! «^0 «! (5— 1)! 

s ~} Wn 

= , Po(5 - y)ji | o __ + ,„ (5 _ i)! 


1//5 


r/ S-l xj/ n \ ms -] 

-* K (5 -^V«t) + l^jr] 


r s ;> 

LA »! 

r w n 

^pAS-V) [ 2 .77 

- (s-'P) 


“ p„ ( S-W) 


(S — W) (S 
*F S 


xps “ 
»-0L 


(1 —W/S)^ 


r] 


76.25 


P 0 = 


S-l 

X— + 


W s 


n=-0 n ! 


(1—W{S)'S\ 


(from (76.14)). 


76.26 


Section 77 

A SINGLE STATION AND A LIMITED NUMBER OF UNITS* 

If m is the limited number of units (customers), the birth and 
death process will contain parameters X n and (jL n such that: 


*The source considered in the case of a limited number of units 
(customers) has a special property: the rate of arrivals (the rate at 
which units emerge from the source) is proportional to the number 
of units in the source. This corresponds to the case, which is of the 
greatest practical interest, where units can be in only one of the two 
states, Ei and E 3 ; the transition from E l to E 2 occurs in the station, 
and corresponds to an exit from the system; the transition from E 3 
to Ei occurs in a random fashion (in this case following Poisson’s 
law) and corresponds to entry into the system. An example has 
been provided in Sections 29 and 30. 
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X n = mX 

Pn = 0 


n — 0, 


X n = (m — ri)X 


Pn ~ p 


0< n< m. 


(obviously, the number n cannot be greater than m). 

From this we have the equations: 

p Q \t) = — mXp Q {f) + jxp \ (/) , 

0 <n<m pn(t) = — [(m—n)X+/u]p n (t)+(m—n + l)Xp n -- l (t)+lip n+1 (t) , 
P'm (0 = — PPmO) + Xpm-i(t). 

In a permanent system: 

Pnit) — Pn — C te f n — 0, 1,2,3, 

and these equations become: 

mXpo = pp u 

0 <n<m [(tn—ti)X+p,]p n =(m—n + l)Xp n - 1 -\-/bip n + 1 

Xpm-i — pp m - 

We easily derive the recurrence formula: 

Pn = On — n + 1 Wp n -t 0 < n < m. 


77.10 


from which we have 


m\W n 

Pn — ;- z P o 

(m — n)l 


0 < n < m. 


We have set = \/(i (traffic intensity). 
As the value of p 0 we have: 


77.11 


77.12 


m u/n ‘ 

n=l (w — «)! 

The mean number of units in the waiting line is: 

- m m ( n — i) i 

v - —_ (1 

The mean number of units in the system is: 

m m nW n 1 

n = 2a np n = m! p 0 > —- = m -(1 ~ n 0 ), 

n ~o « (m — n)\ w Po) 


77.13 


77.14 


77.15 
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The mean value for station idleness is: 

Q = S (l~n)p n = />.. 77.16 

The mean number of units not in the system is: 

__ m mm 

C m — n ) = S (m — ri)p n = 'Zmpn — S np n = m — « , 77.17 

which is obvious. 

Finally: 

« + l — (? = « — 77.18 

from which we derive: 

m —w =1(1 —^ 77.19 

The probability of waiting any time at all is: 

m 

p (> 0) = U = l-,„ 77.20 

w= 1 

The mean waiting time in the line will be readily found if it is 
noted that in such circumstances, under a permanent system, the 
average rate of arrivals is not X but X(m - n), or X(m - n), from 
(77.17). 

Hence: 


v — X (m — n)If, 


77.21 


therefore: 


h 


l m i 

-r -— S (n — 1 )p n = — 

A(OT-~«)m = 2 p, 


m 1 + Wl 

} —Po ~¥~_ 


The mean waiting time in the system will be: 


h — 


n 

X(m — h) 


1 


m 1 ' 

1 —/»• ~ • 


77.22 


77.23 


Section 78 

SEVERAL STATIONS AND A LIMITED NUMBER OF UNITS 

If m is the limited number of units (customers) and S is the 
number of stations, with m > S the X n and Mn values of the birth 
and death process will be: 
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A n =mX\ A w — (m —«)Aj A w —(m ri)X\ 

n=0, [ > S^n^m. 

u n -= 0 ) ) 


from which we have the equations 



Po\ 0= —jotAje^oCO +jK/>i(0 

78.2 

i<«<y />»(/)=- 

-[(m—«) A+«(*)+(w—»+1) A^w-1 (0 

78.3 


+ (w + l)/f/Pw+i(7)- 

S^nCtn Pnif)— — 

- [(/w—«)A+S //]/?»(0+( w — w +1) AjPw-i (0 

78.4 

+ Sjupn+iU) 


Pm'Q) ~ — SfAPmit) + A-Pm-xiO- 

In a permanent system: 

Pn(0 — Pn = C te n — h 2 * 3 > •••’ m » 

these equations become: 

m Xp 0 —/up i > 

1 < w < S [(m — n) A + n/APn = (m—n +1) ^Pn-x + (« + 1 )^Pn+i ■, 

S^n<m [(m— n )A -\~Sp]p n =(w—» + 1) ^Pn-x +Sftp n +x, 
Sfipm — A.Pm-x • 

We obtain the recurrence formulas: 


m — n + 1 m 

Pn — - * Pn- i 

n 

ftt w 4" 1 it/ 


0< n< S 


S^n^m 


78.10 

78.10a 


where T 7 


From this we derive 


p n = C* ^Vo 


where 


(m — «)! «! 


0 < «S' 


78.11 


78.12 


w • oW ir/M 

= sis^s C ™ ^ p ° * 


S'^ n ^ m. 


78.13 
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Next, we calculate the quantities a n = Pn/Po by means 
recurrence formulas (78.10) and (78.10a), and then the sum: 


£ m 

A — S a.n 4- X a.n. 

utilizing utilizing 
de (78.11) de (78.12) 


From this 


P 0 — 


1 


1 + A ' 

The mean number of units in the waiting line is: 

Z sS P° JL (n — S)n\ m 

v = s («— s)pn = — y - - cZ^ n . 

SI «~T+i S n 

The mean number of units in the system is: 


m S 

” = S np n = S np n + 

W~0 


utilizing utilizing 

(78.11) (78.12) 

The mean value for station idleness is: 


9 ■= w 5 0 ^-- «)/>»• 


The mean number of units not in the system is: 


(m — n) — S (/w — «)/j w — m — « 

n = 0 


Now remember (21.5): 


Finally: 


n V + S — Q. 


P(> 0) = S pn, 

n = S 


and 


if = 


A(m—«) /4£-—o) 


of the 


78.14 


78.15 


78.16 


78.17 


78.18 


78.19 


78.20 


78.21 


78.22 
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Section 79 

WAITING LINE WITH BINOMIAL DISTRIBUTION* 


A power supply circuit supplies current to m welding stations 
which use this current intermittently. If a station is operating at 
time t, the probability that it will cease operating before t + At is 
//At, plus negligible terms when At-»0. If at time t the station 
is not operating, the probability that it will demand current before 
t + At is XAt, plus negligible terms when At -♦ 0. The stations 
operate independently of one another. 

We shall say that the system is in state E n if n stations are 
using current. Hence there is a finite number of states: E 0 , E ls 
E 3 , . . . , E m „ 

If the system is in state E n , then m - n stations are not in 
operation, and the probability of a further demand for current in 
the interval At is (m - n) XAt plus negligible terms when At -* 0. 
On the other hand, the probability that one of the stations will stop 
is njuAt, plus negligible terms etc. Thus, we have a birth and 
death process with: 


X n = (m — n)X 

fin = np 


0 < n < m. 


79.1 


The equations of state are then: 


Po(,t) = — mXp 0 (t) -f fipxif) 


79.2 


(X« < m — 1 Pn(t) — — [n/i -Vim — n)X]p n (t) +(« +1 )p>Pn+ 1(0 

+ (/w — n + 1 1(0» 


Pm(t) = — mp,p m (t) + Xp m -i(t). 


In a permanent system: 

Pnif) — Pn — C te , n = 0,1, 2, m, 79.5 

these equations become: 

mXpo — fip\ 79.6 

[nju+(m — n)X]p n =(n J r l)jLtp n + 1 +(m — n-}-l)Xp n - t 0 <n^m —1 79.7 

mjupm = Xp m -i. 79.8 


*This case corresponds to the same hypotheses as the preced¬ 
ing one (Section 78), but this time with S^m; hence the customers 
never experience any delay. 
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It is easy to prove that the distribution of the random variable n 
is given by the binomial law: 


or again: 


where 


Pn - Cm 


n — C' n 

Pn —- l m 


r x n 

n “ 

X fi 



X jit 


- m-n 


f-LV pL-Y 

\i + w) \i + w) 

V = XIju. 


79.9 


79.10 


79.11 


Section 80 

VARIOUS SPECIAL CASES OF DELAY (QUEUING) PHENOMENA* 

1. One station: entries, Poisson; service at constant in™ 
tervals.—2. One station: entries, Poisson; service, Erlang.— 

3. One station: entries, Poisson; service, arbitrary distri¬ 
bution; R lines with ordered, but not absolute,priorities.—4. 
One station: entries, Poisson; service, exponential; 2 lines 
with one having absolute priority over the other.—5. One 
station: entries, Poisson; service, exponential; customers 
impatient and chosen at random from the line.—6. One 
station: entries at regular intervals; service, exponential.— 

7. Two stations cascaded: entries, Poisson; service, ex¬ 
ponential; First case: unlimited number of units; Second 
case: limited number of units.—8. Several stations in 
parallel: entries, Poisson; service, constant duration.— 

9. Several stations: entries, Poisson; service, exponential; 

R lines with ordered, but not absolute, priorities.—10. Infinite 
number of stations: entries, Poisson; service, exponential. 

We shall survey briefly a number of interesting cases. 

1. One station: entries, Poisson; service at constant intervals. 

If the service time is constant and equal to and we set: 

V = — : 80.1 

t 1 


we will have: 


*See Bibliography: Ref. D-33. 
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p n (1 T) I) [ (n—k)\ + (n—k— 1)! J 

p(>H-) -y l o e- «- ^ iy(, 7 w)]i ■ 

where k is the largest integer that is less than or equal to juw. 


7 2p(l -¥) 

2. One station: entries, Poisson; service, Erlang. 

The Erlang distribution is derived from the probability density 
function: 


b k (t) = ~^z~ e~^ kt t k ~\ 80.5 

nk) 

where k is a positive integer. It corresponds to the case in which, 
starting with Poisson-distributed arrivals, the service accepts 
units numbered 0, k, 2k, 3k, .. . 

If k -+ oo, we find once again the uniform distribution (constant 
intervals).* If k = 1, we find the exponential distribution. 

We have: 


p, = ¥ p 0 . 


¥ = 


(1 + ¥)pn = Pn+ 1 + ¥pn-k * 80.7 

k¥{\ + k) QA o 

" “ 2(1 - kW 8 ,8 

, = ± = k y(1 + k) sn q 

' n 2j«(l —kW)' 80,9 

3. One station: Entries, Poisson; service, arbitrary distribution; 
R lines with ordered, but not absolute, priorities. 

Consider R waiting lines, with the order of priority 1,2,..., 
R, but without absolute priority; in other words, service for a unit 
in line k is not interrupted to serve a new unit appearing in line h, 
even though h < k. 


*This is not paradoxical; the standard deviation decreases as k 


increases. 
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Waiting lines 


( 2 ) 


n 




<*l 


mn 


Service 


Fig. 80.1. 


Let Xk and (j ,k be the average rates for line k, i.e., of the line 
having priority k. We set: 


w » J*.. 80.10 

When the service is free to accept a unit, it scans the units 
waiting and chooses the next unit from the highest-priority line in 
which there is a unit waiting. 

We set: 


R 

A = S h 

i— 1 


80.11 


Let fk be the waiting time in the k-priority line; we then have: 


h 


U 

(1 — — *Pk) 


80.12 


where 


fo = 


oo 




80.13 


with: 


Fit) = i S, M W) ; 80.14 

A i=l 

the function Fk(t) represents the accumulated service-time cumu¬ 
lative distribution of service time for the k-priority line. 

This gives us: 


R 

n = ^ Xi 1%. 


80.15 
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4. One station: entries, Poisson; service, exponential; 2 lines 

with one having absolute priority over the other. 

Consider two waiting lines, of which one (No. 1) has priority 
over the other. If a type-1 unit arrives, a type-2 unit is shunted 
out of service to make room for the type -1 unit, while the type -2 
unit returns to its line to await the later completion of its servicing. 

Let X u Mi> Ate* be the rates of arrivals and service. We set: 

= Ax/mx 80.16 

Wt =-- A^,. 80.17 

We must have: 

+*?,<!. 80.18 


Use the function: 


F{z t u) 


S S 

/i x =0 /jjj = 0 


A«!)(W 2 ) 


80.19 


where P(n 1 ) (iy is the probability that n x priority-1 units are in the 
system at the same time as n 2 priority -2 units. 

We find that: 


F(z, u) = 


/ \ ( l-a \ 

\1 —a — zWt) \1 — au)' 


80.20 


where: 


& —Ax4*A 2 (l— z)--v / [C w i+Ax+A 2 (1 —z)] 2 — 4 A 1 jbti J 80.21 
This gives us: 


n l,o 

II 


^x 

80.22 

2 - U — 1 

1-^X * 

n * Dz j 

■-[ 

1 + fix VxtVt - 

1 -^X—J 

80.23 

Jlfl 

U k 2=1 

- J H = C 

_ ip n i 

> 

(1 -^x). 

80.24 


1 1 

- f 

<>Z TO 2C>tt W 'l 2=« = 0 


P(n x ) (»a) — 


n x \n-i\ 


80.25 
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5. One station: entries, Poisson; service, exponential; customers 
impatient and chosen at random from the line. 

Consider the case in which the customers are impatient and 
leave the waiting line when their waiting time has exceeded T 0 ; 
furthermore, customers are chosen at random from the waiting 
line, instead of the first in line being served first (no queue 
discipline). 

We have: 


Pn = n (1—e“' ,JV * ) 80.26 

fl 1 

6 . One station: entries at regular intervals; service, exponential. 
If the time interval between one arrival and the next is 6, that 


is, if: 


A = 1/(5 : 

80.27 

we have: 


Pn = Pod — Po) n , 

80.28 

where p 0 is the root of the transcendental equation: 


= 1 

80.29 

S 1 — Po 

rt S np n , 

p 0 

80.30 

if = 1 1 1 -p>. 

f A A Po 

80.31 


7. Two systems cascaded: entries, Poisson; service, exponential. 

Now consider two systems in series as shown in Fig. 80.2. 

Let: X, be the rates in the first system, 

X, /i s be the rates in the second system.* 


*One should not be misled into thinking that the exits from the 
first system occur at a rate of jUi; they occur at the rate of entry, 
X. It is the service intervals that have a mean of 1/a, and we should 
not forget that the service can be idle. In a permanent system/ the 
exit rate is equal to the entry rate. 
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Source 1st Line 1st Service 2nd Line 2nd Service 


System S^ System S 2 

Fig. 80.2. 

After going through Fig. 80.2 the first service, the units take 
their places in line for the second service. 

We set: 

= L< 1 , ^,=A< 1 . 80.32 

Hi Hi 

First case: unlimited number of units. 



System 1 

System 2 

Total system 

80.33 Mean number 

80.34 of units in the 

80.35 line - 

u/ 2 

Vl “ 1 -Vi 

v: 

V ’ = l-v, 

v = v 1 + v z 

w; wi 

1—SV 1-Wi 

80.36 Mean number 

80.37 of units in the 

80.38 s y steitl * 

. Vi 

. 

« = «! + «* 

\-Wi 

80.39 Mean number 
80’40 of units being 
80.41 serviced * 

A - Vi 

7. - 

! 

7«7» +7. 

- 


The probability that there are n x customers in system S it and 
n s customers in system Sg is: 

pOii, «,) = - Vi). !F**(1 - Wi). 80.42 

The probability that there are n customers in one of the sys¬ 
tems is: 


Px(n) =^(1-20 80.43 

/>.(«) =^f(i — iFO. 80.44 

Second case: limited number of units. 

This will give us a diagram such as that shown in Fig. 80.3. 
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Let p(n x , 113 ) be the probability that there are n : units in systems 
S^ and n 3 units in System S s : 


/>(«!, «.) = 'I\ n > p(0, 0 ) 80.45 

M units in the phenomenon 


r* 

1 

I 

V 

I 


L-CQQ^.. 


m- 


ixr 




Source 


1st Line 1st Service 2nd Line 2nd Service 


1st System 

Fig. 80.3. 


2nd System 


where: 


/>(0,0) 


(!P 1 -!P 2 )(1 -«Pi)0 -^ 2 ) 


W X __ __ (tf/AT+2 _ tf/Af+2) + ^ (tf/M+1 _ S/M+l) 

/>(0, 0) 


. 80.46 


^ 1-^2 L 


f'fp—(/w + i)'Pf + f W'Pi M+1 } 


d-f' 1) 2 


1?/ 2 {1 _ (A/+1) <pg‘ + MW™* 1 } 

(l-’J's) 2 
-1 


r-»r/2 


V — 


80.47 


Wi 0 + 7T) [1 — M + (A/ - 1) 


d-^ 1) 2 

(i + [i _1 + cm - 1 ) *p? r 


a-^) 2 


^i^pCO, 0) r 1 -(M- D^f + (Af — 2) !Ff 

-*>2 L (1 - ^l) 2 

■2 , /.y ^it/M—1- 


80.48 


4 +(M-2)yY 


(1 - *P 2 ) a 


[(^1 + W 2 ) - (Wf +1 *P 2 (!Ff - !Pf )] 


M+l. 


rAf ■ 


j = />( 0 , 0 ) {W x + w 2 ) 


(l-^l)(l-^ 2 ) (^ 1 -^ 2 ) 


80.49 


8 . Several stations in parallel: entries, Poisson; service, constant 
duration. 

The S stations are assumed to have the same rate of serviqe, 
jU. Setting: 
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we have: 


where 


£ - 

80.50 

p(> 0) = 1 — q~ k 

80.51 

« G~ iw 00 (/S 7 ) 3 ' 

: y 2 

i fan j< 

80.52 

r ^ ^ u'PP -I 

80.53 


(Crommelin’s formulas) 


For very large values of S: 


p(> 0) = l — /?(= 0> = 


1 CPist)c<s-v) 


l — W 


80.54 


V 2 7T *S 


(Pollaczek’s formula). 

General approximate formula: 

f/ = P (>0) —!_ _jL_. '-CW 8 -' 

^ ftis-'P) s + 1 i -CFIS)S ' 

where 


80.55 


p(> 0) 


ys Q -v s 
5! ' S — W 


» ys Q -v s 

i-Or* 2 —)+—vr 


80.56 




(Molina’s formulas) 


Fig. 80.4 is a graph of formula (80.55). 

9. Several stations: entries, Poisson; service, exponential; R 
lines with ordered, but not absolute, priorities. 

This is case 3 (Fig. 80.1) generalized for S stations. We assume 
here the same exponential distribution with rate ju for all stations 
providing the service. If: 




R 


s 


/ = ! 


80.57 


and 




where 



Fig. 80.4 
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10. Infinite number of stations: entries, Poisson; service, ex¬ 
ponential. 

First case: unlimited number of units. 

This question has already been dealt with in Section 75; see 
the description for (75.4). The rate of service is proportional to 
the number of units; this is to say that there is an infinite number 
of stations. 

Second case: limited number of units. 

This problem has already been dealt with in Section 79: 
Waiting Line with Binomial Distribution. 


Section 81 

SYSTEMS IN SERIES (CASCADE) 

The analytical study of systems in series (Fig. 81.1) is gen¬ 
erally very difficult, and the usual approach is therefore by 
simulation. However, in the case of Poisson-distributed arrivals 
and service times, this analysis becomes fairly simple; we shall 
show here how it can be accomplished. 

Systems in series are found, for example, in an assembly line, 
in handling customers in a cafeteria, in transmission of papers 
within an administrative office, etc. 

~~ -“ir ^ = nir 

A. fX) l 2 

Fig. 81.1. 

Call l r the space available (maximum length of the waiting line) 
between station r and station r - 1 (Fig. 81.1). 

1st case: l r = oo; r = 1, 2, . . . , S. 

2nd case: l r is finite, r == 1, 2, . . . , S 

3rd case: lr is zero, r = 1, 2, . . . , S. 

4th case: l r may be zero, finite, or unlimited, depending on r. 

In cases 2, 3, and 4, partial or total blockage (bottleneck) 
phenomena may occur. There might also be, for example, blockages 
caused by more complicated constraints among the conditions for 
entry into each system. 

By way of example, we shall give the analytical description of 
a case with two stations in series and in which no waiting line is 
allowed before either of the two stations (l x = 0, 1 3 = 0). (See ref. 





THEORY OF DELAY (QUEUING) PHENOMENA 


381 


D-l (Bibliography) p. 34.) Let X be the arrival rate, and fx the 
service rate in stations 1 and 2 . 

Arrivals and service will be assumed to 
be Poisson-distributed, and the study will be 
made in the permanent system. 

We shall call: 

p 0 o the probability that both stations are 
empty; 

Pio the probability that station 1 is busy, 
and 2 is empty; 

Poi the probability that station 1 is empty, and 2 is busy; 
p u the probability that both stations are busy; 

Pb l the probability that station 2 is busy and station 1 blocked 
as a consequence. 

We have: 


f 

1 

i 

! 

1 & 


/ 0 or 1 

I 0 or 1 

1 Station 

1 Station 

1 

2 

Fig. 

81.2 


Poo + Pio + pox +Pn + P&l — h 


81.1 

The equations of state will be: 



XPoo — /APoi ^ 0, 


81.2 

(X + /*)pox —- jWPxo — JUPbx = 0, 


81.3 

Xpoo + PPii—pPio = 0, 


81.4 

ppn—ppbi = 0. 


81.5 

Xpoi — Xfipn — o. 


81.6 

From these we derive: 



K 0 = 3 *F 2 + 4W + 2 where W = — ; 


81.7 

P 

, 

81.8 

2 2 W W + 2 W 

xpz ) 

81.9 

Poo — * Pox — >Pio > Pn- P6i • 

ivo Ao Ao 

= ~k7' i 

81.10 

81.11 

The average number of units in the pair of two stations is: 

/ 2W — -f" 

(W « 1) 


<U/2 4_ AUJ i 2 

« = l(Poi+Pxo)+2(p n +P6i)=-— — ) 1 

CP = 1) 

81.12 

K ° 5 32 

CP »1). 


\ 3 45W 
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The average number of stations busy is: 


lOoi+/>io+2/>, 


I 2P—2P* (P « 1) 

8 iXU n 

- & = i) 81-13 

$ - sts CP » 1 ). 


The probability that a customer arrives at station 1 and cannot 
be served is: 


-^refusal = Pio+Pu+Pbi = 


! P - - P* (P « 1) 

I a <*-» 81 - 14 

»-3!P CP»1). 


Obviously, two stations linked in series in this way are less 
efficient than two stations separated by a waiting line, because of 
the possibility of a bottleneck. 

In the work cited above (ref. D-l), Professor Morse also gives 
an example identical with the foregoing, but in which we have 
li = 0 , 1 2 = 1 (a waiting line no longer than one unit is permissible 
between the two stations). The probabilities to consider then are: 


Poo, Pol, Pot, P 10> P 11> Pit, Pbi' 


81.15 


This gives us, if we set Ki — 4P* + 8P* 4 9P 4 4: 


P -{- 4 


P' + AP 


*P» 42 *P» 

K x 


I 81.16 

P* 43 P*+4P i 81.17 
ATx * 181.18 
}81.19 
(81.20 
81.21 


9P* 4 t2P* 4 8P 
K i 


CP « 1) 
CP = 1 ) 


CP » l) 


81.22 


6P* 4 \QP* 4 8P 


(P « 1 ) 
1 ) 


81.23 


(P » 1) 
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43 * + 5 ipr. 

^refusal- 


V-P* (P « 1) 

i , *-» 


81.24 


4y 


The reader can generalize this situation by imagining a waiting 
line that must not exceed a given number of units between stations. 



Chapter 


Analytical study 

of inventory problems 


Section 82 
INTRODUCTION 

The analysis of inventory problems in general is rather com¬ 
plicated and involves a large number of models. We shall limit 
our discussion here to a few of the most well-known models. 
Specifically, we shall set forth an almost general procedure for 
computing the optimum of the economic function for inventory 
problems involving discrete values. Certain problems stated in 
Chapter IV will be taken up again and studied for the case of con¬ 
tinuous values. We shall examine a group of problems not dealt 
with at all in Part One, referring to cases where there may or may 
not be linear constraints; in the analysis we shall point out clearly 
the difficulties involved in the solution of such problems. Lastly, 
we shall develop an example of a linear program involving production 
and inventories. 


Section 83 

PROPORTIONAL COST PROBLEMS 

1 . Analysis of the third case.—2. Study of the third case 
when demand is a continuous random variable.—3. General 
analytical expression for mathematical expectation.—4. 
Example.—5. Numerical example.—6. Analysis of the fourth 
case.—7. Study of the fourth case when demand is a con¬ 
tinuous random variable. 

1 . Analysis of the third case. 

We shall demonstrate the method of calculating the minimum 
of (35.48). We write, successively: 


384 
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A*) = Cl 2 (s — r)p{r) 4- c 2 2 (r — s)/>(/•), 

r=0 r=5+1 

A* 4 - 1 ) = c t 2 (s 4 - 1 — r)p(r) + c a 2 0 — s — 1 )p(r). 

r—Q r—s+2 

= Cl J o (s 4 -1 — r)p(r) + Cl [(s + 1)—(s + l)]^(s+ 1) 

+• Ca r =5 + / A '“‘ y ~" 1 ^^“ Ca K^ + i)—(-y + i)] />(j+1) 

S S oo oo 

=Ci 2 (j—r)jp(r) + Cl 2 />(r) + c 8 2 (r— s)p(r)—c a 2 />(r). 

r = 0 r=0 r = s4-1 r = j+l 

But: 

V(r)=l, 

hence: 

S P(r) = 1 — tp(r). 

r==s+1 r = 0 

Therefore we have: 

As + 1) = Cl 2 (s — r) p(r) + c a 2 (r — s) pir) 

r=0 r=s+l 

s s 

+ Cl 2 1 />(r) — c s + C 2 2 p{r) 

r—0 r—0 

= A-y) + (Cl + c a )p(r< s) — c a , 

where p(r £ s) is the probability of a demand less than or 

s. 

In the same way, we obtain: 

As — 1 ) = As) — (ci 4* c 8 ) s — 1 ) 4 c a . 

Suppose, now, that s 0 is such that: 

Ajo — 1) > As 0 ) < A*. 4- l); 

i.e. that s 0 is the stock which minimizes T (s). 

From equations (83.5) and (83.6) we then derive: 

As + l) — Ay) > 0, or (c t + c a ) p(r< s) — c 2 > o, 


83.1 


83.2 


83.3 


83.4 


83.5 


equal to 


83.6 


83.7 


83.8 

83.9 


As — 1 ) — As) > 0 , or — (cj + c a ) p(r < s — 1 ) 4- c 2 > 0 ; 


83.10 

83.11 
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p(r s — i) < —:— < p(r < •*)• 

V Cl 4 c 2 


83.12 


Thus, if we set: 

p «_—; 83.13 

Ci 4 c 2 

we find precisely (35.50). 

2. Study of the third case when demand is a continuous 
random variable. 

In this case, the distribution p(r) being replaced by the proba¬ 
bility density f(r), we have: 


& oo 

r(s) =, Cl f(s — r)/(r)dr 4 c a J (r — s) f(r)dr 


83.14 


To find the minimum of T(s), we determine its derivative. For 
this purpose, let us recall that the derivative of the integral: 


*«(»») 

gim) = j 9 im,x)dx 

k(m ) 


is given by: 


cUr x) dk* dk\ 

dm J 7>m dm dm 

kfm) 


83.15 


83.16 


Using this classical formula for taking the derivative under the 
integral sign, we obtain: 


- c x f f{r) dr — c a J fir) dr 

= a Fis) — c t [1 — Fis)) 

= (c x 4 c 2 ) F(y) — c 8 , 


83.17 


where 


s 

Fis) = J fir) d r = pir< s). 

0 

Setting the derivative (83.17) equal to zero, we obtain: 


83.18 
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It is easy to prove that the values = s 0 corresponding to (83.19) 
is actually a minimum: 


= CifiSo) + C 2 f(s 0 ) = (Cl + C g) f(s o). 


83.20 


Since c x + c s is not zero andf(s) is greater than 0, we then have: 


d a F 

ds a 


^ 0 . 
s o 


83.21 


If the unequality holds, s 0 corresponds to the minimum. If the 
equality holds, then f(s 0 ) = 0, But, by hypothesis, f(r) is a non- 
negative continuous function; therefore, if f(s 0 ) = 0, then f(s) is 
minimum for s = s 0 , which is zero. It follows that T(s) is minimum 
for s = s 0 . Relation (83.19) therefore does yield a minimum; it 
corresponds, for the continuous case, to relation (83.12) in the 
case where r varies by integral values. 



Fig. 83.1 


Now let us consider the distribution p(x ^ r) (Fig. 83.1). Given 
a shortage rate p, the optimum inventory level is obtained immedi¬ 
ately, as shown in Fig. 83.1. This method is also valid for a 
discrete distribution. 


3. General analytical expression for mathematical expectation. 

Recalling the theorem of composition (Borel’s theorem), let us 
use the Carson-Laplace transformation: 

g(p) => P f“h«) e-1’* d t h(t ) = o for t < o. 83 _ 22 

= S’ h(t) 


This theorem is written as follows: 


gx(p)~&h x {t) , g*{p)~&h t U) 


83.23 

83.24 
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then: 




83.25 


Using the variable s in place of t, and the variable 0 in place 
of p (so as not to confuse p with a probability), we write: 


g($) = gf“A(s)e-°*ds. 
Using this theorem for the integral: 

£(s—r)f(r)dr. 


we obtain: 

If 

then: 

Thus: 

where: 


r'-.sem 1 


F(s) = £ S f(u)iu and <P(s) = £‘ F(u)du 

& £‘ ^ “ '> «r)dr = = if 0(s) 

£ (s — r)f(r)dr = 0(5), 

0(5)= £d[t£f(X)dX ; 


83.26 


83.27 


83.28 


83.29 

83.30 


83.31 


83.32 


83.33 


$(s) is the primitive taken over 0 to s of the primitive of f(s) 
taken over 0 to s. Now let us return to the expression for T (s) 
given in (83.14): 


F(s) = Ci £(s — r)f(r) dr + c a £ (r — s) f(r) dr 

= Ci £ (5— r)/(r)dr + c 2 f o (rs)f(r)dr—c a £ (r—s)f(r)dr 

= (c x + c a ) £ (5 — r)/(r) dr~Ctf o (s — r)/(r) dr 

= (Ci + c z ) £ (s— r)/(r)dr— c a s £ (r)dr + c 8 rj^ (r)dr 
= (Cl + C 2 ) 0 (s) — c a (s—r). 


83.34 
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4. Example. 

Assume that the probability density function f(r) has the form: 

/■(r) «= Ae-*; 83.35 

(See Fig. 83.2.) Then: 



F(r) = / Ae -A *dx = 1 


83.36 


0(r) — r -r-[t — © 83.37 


- c ‘('-t) + - 








and 


F'(s) = c x — (ci + c a )e 


Aa 


83.38 


83.39 



This derived value is cancelled for: 



C ® _ 1 A —Aa 

Q = --- ~ 1 — © 

Ci + C a 

83.40 

or 


Jo = — 4- lo gO — 0b 

83.41 

and A 


r(j 0 ) = — -J log (i — Q) = ~J lo S • 

83.42 


Curve T(s) is represented in Fig. 83.3. 







83.47 
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T(s) is a minimum for T '(s) * 0 (we can also use 83.19), or: 

7 s* — 1,400 5 + 60,000 = 0 , 83.48 

from which: 

s — 100 i 37.8. 83.49 

Only the root less than 100 is meaningful and corresponds to a 
minimum. 

Therefore, 

Jo - 62.2 . 83.50 

Corresponding to this value of s is the minimum: 

F(62.2) - 2,070 . 83.51 

6. Analysis of the fourth case. 

We can compute the minimum of (35.76) as follows. We write, 
successively: 

r<fi) = c, 2 (* — |W> + 2 i S -P(r) + Cp 2 1 p(r), 

r — 0 \ “/ r=s+l • r = s+J r ' <5o.04 

j+1 / r \ * ^4- 

r(s + 1) = c s 2 ( S + 1 — ~)p(r) + c s 2 i -~-+ 

r=o \ Z / r=i+2 r 

83.53 

V 1 (r-s-iy ^ 

C P 2, i-:-/<'')■ 

2 r 

But we can write: 



83.54 


83.55 
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(r-s-lY 

c p z — 

r<=s + 2 r 


^ (r—s) s ^ ^ p(r) A p(r) 

c v Z — o— P( r )— c P Z P(r) + c p s > — — hfcp >- . 83.56 

r — i+1 " r = i+l r=i+I r r=$+l r 

Substituting (83.54)—(83.56) into (83.52) and (83.53), we obtain: 

ris . * n, ' . , . v ^ ^ , Is ^ QO Cf7 


■^(5 +1) — TX-s) + (eg + Cjj)^/?(r< s) 4 -{s +•£) 2 -“j —Cp 83.57 


Let us set: 


L{s) = ^(r < 5 ) + (s + •£) 2 —» 

r=j+l r 

then equation (83.57) will be written: 

F(s + 1) = F(s) + (c s + c p ) L(s) — cp. 

In the same manner: 


83.58 


83.59 


/> — 1) = r(s) — (c s + Cp) L(s — 1) + Cp. 83.60 

Let us show that L(s) is a function that never decreases with s: 


+ + L + ^ + l + i) y Pv) 

r-* + 2 r 

—p(f< s) ~\-p(.S -f 1) + (s + £) 2 ~~ 

r=T+i r 

~^P(s + 1) + 2 5«_£fr+J> 

5 + 1 rJr+l r s + 1 

-i(,)_ 4 £<Lt!l + 7 

* + 1 ,-4+1 , ’ 


83.61 


that is: 


f i \ 1 \ , v P^ , 1 Pis + 1) 

us + i) = m+ 2 +i ——. 


83.62 


But since: 
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we have: 

L(s + l)> L(s). 83.63 

Now we shall consider a value s 0 such that: 

(c s + c p )L(s 0 ) — c p >0 83.64 

— (c s + c p ) L(s 0 — 1) + c p > 0. 83.65 

For all s' > s 0 and s < s 0 , in equations (83.64) and (83.65), 
respectively, are satisfied. Thus: 

/V)>J>o) if s" < s 0 83.66 

r(s')>r(s 0 ) if 83.67 

Therefore, the value of s that yields a minimum for T is the 
value, s 0 , which satisfies inequalities (83.64) and (83.65), or: 

L(s 0 — 1) < e < £( J o) 83.68 

where 

0 = - c - p - — . 83.69 

Cj -f Cp 

7. Study of the fourth case when demand is a continuous random 
variable. 

In this case, with the distribution p(r) replaced by the proba¬ 
bility density function f(r), we have: 

F(s) - c 5 f* ^—0/00dr + c* jT |-/( r )dr + Cp^ S r . „jL f( r ) dr. 83.70 

Determining the derivative of T(s) by means of formula (83.16), 
we obtain: 


^ Cs fo + c / ”^ r ) dr ~ c pJ ~ r — -fW 6 ' 

d,s j0 J s r J s r 

= (Cs + Cp) ^ Jj(r)dr + s £ d r^J—c P 

= (c s + c p ) F(s) + s dr^j—cp 


where 


F(s) = Jl f (A )dl = p(r^ s). 


83.72 
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The minimum of T(s) will occur for a value s = s 0 such that: 


-££- = F(s) + s f — dr. 

c p 4* c$ »*• 


Let us set: 


83.73 


M(s o) = F(s 0 ) + sof 




83.74 


Condition (83.73) will be 
written: 

q = M(s 0 ). 83.75 


M(s)-F(s) + 


To determine the optimum in- / i 

ventory level, one must first de- / ! 

termine the curve M(s), which is y j 

done quite easily by graphical nu- yr--jr-► 

merical calculation methods when 
f(r) is known. Fig. 83.6 

It is possible, if the Carson- 

Laplace transformation is used, to obtain a fairly workable ex¬ 
pression for computing T(s). One proceeds as for the third case. 


Section 84 

FORMULAS FOR THE CONVOLUTIONS OF 
PROBABILITY DISTRIBUTIONS 

Formulas (36.4) can be written in matrix form: 


p.(0) \ 

[P i(0) 

0 

0 

0 

-■ /Pi(0) 

PaO) J 

Pl(l) 

P i(0) 

0 

0 

Pl(l) 

Pa(2) / 

P i(2) 

p l(l) 

Pi(0) 

0 

Pi (2) 

Pa(3)f = 

P i(3) 

Pi (2) 

Pl(l) 

Pi(0) 

Pi (3) 


Or, in abbreviated form: 


{T»} = [/>!] {Pi}. 


In the same manner: 


{P.} = [PJ{P.} 


84.3 
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and thus: 

Furthermore: 
therefore, we have: 


{/>«+,} {p,}-, 


84.4 

84.5 

84.6 


[P„] = IP J n - 

This shows us how to calculate the distribution Pn(r)» if we know 
the distribution p x (r), by means of successive multiplication of the 

To calculate Pl (r) when p n (r) is known, one starts with equation 
(84.6) and uses the recurrence formulas that generalize (36.11). 
In addition, we may note the formulas: 

= Jo Pr ^ - *>•**.<*> = 

= Pr T (r) * Pr T (r) - Pr^r) * Pr^r). 

and for the case of continuous random variables: 

A^+r/*)- £* hT & “ u) hT ^ du “ f 0 * hT^'kT^x — tidu 

= hT x * /tr 2 ~ hr a * hx x . 


84.7 


x ^ 

htT(x) = £ hiix — u).h(u)du = h T * h T = (At)* 

These formulas can be generalized as follows: 

h Ti + T2+ - + T n (x) = h Tl * h Ti * ... * h Tn , 
h nT {x ) = h T * fiT * ••• * At = [At(*)1 


84.8 

84.9 

84.10 

84.11 




Section 85 

PROBLEMS INVOLVING NON-PROPORTIONAL COSTS 

We shall consider the case in which there are r unit prices de¬ 
pending on quantity, i.e. r - 1 discontinuities. 

Let us take: 

c x 0<n<ch 
c a Ci < n < a 2 

c 8 a 2 <n<a 3 85.1 


Cf a r -1 < n < oo . 
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We proceed as follows: 

1. Calculate . If n r 0 s> a r - the economic quantity is T r (n ro ). 

2. If n ro < a r _ 1? calculate n r _! 0 . If n r ^ 10 a r 2 (i.e. if 

a r -2 * nr-i x o <a r - 1 ), compare r r _i(n r _ 1>0 ) witli r r (a r x ) to de¬ 
termine which of the quantities n r „ 10 and a r x is the economic 
quantity. * 

3. If %_i,o <a r _ P , calculate n r _ P>0 . If n r _ 3 0 £ a r _ 3 , compare 
*r-s( n r-3,o ) w ith r r-i(ar_ 2 ) and T r (a^J to determine economic 
quantity corresponding to the smallest value of T. 

4 - ^ n r- a,o < a r _ 3? calculate n r _ 3j0 . if n r _ 3j0 *a r _ 4 , then 
compare r r - 3 (n r _ 3>0 ) with T r~? (a r ~a), rr-i(a r - P ) and r^a^); 
determine the economic quantity. 

5. Continue in this manner up to n r _ i 0 ^a r ./4+i^j = 0, 1, 2,.... 
r - 1, and then compare rr-j(n r _j j0 ) with U ' 


r r -j+ 2 (a r -j +1 ), ...,r r (a r - 1), 


select the economic quantity. 

The procedure will require r steps at the most. 


Section 86 

INVENTORIES OF SEVERAL PRODUCTS 

1. General explanation.—2. Numerical example. 

Now let us consider the case in which the economic function of 
an inventory is related to several products, each distinct from the 
others. 

1. General explanation. 

We return to the model studied in Section 35 (first case). This 
time, however, we shall assume that we have p different types of 
items. We set: 

c i = carrying cost per piece per unit of time for type i; 
yi = setup cost per lot or order for type i; 

Ni = total number of pieces of type i; 

n i = number of pieces in a lot or order for type i; 

Tj » time interval between two lots or orders; 

0 = length of the supply period. 

Formula (35.5) will become: 
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Am) = X 

/=] 


/ NiVi 
\ * 


+ —m 


If we set: 


A («0 = 


Aft 

fH 



i = 1, 2, 


86.1 


86.2 


we will have: 

Tim) = £ rdm) 86.3 

It is evident that the minimum of T (n^) occurs when the p 
economic functions Ti(nj) are minimized, each one separately, 
since these functions are independent of each other. Thus: 


the minimum of r(nj) corresponds to 2>A/^m = 0(/~l, 2,86.4 
which is to say, referring to (35.10): 

These formulas are obvious and can be extended to other prob¬ 
lems that involve economic quantities. 

Another example, which we shall develop more fully in Section 
87, will indicate the cases in which such considerations can be of 
particular interest. 

If the cost of inventory is a factor, one has, setting: 

cj = unit cost of raw material and labor for product i; 
y\ = all costs relating to one lot of product i; 
n\ = number of units of product i in a lot; 
lj = monthly sales of product i (a known constant); 
a = monthly cost of inventory, expressed as a percentage of 
the average value of the inventory for some period (e.g., 
one month). 


The cost per unit product i is: 


Cl + 


86.6 


and the cost for one month’s production is: 
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Since demand is at a constant rate, assuming that shortage 
costs are not considered, the mean inventory level is 1/2 nj and the 
inventory cost is: 

ni r y{i 

a- ci +- 86.8 

2 L 

Finally, the total cost for all products over one time period 
will be: 


r«-| [*(„+*) + . = ( 


— \Ci + 


V / 

l (‘ 


, hyi . a 

ci + — + — ni ci + 
m 2 


T»)' 


The economic quantities will be: 


2. Numerical example. 


/ = l, 2, 


86.10 


Let there be two products, P x and P s , for which: 

= 12,000 fr, = 100,000 fr, h = 200 

c a « 7,000fr, « 25,000fr, / 2 = 400 a = 0.005. 

This gives us: 


86.11 


« 10 = 816, n 20 = 756. 


86.12 


If r*i is the total cost of product 1 and r s that of product 2: 


Wao) — 1 io 4* Fa 


86.13 


or, in thousands of francs: 


r „J = (200X12) + - ( - 200)(100) + (atK>5) (816) (12) 

816 2 

+ j 0^ 05) ( 100) + JjOOH^ 

2 756 

(0.005) (756) (7) (0,005) (25) 


86.14 


= 5,275.74, 

that is, 5,275,740 fr. 
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Note: The considerations set forth in this section would be of 
little or no interest if they did not serve as an introduction ‘to the 
next case, in which constraints are brought in. 


Section 87 

INVENTORY PROBLEMS WITH RESTRICTIONS 

1. General explanation.—2. Beckmann's method.—3. Non¬ 
linear constraint.—4. The case of several constraints. 

1. General explanation. 

We shall now consider an economic function, T (ni), representing 
a total cost of the same type as (86.9). If we assign appropriate 
values to the coefficients K, Ai and ft, this economic function will 
take the general form: 

rw>-*+, |(£ + T" , ) > 87,1 

from which we can derive: 

r^K + XV2AM- 87,2 

^ * 87.3 

/= 1 , 2 , 

For any value C of T (n$), we can imagine surfaces 
r(n u n p ) = C 

of nj values in p-dimensional space. These surfaces will constitute 
the locus of ni values yielding the same cost, C. We shall call them 
T = constr. surfaces. In the case of only two variables, they con¬ 
stitute the r = constr. lines, as shown in Fig. 87.1. In this figure, 
the solid lines represent the T( n lf n^) = C curves, and the dotted 
lines represent their orthogonal trajectories, showing the direc¬ 
tion of the minimum variation of T in the plane ni, n%. The curve 
r (ni) = r 0 is reduced to the stationary point (n 10 , n^). 

Now let us consider a group of m constraints: 

Gj(ni) = 0 i = 1 , 2 , g 7^4 

j — 2, tH. 

These constraints will be represented by surfaces in the n^ space. 
If we propose to minimize T (nj) and also to satisfy the constraints 
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Gj(ni) = 0, we shall be confronted with a non-linear program: 


[MIN] r(n t ) m >0 i' = 1,2, ...,P 87.5 

<7/0*0 = 0 i = 1 , 2 , j = 1 , 2 , m. 87.6 


which can be solved by means of Lagrangian multipliers or a 
variation of this method. 

In cases where the constraints are stated in the form of in¬ 
equations, we must add to the corresponding G function an appro¬ 
priate slack variable. 

The general method in the case of constraints in the form of 
equations can be summed up as follows. 

Using functions (87.5) and (87.6), we form a new function: 

H--r + |4 < ,. I + |g + f„) +£,<,„ 87.7 

where Aj are Lagrangian multipliers. 

The p equations: 




added to the m equations: 


Gj(m) — o 


/• = 1 , 2 , 


j = 1, 2, rn. 


87.8 


87.9 


will give the stationary points which we shall examine to find the 
one that satisfies the constraints and renders T (nj) minimum. Of 
course, some conditions for the numbers m, p and the functions 
Gj must be stated if the problem is to be meaningful. 
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This approach, which requires computation of all the stationary 
points, must be abandoned as soon as the number of n* variables 
becomes very great, because the number of stationary points in¬ 
creases very rapidly with p. It must be admitted that there is 
no known “step-by-step” method for non-linear programs which 
would permit finding the optimum by means of an algorithm of the 
kind used in the simplex method for linear programs. 

Let us take a few examples to show the ways in which inventory 
problems with constraints may appear. 

Consider the problem in which the economic function is (86.1), 
and let us assume that, as in the numerical example (86.11), 
there are only two variables, ni and n s . 

Let us say that stocks of products 1 and 2 are limited by the 
available space. Let s T be the volume occupied by one unit of 
product 2. If we are concerned with a limitation of the average 
stock level, rather than the maximum level, we must take the 
quantities 1 / 211 ^ and l/2n g s g , instead of n^ and il^; it all de¬ 
pends on the manner in which the problem is stated. 

Let V be the maximum total volume available; the correspond¬ 
ing constraint will then be written: 


HiSi + n t s a < v. 87.10 

This will yield the non-linear program: 

r(n u n t ) — hci + L + ~ n i c i 4- -yi + Uct + + — n a c t + 87.11 

n x l n t z. * 


Hi^i + n 2 s 2 < V. 87.12 

Taking the numerical values of (86.11), and assuming that: 


Si = 0.5 m 3 , s z = 3.5 m 3 , V — 2,800 m* ; 


87.13 


we obtain: 


A«i,« 2 )== 5,200.312 + —— + 0.03 n x + 10 — + 0,0175 n 2 87.14 

n x n% 


(in thousands of francs.) 

0.5 iti + 3.5 fit < 2,800. 
To simplify, let us set: 


20,000 10,000 

F(n lt nt) = + 0.03 n x + ---f 0.0175 

n ! tit 


87.15 

87.16 

87.17 


n x + 7«a < 5,600. 
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To find the smallest value of fr corresponding to values ofn a 
and n s that satisfy the constraints imposed, we proceed as follows. 



First, we determine the domain in which the 3 conditions: 

» 1 > o, n 2 > 0, m + ln 2 « 5,600, 87.18 

are satisfied. It is the shaded region lying in the first quadrant, 
shown in Fig. 87.2. Next, we determine whether the point (n 10 , 
n s£>) lies in this domain. We can see that it does not: 

816 + (7) (756) - 6,108 > 5,600, 87.19 

otherwise the numbers 816 and 756 would have been the solution. 

To find the optimum solution, we shall use the following special 
method. 

2 . Beckmann’s method.* 

Let: 


F = y ( hy± , «f ijH \ 
& \ m 2 )' 


87.20 


*See Churchman, Ackoff and Arnoff: “ Introduction to Operations 
Research” (Wiley, 1957); and M. Beckmann: “A Lagrangian Mul¬ 
tiplier Rule in Linear Activities Analysis and Some of Its Appli¬ 
cations,” Cowles Commission Discussion Paper—Economics, No. 
2054, 5/11/52 (unpublished). 
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i ^ st v. 87.21 

We wish to find the minimum of F satisfying inequation (87.21), 
where average inventory levels are involved. 

Let us take a quantity X such that: 

A < 0 for V — \ S st nt = 0 
1 = 0 for V — \ £ st nt > 0; 

then: 

is identically zero in the domain where the constraint is satisfied, 
and we can add it to F without changing its value in this domain. 
This then gives us: 


87.22 


87.23 


| [- +iBim 
t =i L m 


+ X[V — \ ^ st nil 


where, for simplification, we have set: 

M — h yu B( = a Ci i — 1, 2, 
Taking the derivative of (87.24), we obtain: 


2_F_ 

c> n% 


A A _ 


2 , ... ,p . 


2 2 

The stationary points in (87.24) will be given by: 
IF 


87.24 


87.25 


87.26 




= 0 


i = 1, 2, 


or 




2A t 


Bi — Xsi 


i = 1, 2, ...,/> 


87.27 


The method consists of computing n^ for X = 0, and substituting 
the values thus found into (87.21). If the inequation is satisfied, 
we have the solution we are looking for; if it is not, we assign to 
(-X) increasingly large positive values, until the n^ values obtained 
yield a difference V -l/2Espii equal to zero. In practice, one 
constructs a table giving the values of nj and of V - l/2£ sini as 
a function of X, and one examines this table to find the values of 
nj that satisfy the inequation. 
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We may note that the quantity (-X) is nothing more nor less 
than a cost assigned to the volume taken up by one unit of stock. 
Let us assume that the space for storage is rented at d francs per 
unit of volume per unit of time (a month, say). The function: 


F(rti) = £ 


/= l 


k<H 



a 

2 HiCi 


+ 


a d 
2 Vi + 2 s i n{ » 


87.28 


then represents the economic function of the inventory problem; 
this function is a minimum for: 




j. 


2 A t 


Bi + dst 


Let us return to the preceding numerical example: 


87.29 


= 12,000, 

y l = 100,000, h = 200, 

= 0.5 

a — 0.005, V = 2,800. 

87.30 

Ca = 7,000, 

y 2 = 25,000, h - 400, 

rn 

II 



which gives us: 


A x = u y l = 20.10 6 , Br = act - 60 
A 2 — l 2 y t — 10.10 6 , B 2 — ac 2 — 35. 

From this, we derive the following table: 


Table 87.1 


-2 

—fat 

2^2 

"i* 

«2* 

«i* + 7n 8 * 


0 

0 

0 

816 

756 

6,188 


l 

0.5 

3,5 

813 

721 

5,860 

2 


7 

810 

690 

5,640 

5 600 

3 

1.5 

10.5 

806 

663 

5,447 

5 

2.5 

17.5 

800 

617 

5,119 


7 

3.5 

24,5 

794 

579 

4,847 

10 

5 

35 

784 

534 

4,522 

1 


The correct value of X is very slightly greater than 2. For 
X = 2, we exceed the available volume by a few cubic meters. 
Taking X = 2.1, we would obtain: 
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/ij* == 809, « 2 * — 687 . 87.32 

The calculating of T (n^, r^*) for X = 2 yields: 

/W, «.*) = 5,275,880 fr. 87.33 

In the case we are considering, where the available volume is 
very close to that needed for the (n 10 , n^) solution (see Fig. 87.2), 
there is very little difference between r(n 10 , n^) andT(n 1 *, h^*). 

Beckmann’s method can be extended to cases in which there are 
any number of inequations (see below), but the computation then 
becomes very complicated. 


3. Non-linear constraint. 

Let us assume that the sole constraint has a non-linear form: 

y(m)^ M (oi». 87.34 

Here again, let us use Beckmann’s method, introducing the param¬ 
eter X given by (87.22), and changing its sign if the inequation has 
the opposite sense. We write: 


F = 



+ % [M— <p{m)] 


87.35 


dF 
<>m 


Ai Bj , 'bop 

n*. 2 


i = 1, 2, 


87.36 


In the general case, the system of equations (87.36) is very 
difficult to solve. Two simple cases, corresponding to important 
practical cases, can be solved easily: 

1 . cpinfi is a linear form in ni (see above); 

2 . <p(ni) is a linear form in 1/np 

If <pni is a linear form in l/n*, we can transform the variables: 


Wi = 


ni 


1 , 2 , 


then, instead of: 


v 

? - .2 


At Bi 

-h -r- «t 

L n i 2 


87.37 


87.38 


2 -< T 
i~ i m 


87.39 

where ei are coefficients of 1/ni and T is a constant, we obtain: 


v r 


F -& 


Bj 

2 wi 


+ AtWi 


87.40 
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£ e% Wi < r, 
/= 1 


87.41 


and we have again the case of a form in n*. 

Beckmann’s method can also be utilized directly, as in the 
following example. We shall show, by means of this example, how 
linear constraints in 1 /can actually be considered in inventory 
problems. 

Let us return to the expression of total cost (86.9) in the case 
examined in Section 86. Assume that the means available for the 
operations of preparing a lot (for example, set-up of machines) 
are limited, and that the limits cannot be exceeded. This might 
well occur if there are only a limited number of machine set¬ 
up men. 

Assume that the time needed to prepare a lot of product i is 
ti, and that the total time available per month is T; we then have 
a constraint: 


Thus, finally: 


ou 

ei 

hh i =J, 2, 


87.42 

a-HI 

Ai 

, Bi 
+ ~2 n i 


87.43 

V 

X 

i 

ft < 

T . 


87.44 


Referring to (87.35) and (87.36), we obtain: 

Ai Bi 3 €i n i „ 

^ = _ ^ + T + ^ =0 , = 1 - 2 ’ 

and thus: 


87.45 


87.46 


‘- 1 * 2 .'• 87 - 46 

Let us illustrate this with an example. Take the data of problem 
(86.11), and assume that: 

/i = 30 h, / a = 10 h, r=10h 87.47 

which gives us: 


e x = 6,000, e 2 = 4,000. 
The constraint will be written: 

6,000 4,000 


87.48 


87.49 
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The equation 


6,000 4,000 

- + -- = 10 

n i n% 


87.50 


is that of a hyperbola which we have shown in Fig. 87.3. It will be 
noted that the solution (n^, ngo) does not satisfy inequation (87.49) 
and therefore lies outside the shaded area where this inequation is 
satisfied. 

To obtain the optimum solution, we shall construct Table 87.2. 


Table 87.2 


—A 


—h 3 

V 


6,000 

TF 

4,000 

V 

6,000 4,000 

»i* «** 

0 

0 

0 

816 

756 

7.35 

5.29 

12.64 

200 

1.2> 10 s 

0.8-10* 

841 

785 

7.13 

5.10 

12.23 

400 

2.4-10® 

1.6-10* 

864 

814 

6.95 

4.91 

11.86 

600 

3,6*10* 

2.4-10* 

887 

842 

6.75 

4.75 

11.51 

800 

4.8-10* 

3.2-10* 

909 

868 

6.60 

4.61 

11.21 

1000 

6-10 8 

4-10* 

931 

895 

6.44 

4.47 

10.91 

1200 

7.2’I0® 

4.8-10* 

953 

920 

6.30 

4.35 

10.65 

1400 

8.4*10* 

5.6-10* 

973 

944 

6.17 

4.24 

10.41 

1600 

9.6*10* 

6.4-10* 

993 

968 

6.04 

4,13 

10.17 

1700 

10.2-10* 

6.8-10* 

1003 

980 

5.98 

4.08 

10.06 

1750 

10,5-10* 

7-10* 

1009 

985 

5.95 

4.06 

\mr\ 

1800 

10.8-10* j 

7.2-10* 

1013 

991 

5.92 

4.04 

9.96 


Thus, the optimum value of T (nj., n^, taking constraint (87.49) 
into account, occurs for: 


n x * = 1009 et n s * = 985. 


87.51 


which gives: 
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500 f- (\o> n t,o) \Curves T = constr. 


500 1000 1500 n , 


f(1009, 985) = (200)(12,000) 4 


Fig. 87.3. 

( 200 )( 100 , 000 ) 

200 )( 12 , 000 ) 4 - 1 ^ 

4- i (0,005) (1,009) (12,000) 4- \ (0.005) (100,000) 

+ (400) (7,000) + 87 - 52 

+ (0.005) (980) (7,000) + \ (0.005) (25,000) 

5,277.810 fr. 


4. Case of several constraints, 


Expressions (87.34) and (87.35) can be generalized to cover the 
case of several constraints. 

Let: 

<Pj (nd < Mj (or >) 

i = 1, 2. p 

j = 1, 2, ..., q, 

87.53 

F — T, f— + 

i--=i [_tti 2 

+ Xj [Mj — <p^ (Pi)], 

87.54 

Wf 2 2 7=i 

r4 

/o k 

87.55 

where all the \j are such that: 



%}< 0 for 

Mj — <pj(nj) = 0 

87.56 

2 = 0 for Mj — 

j = 1, 

<Pj(ni) >0 (or < 0 in- 
2, verting 87.56) 

87.57 


The application of Beckmann’s method, in the general case, 
requires some fairly lengthy numerical computations, and hence a 
rather powerful electronic computer is almost a necessity. 
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We should like to point out here that the constraints are not 
necessarily compatible. In other words, several conditions may not 
be realizable simultaneously. (Figs. 87.4 and 87.5). 



Fig. 87.4. 


Fig. 87.5. 


In a case where there are two constraints, one of them linear 
in ni and the other linear in 1/nj, we obtain an interesting formula: 


/= i L m 2 

Si 

2 et 


m 


i.S si tii < F, 


< T. 


‘i m 


Introducing the parameters X and fjL , we have: 

f= 2 Rr+y"*] \ v —i 2 +a« \ T — 2 — 1 

zt'i L«i 2 j L i J L J 


<)F Ai B{ % ei 

M ~ ~ *• + T ~ "S'* + M 0 


1 , 2 , />. 


••- 7 - 


2 (^i — pet) 


Bi — Xsi 


i = 1, 2, 


87.58 

87.59 

87.60 

87.61 

87.62 

87.63 


Let us make this concrete by taking the example we used in the 
case of a single linear constraint in n* or l/nj, using the following 
numerical data: 


Ci - 10.000, y x = 100,000, / x - 200 a = 0.025 

c a == 8,000, y a = 245,000, / a = 800 

from which we obtain: 






/^'o’-S'iov; _ 126 , s / 

1 V 250 -1 v 

/ 2(1.95-10*-4*10^) _ 8SH /; 

2 V 200 — A 'v 


2,500 — 
“250 — 2 

49,000 — (jl 
200 — 2 


87.70 

87.71 


Using (87.70) and (87.71) we construct Table 87.3 for different 
values of X and (jl. With these values, we construct the curves 
\i « const, and X = const. (Fig. 87.6). Next, we interpolate for the 
values of X and fi that surround the first point of contact with the 
area in which the conditions are satisfied. 



Fig. 87.6. 
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Another method, which is a bit longer but more acceptable in 
the long run if some degree of precision is demanded, consists of 
starting at point P 0 (n 10 , n^) and plotting curves of constant total 
cost: 

/>!, « 2 ) - K 87.72 

For a certain value of K, a T - const, curve ‘‘penetrates’’ the area 
that defines the values of ni and n s for which the conditions are 
satisfied. We interpolate, if necessary, between two values of K. 
With the data of (87.64), we obtain: 



Fig. 87.8. 
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Table 87.3 


\ -A 

—A«\ 

0 

50 

100 

150 

200 

250 

300 

350 

j 400 

450 


40C 

365 

338 

315 

298 

283 

27C 

258 

248 

239 

0 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 
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«* - 500 , »* - 1,000, 87.73 

which is, furthermore, one of the points of intersection between the 
straight line and the hyperbola. 

It is interesting to divide the ni O n g plane into 5 zones, A, B, 
C, D, and E (Fig. 87.9). If P 0 is in zone A or B, the optimum will 
correspond to P* or Pg. If P 0 is in zone C, P 0 is the optimum. If 
P 0 is in zone D or E, nothing can be said a priori, and we must find 
the optimum by one of the methods described above. 

There is no known general method for the case in which there 
are 3 or more variables. Some work has been done which has greatly 
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advanced the study of this problem.* The trial-and-error method 
we have used is hardly suitable when the number of variables and 
constraints increases. 


Section 88 

LINEAR PROGRAMMING OF A PRODUCTION AND 
INVENTORY PROBLEM 

1. General explanation.—2. Case in which set-up cost is 
neglected.—3. Vazsonyi’s “step-by-step” planning method.— 

4. Example.—5. Introduction of the set-up time.—6. Con¬ 
dition necessary for the proposed program to have a solution. 

1. General explanation. 

Let D(t) be the function representing the cumulative demand for 
a product (the solid curve in Fig. 88.1 gives an example extended 
over 6 months). Call P'(t) the function representing the cumulative 
production (the curve), and P (t) another cumulative 

production function (the — • •—.. *— curve). The corresponding 


*See, for example: Crockett, Bronfenbrenner and Chernoff: 
“Gradient Method of Maximization,” Pac. Jour. Math., 5,1955; and 
Kuhn and Tucker: “Non-linear Programming,” Second Berkeley 
Symposium on Mathematical Statistics and Probability (U. of Calif. 
Press, 1951). 
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stock levels for policy P / and policy P" are shown in Figs. 88.2 
and 88.3. 



Fig. 88.1. 



Now let us consider the case of n products or articles (i = 

1, 2, n) for which we have observed a demand d*(t) which we 
assume is represented in each period by a constant level. If we 
know the carrying cost and the cost of setting-up production of 
a new lot, and if we also are limited by the capacity of our machines, 
we are forced to develop n manufacturing programs, Pj(t), such 
that the total cost is minimum. This problem constitutes an ex¬ 
tension of the problem of finding the economic quantities when the 
situation is cyclical. To start with, we shall neglect the set-up 
cost. 

2. Case in which set-up cost is neglected. 

Let T be the interval during which the inventory is studied. We 
break down this interval T into r equal periods of duration ttj 
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Fig. 88.3. 

(j = 1, 2, ..., r). Let there be n articles A* (i = 1, 2, ..., n), and 
m machines M k (k = 1, 2, m). Let us denote: 

d^ = demand for product i in period j, 

r ki = hours devoted by machine k to product i, 

h k = capacity (in hours) of machine k during period j, 
xJ = output of product i during period j, 

c i = carrying cost for one unit of Aj during one period; 

nj _ y jo , th e cumulative demand for 

a=1 1 the first j periods; 88,1 


the cumulative production of 
product i for the first j periods. 


88.2 


Furthermore, we shall adopt the hypothesis that the articles 
of any one period are all manufactured during that period, and 
that the order in which the M k machines are used is immaterial. 

In Fig. 88.4, we have plotted the cumulative demand in solid 
lines and the cumulative production in dashed lines. Then, the 



Fig. 88.4. 
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inventory of products during period j is (X^ -Xj) (the shaded 
areas in Fig. 88.4). 

We must then minimize the quantity: 

C = 2 2 ci(Xj — ztf), 88.3 

/= i y= l < < 

taking account of the constraints: 

xt > Di3 , 88.4 

for each product and each period. In other words, we must always 
satisfy demand. Furthermore: 

S iuj* < b} j = i,2,...,r 88.5 

ifi Xkt x i ^ * * = 1.2.m. 


a condition expressing the fact that the time needed on each machine 
to manufacture xj products A^ (i = 1 , 2, ..., n) is less than or equal 
to the time available on those machines. Conditions (88.3)—(88.5) 
can be expressed as a function of xj; we must find: 


[min] C = 2 2 

s q (at“ — 4*), 

88.6 

/=i y=i 

a = 1 


> 0 

a= l 

i = 1, 2, w 

; = 1,2, .... r, 

88.7 

” j 

j — 1, 2, r 


S T*«*i < Aft 

A: = 1, 2, m. 

88.8 


Here we have a linear program that can be solved by the simplex 
method. 

Let us take a concrete example. Let there be 4 products, 5 
periods, and 3 machines, for which we take the following matrices: 


0 o 30 10 201 At 

0 0 10 20 30 A 2 

0 0 30 10 30 A „ 

0 0 10 20 10 J A 4 

7Ti 7C a 7C 3 7T 4 7T 6 


2 3 0 1 1 M x 
4 0 2 2 M ti 
0 5 5 2 JM 3 
A % A a As A % 

100 100 100 100 100 ~\M X 

150 150 150 150 150 M ti 

200 200 200 200 200 JM S 

7 T] TC2 TC3 TC4 TCr, 


88.10 


88.11 
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M = [3 4 5 2], 

A i A 2 A$ A 4 

(a special case in which the capacity of each machine is the 
for all periods). 

We shall then have: 


and 



“0 

0 

30 

40 

60" 

U>] = 

0 

0 

10 

30 

60 


0 

0 

30 

40 

70 


0 

0 

10 

30 

40 


M 


■*; *\ x \ x t x \ - 
*1 x l x l x i K 

X 1 X* xl X* 

3 3 3 3 3 

X 1 X 2 X* X* X 5 
4 4 4 1 4 




~xj jcj-f-jc* *J+*J+*J *}+* a +*®+*J - 

x l+ x l x l+ x l+ x l . 

*: *:+*: *;+*;+*; . 

x \ x l+ x l . 


I 5x 1 i +4x 2 +3x 8 +2xJ+x® \ 
5xi a +4x 2 +3x 8 +2x 4 +xJ 
5x*+4x 2 +3x 8 +2xJ+x* ) 
5x 1 +4x 2 + 3x 3 + 2x 4 +x 5 j 

4 4 4 4 4 / 


SD 

7—1 4 


130 \ 

ioo r 

140 i * 
80 ) 


C = 15x l 1 + 12x l 2 + 9x 1 3 + 6x 1 4 + 3x 1 B + 20x 2 1 + 16x 2 2 + 12x 8 8 
+ 8x 3 4 + 4V 4-25Xs 1 +20x 3 2 + 15x 3 8 + 10x 3 4 +5x 3 B + 10x 4 J 
+ 8x 4 2 + 6x 4 8 + 4x 4 4 + 2 jc 4 5 —(3)(l 30)—(4) (100)—(5) (140) 

—( 2 ) ( 80 ). 


The constraints will be: 


Group (88.7) 

x^SsO, xi l +x t z ^ 0, Xj 1 + X ,. 2 + x x 3 ^ 30, x^ + x^ + Xi^Xi 4 ^ 40, 

x x l + Xi 2 + X ! 8 + Xl 4 + Xi 6 ^ 60 

X 2 1 $s 0, X.Z+Xa®^ 0, X 2 1 + X 2 a + X 2 8 ^ 10,.,...,., 

X 3 4 ^ 0, X 3 1 + X 3 2 s5= 0, X 3 1 + X 3 2 +X 3 8 > 30, .,.... 

*4*^0, ..........., 


417 

88.12 

same 

88.13 

88.14 

88.15 

88.16 

88.17 

88.18 


88.19 
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Group (88.8) 


2* 1 1 + 3*a 1 + 0;c 3 1 4- *4^ 100 

2x l 3 + 3* 2 2 4- 0x 3 2 4-V< 100 

2x 1 3 + 3^ a 3 + 0x 3 3 4-^4 S < 100 

2x l i 4- 3;t a 4 + 0;t 3 4 + * 4 4 < 100 

2* 1 5 + 3* 2 5 + 0 . X 3 5 +* 4 6 « 100 . 


4*4 + 0*44- 2* 3 4 4- 2*4 < 150 


88.20 


0*4 4- 5*4 4- 5 *4 4- 2*4 < 200 


We have presented this description to bring out the volume of 
the computation required. Thus for this plan—with 4 products, 5 
periods, and 3 machines—the linejar program will contain 20 vari¬ 
ables and 35 constraints. For n products, r periods, and m 
machines, there will be nr variables and (m + n)r constraints. For 
a plan involving 100 articles, 20 periods, and 30 machines—quantities 
far from unusual in some plants—there would be a system of 2,000 
variables and 2,600 constraints. Such figures may well be beyond 
the capacities of present-day computers; at best, the cost of such 
calculations would use up a large part of the benefits obtained from 
operation at the optimum. Practically speaking, therefore, the 
simplex method cannot be used for solution of such problems; 
special planning methods must be sought that will provide at least a 
possible solution, if not the best. The method presented below yields 
such a solution. 

3. Vazsonyi’s “step-by-step” planning method.* 

This method permits us to find a possible solution, provided 
such a solution exists. It has a great advantage in that it is still 
valid when set-up time and ordering time are taken into con¬ 
sideration, that is, when non-linear elements are involved in the 
cost function. (We shall take up this non-linear case further on.) 


*A. Vazsonyi, “Economic Lot Size Formulas in Manufacturing,” 
Fall Meeting of the American Society of Mechanical Engineers, 
Sept. 10-12, 1956, Denver, Col. 
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Returning to (88.3)—(88.5) and Fig. 88.4, we have: 

C = S ictixj-D 1 ,), 


i 

x\> dI 


Tjci x i 


< hi 


which can also be written: 


r« (x\- x\ 


88.21 

88.22 

88.23 

88.24 


Vazsonyi’s method consists of first considering one of the 
products Aj as if it were alone and defining the optimum plan for 
this arbitrarily chosen product A*, taking into account the matrix 
|}i] of the available machine times. (We shall see that the neglect 
of the other products in this procedure raises no difficulties.) In 
other words, our aim is to minimize the quantity: 


£ (Z / “ D P 

where i is fixed. Once this partial plan, P A , has been determined, 
we deduce from it, for each period, the production time required 
on each machine to fill the demand for product Aj: let Ohjbethe 
matrix of times used. The available times remaining for the other 
products are therefore represented by the matrix [V] = [h] - [hj. 
Now we select a new product A* among those still to be manu¬ 
factured; considering it by itself, we determine the optimuni plan 
for product Aji consistent with the matrix [h 7 ] of available times. 
And so on for the remaining products. 

Now let us see howto determine Pj, the optimum plan for product 
Aj considered by itself, independently of the other products. To begin 
with, Xf is known and is equal to Df since the total production must 
equal the total demand during time T. It will therefore be natural to 

determine the x] values 4 'step by step,” starting from the first 

period for which X 3 ? is known and going backward in time. Further¬ 
more, to lower the carrying costs it is obviously best to produce as 
much as possible (taking into account (88.23) and (88.24)) during the 
last periods. Therefore, with X 3 ? known, we shall try to determine 

in succession X*" 1 , ..., x{, xj” 1 , ..., XUn such a manner that the 

differences (xj—xj" 1 ) are maximum. With X^ known, this amounts 

to saying that we shall choose x{ 1 as small as possible, as can be 
seen in Fig. 88.4, where the shaded rectangles represent inventory. 

However, if x| +1 is known, taking x{ small is to take x{ +1 large; 
this is possible only within certain limits, since the time available 
on the machines during the (j + l) th period is limited; moreover, 
we must have x| ^ D j. 
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Let us therefore determine X^"* 1 . We have: 


Xf = x>iL 


Xf~' ^ Di r ~ x 


88.25 


88.26 


TjaW-Xf-') ^ h k r. 


88.27 


xr > x l 


88.28 


for any k. We shall therefore seek the minimum of h^/ri^ for dif¬ 
ferent values of k, and (88.28) will be written: 


Xr 1 > XT — min 


88.29 


Since we are looking for the smallest possible xf" 1 ,(88.25) and 

(88.29) lead us to take for X^ 1 the larger of the two numbers 
Dj"" 1 an d (Xf* - n^in h^/r^), which can be written: 


X[~' = max {| X' - min -*1], Df-A. 88.30 

^ L Ic ^ Id _ i 

In general, with xj determined, we shall have: 

X{~' = max | x{— min-Aj, D^. 88.31 

We have thus determined the x] values defining the manu¬ 
facturing program that would be optimum if A i were the sole product. 

From these X^, we deduce the x*! = xj - X^ 1 . The time used on 
each machine k for the chosen product Aj during each period is: 

Hk = t kiXii (for a certain i). 88.32 

We then perform the same operation again for another product 
Aj, for which the matrix of available times is: 


88.30 


88.31 


Ify J = [h{] — [r ki x i] (for a certain i). 


88.33 


In this way a solution is obtained which, we repeat, is not 
necessarily the best possible. 


4. Example. 


Let us apply Vazsonyi’s method to the example proposed earlier 
in (88.9) —(88.12). We shall follow the method we have just explained, 
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using the same notations, and we shall not repeat the 
tions. 

To begin, let us arbitrarily consider product A x : 

XI - D\ = 60 


— max 


hi, 6 1 

60 — min-, 40L 

k rja J 


V 


100 150 200 
T’ ~4 


, min-— = 37.5, 

0 k Tfci 


X\ - max {[60 — 37.53, 40} - 40, 

40 — min — l,3o}; 
L * Tfci J J 


X\ — max 


and as 


and obviously 


Hence: 


X\ = max {[40 — 37.5], 30} = 30, 

X* x = max {[30-37.5], 0} -0, 

X\ = 0. 

:* ** 20, / = 10, * 30, a:® = 0, / = 0. 


As 


{W 


we have: 


[Ad = 


0 0 60 20 40 

0 0 120 40 80 

0 0 0 0 0 


and: 


W] = [A] - [Ad 


" 100 100 40 80 60 r 

150 150 30 110 70 

200 200 200 200 200 


explana- 

88.34 

88.35 

88.36 

88.37 

88.38 

88.39 

88.40 

88.41 

88.42 

88.43 

88.44 

88.45 

88.46 
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Let us now work on the product A s with the matrix [V]. 

= 60, 

hi 


and 


X* — max 


60 


min 

k Tfc 


hi 


tki 


60 70 200 
3 * 0 * 1 “ 


H- 

hi 


min-== 20. 

k ~tk 2 


X* = max {[60 — 20], 30} = 40, 

XI = max f I” 40 — min ——1 } lol ■ 
I L k ^kt J J 


hi 


80 110 200 

r* T'* i“ ; 


min ~— = 26.6 

k tja 


X* = max {[40 — 26,6], 10} = 13.4 (we shall take Z® = 14), 

hi 


xi 


max 


14 


mm 
£ Tfca 


>}’ 


h k 
Tk* 


40 30 200 
3 * 0 ’ T ; 


. hi 

mm —— = 13.3. 

k T^k a 


XI = max {[14 — 13.3], 0} = 0.7 (we shall take X 2 = 1) 


X 1 = 0. 


We then have: 


and 


x* = 20, X* = 26, x 3 2 

{t*.} = |o|, [h 2 ] 




13, 

= j 


= 0. 

0 

3 39 

78 

60 

0 

0 0 

0 

0 

0 

5 65 

130 

100 


100 97 1 2 0 " 

150 150 30 110 70 

200 195 135 70 100 


88.47 

88.48 

88.49 

88.50 

88.51 

88.52 

88.53 

88.54 

88.55 

88.56 

88.57 

88.58 

88.59 

88.60 

88.62 


Let us now work on with ft/], 
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xt 


= max {[ 70 — min J, 40 j 


min —— = 20, 

A T fca 


423 

88.64 

88.65 


_ g Zg jgO. 

r fc3 0’ 2 ’ 5 5 

(the form 0/0 must not disturb the reader; the machine M 3 . is not 
involved in the manufacture of the product A 3 , and therefore cannot 
limit the production of A 3 ). 

X\ = max {[70 — 20], 40} = 50 

( [JO - mi n *£1 


X 3 — max 


"4 

min —— 1. 30 
A Tfo, J 


h k 2 110 70 . h k 

~~— = —, —; min-= 14. 

T 0 2 5 A Tfca 

XI = max {[50 — 14], 30} = 36. 

• **'‘1 nl 
in- , 0 }, 


JfJ — max | 


36 — min 

A T k a\ 


hk' 


30 135 . h k 

: min-== 15. 


Tjfc 3 0 ’ 2 ’ 5 A Tjfca 
X* = max {[36 — 15], 0} =21 

JT^max ([21-miny, 0} 

£k_ ^ 97 150 195 min ^A_ = 39 
Tibs 0 s 2 ’ 5 * 

X* — max {[21 — 39],0} = 0; 


we then have: 


n = [h n ] — M 


: 4 = 14, 

a ’ 


= 15, x\ 

= 21, 

x 1 = 
3 

: 0. 



ro 

0 

0 

0 

0 

m 

= 

0 

42 

30 

28 

40 



0 

105 

75 

70 

100 


" 100 

97 

1 

2 

0 " 

■ [ha] = 

150 

108 

0 

82 

30 


200 

90 

60 

0 

0 


88.66 

88.67 


88.68 

88.69 

88.70 

88.71 

88.72 

88.73 

88.74 

88.75 

88.76 

88.77 
—88.79 

88.80 


Finally, we conclude with A 4 : 





88.81 

88.82 

88.83 

88.84 

88.85 

88.86 

88.87 

88.88 

88.90 

88.91 

88.92 

88.93 

88.94 

88.95 

88.96 

88.97 

88.98 
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For Mi : 2 x 60 + 3 x 60 + 0 x 70 + 1x 40 = 340, 

M 2 : 4x 60 + 0x 60 + 2x 70 + 2x40 = 460, 

A/ 3 : 0x 60 + 5x 60 + 5x 70 + 2x40 = 730. 


These results are, in fact, obtained when the sum of elements in 
each row of the matrix of times utilized, - Qi'™], is taken: 


[h] - [ti '\ = 


0 43 99 98 100 

0 122 150 68 120 

0 190 140 200 200 


340 

460 

730 


The plan thus obtained is: 



"0 

0 

30 

10 

20 " 


“0 

0 

30 

40 

60" 


0 

1 

13 

26 

20 


0 

1 

14 

40 

60 

[x] = 

0 

21 

15 

14 

20 

, m = 

0 

21 

36 

50 

70 


_0 

40 

0 

0 

0 


_0 

40 

40 

40 

40 


To calculate the carrying cost, we form: 


88.100 


88.101 

88.102 


m - [D] 


from which we derive: 


0 0 0 0 0 " 

0 1 4 10 0 

0 21 6 10 0 

0 40 30 10 0 


0 + 0 +- 0 + 0+-0 
0+- 1 + 4+-10+-0 
0 +- 21 + 6 +- 10 +- 0 
0 + 40 +- 30 +- 10 +- 0 

Thus, the cost C will be: 




( °) 

C - [3 4 5 2] = 405. 

[80] 


88.103 


88.104 


88.105 


Although this method produces only a possible solution, rather 
than the optimum solution, it is a convenient means of formulating 
a plan. In actual practice, one would compute a dozen or even a 
hundred different plans, from which the best (the one giving the 
lowest cost) can be selected. 


5. Introduction of the set-up time. 

To the data that have formed the program (88.3)—(88.5), we shall 
now add: 
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= set-up time (machine make-ready, starting, miscellane¬ 
ous delays, etc.) of machine k for product i. 
c ki = set-up cost of machine k for product i. 

We will make the hypothesis that there is no more than one lot 
per period, and that the time for producing one lot cannot exceed one 
period. We introduce the notations 6(xJ) with: 


<5(*^) — 1 if > 0 

- 0 if x\ = 0. 


88.106 


This function 6(xj) will act always as a coefficient of cr ki and 
of c ki . 

Thus, we have the following non-linear program: 


itf 

[MIN] C = £ £ c t (xi. — Di)+ £ £ £ cm 

/= 1 1 1 i— 1 j — 1 «= 1 * 


Ztm x\ + ajd d(xp < hi k 


88.107 


88.108 

88.109 


88.110 


For such non-linear programs we cannot apply the simplex 
method, but we can always find a possible solution by means of 
Vazsonyi’s method. 

The general formula (88.31) becomes: 

Xt" 1 = max { X\ — min (~ ° M ^ J . 88.110 

* l L i k \ T ki / J I 

. In practice, we should proceed as in the linear case, changing 
hjj. to hjf - cr k .. Actually, this procedure is correct if 6(x^) = 1, 

i.e., if X^ 1 < xj. If, in following this procedure, we were to find 

that X^" 1 = X\, i.e. x J = 0, then we would still not have to change 
the result, because it shows that taking into account it is impos¬ 
sible to have x\ > 0. Finally, therefore, we would use the formula: 


I r v j .hie — Gm 

max { X\ — min- 

l k X ki 


> Di r\ ■ 


88.111 


Obviously, we must not eliminate 6(xl) in the formula (88.107) 
for the total cost. 

6 . Condition necessary for the proposed program to have a solution. 


Referring back to (88.22) and (88.24): 


D l 


88.112 
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88.113 


88.114 


88.115 


S r ki X{ < Hi. 88.116 

Since: 

X\> D\ , 88.117 

we shall necessarily have: 

S < Ht 88.118 

i=i 1 K 

for each j and each k. 

In other words, every element of the matrix formed by the prod¬ 
uct [t] [D] must be less than or equal to the corresponding element 
of the matrix [H]. While this condition is necessary, it is obviously 
not sufficient. 




Chapter 10 


Analytical study of equipment 
deterioration, replacement, 
and maintenance problems 


Section 89 
INTRODUCTION 

In this chapter, we shall dwell particularly on the advantages of 
the use of the Carson-Laplace transformation in the study of equip¬ 
ment deterioration, replacement, and maintenance problems. This 
unilateral functional transformation is particularly well adapted to 
the study of temporal probability distributions such as are encoun¬ 
tered in these problems. 

To this study we shall add an example of the determination of a 
rule for decision in non-random cases, as well as a method for 
calculating the Stieltjes integrals. 


Section 90 

REPLACEMENT OF EQUIPMENT THAT DEPRECIATES 

WITH AGE 

1. General explanation.—2. First example: <p(t) and ^(t) are 
linear.—3. Second example: <p(t) is exponential and ^(t) is 
linear.—4. Third example: both <p(t) and 'F(t) are exponential. 

1. General explanation. 

Let Aq be the purchase-price, and: 

Aq <p(t) = the resale price after a certain time, t, where ^ ^ 
(AO) = 1 and <p(t) is a monotone decreasing function, 

and 

xf/(t) = the cumulative cost of repairs and maintenance, 2 
where >F( 0) = 0 and >F(t) is a monotone and increasing function. * 
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Equipment cost for a period t is expressed as: 



S' 

+ 

s- 

o 

i 

o 

II 

90.3 

and the average cost of utilization as: 




>4 
/—\ 

II 

-|S 

II 

e 

1 

Uyit) + Pit )]. 

90.4 

The minimum of y{ t) occurs for: 




/—\ 

II 

" T 

/—\ 

II 

o 

90.5 

or: 

rm - Dp. 


90.6 

or again: 





A 0 [l — fit) + + 'PW — tP’(t) = 0 

90.7 

As the functions <p(t) and >£(t) are most often given in numerical 
values, the optimum value of T(t) is sought directly by numerical 
calculation. In certain simple cases, an analytical study is of value. 

t 

t J 

l w / 

/ 1 
/ ! 


~0 


I 9 

"T 


Fig. 90.1 

Fig. 90.2 


2. First example: <p(t) and >F(t) are linear. 


Let: 





<p{t) = 1 ” y (figure 90.1), 

90,8 


^(t) = kt (figure 90.2), 

90.9 

where the functions <p(t) and 'F(t) are taken within the interval 


o < t < e. 
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y(t) = y A 0 — A 0 ^1 — + ktj 


7 ^7 


90.10 


0< t< B. 


Thus, the average cost of utilization is constant if the two func¬ 
tions, <^t) and 'l'(t), are linear. 

It is interesting to interpret this conclusion. For the time of 
replacement to be of almost no importance or effect, it is necessary 
only that curves <p(t) and >F(t) be essentially straight lines. 

3. Second example: <p(t) is exponential and ^(t) is linear. 


Thus, we have: 


Taking the derivative, we obtain: 

/( 0 = h _ 90 . 14 

t* 

This derivative does not equal zero for any positive value of t, 
and it is easy to show that y(t) is monotonically decreasing; 


(Pit) = QT U 

(figure 90.3) 

90.11 

Wifi - kt 

(figure 90.2) 

90.12 

yit) - y [A 0 - 

- A 0 e”* + kt]. 

90.13 


... . ( A 2 A’r 


/ X 2 X s t A 4 / 2 \ 

\ 2! 3*! 4! "y* 


90.15 


Hence there is no minimum, and under these conditions it is best 
to keep equipment in service as long as possible (Fig. 90.4). 

We find: 


lim y(t) = k. 

t ->- 09 

4. Third example: ^(t) and >F(t) are both exponential, 
(pit) = e"*' (figure 90.5) 


90.16 


90.17 


Wit) - Me* — 1) (figure 90.6) 


90.18 
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Fig. 90.3 Fig. 90.4 

This gives us: 

y(t) = J n„( 1 - e-*) + k„(ef" — 1 )]. 90.19 

As we shall demonstrate further on, this function, which is con- 
tinuous in the interval between zero and infinity, has a minimum in 
that interval. 

To begin, let us take a numerical example* 

Suppose that we have a car whose purchase price is 700,000 
francs. Assume that it is quoted in Argus (Blue Book) two years 
later at 350,000 francs, and that the change in its value is exponen¬ 
tial. Furthermore, we shall adopt the hypothesis that it costs us 
30,000 francs in maintenance and repairs for the first year, and 
90,000 francs for the next two years together, the change being 
exponential. 



Fig. 90.5 Fig. 90.6 


These hypotheses give us: 

<p(t) = e~ M4858 ' (figure 90.5), 90.20 

W(t) = 30,000 ( e 0<693l5/ — l) (figure 90.6), 90, 21 

y(t) =-- y [700,000(1 — e~°* S4658f ) + 30,000 (e 0 - 6931 ** — 1)]. 90.22 
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Table 90.1 and the curve in Fig. 90.7 show the variation ofy(t). 
It can be seen that the best decision is to sell the car after using 
it for 30 months, in which case the cost is minimum, amounting to 
218,150 francs per year. It is worth noting that y(t) varies only 
slightly between 2 and 3 years, in contrast to the pattern outside 
that interval. 

The value y(0) = Aq \ + \% fj = 263,400 francs has no practical 
meaning, even though it does have theoretical significance. 

We shall now deduce an interesting formula. Taking the deriva¬ 
tive of (90.19), we obtain: 

y' ( ,) = + k af ie"')i - [A q <] - e—* 1 ) + <r 0 (e w - 1) 9Q 23 


This derivative equals zero when: 


A 0 XtG~~^ A-A 0 e~*‘ — Ao + kofito? 1 ' — ko^ 1 + & 0 — 0 , 90.24 


that is: 


A 0 (Xte~^ + Q- Xl ~ 1) --=■ M—e'"— 1), 90.25 

or again: 

1 — e~ A/ (1 + Xt) _ _k»_ 

1 — (1 — jut) A n 

Introducing the function: 

0(x) = 1 — er x (1 + x), 

relation (90.26) will be written: 

&{Xt) _ k 0 

0(—/ut) A o 

It is useful to draw up a dual table of <£(Xt) and$(—/^tt), giving 
<f>(\t)| <$(—jut), which will indicate the time t = t* corresponding to 
the optimum. For the sake of convenience, we shall use the inverse 
of relation (90.28): 


90.26 


90.27 


90.28 


0(— fit) = A 0 
0(Xt) k 0 


90.29 


First we construct Table 90.2, which gives the values of <£(x) and 
<f>(— x) from x s 0tox=5. Drawing upon this table, we can construct 
the dual table that gives: 
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Table 90.1 


t 

A 0 — A 0 (p (0 

Wit) 

F (/) 

il 

0.5 

111,377 

12,426 

123,803 

247,606 

1 

205,030 

30,000 

235,030 

235,030 

1,5 

283,770 

54,852 

338,632 

225,748 

2 

350,000 

90,000 

440,000 

220,000 

2.4 

395,311 

128,340 

523,651 

218,187 

2.5 

405,670 

139,704 

545,374 

218,150 

2.6 

415,716 

151,884 

567,600 

218,307 

3 

452,515 

210,000 

662,515 

220,838 

4 

525,000 

450,000 

975,000 

243,750 

5 

576,261 

930,000 

I 

1,506,261 

301,252 



g — for Xt and jut . 90.30 

* &{Xt) r 

Using this table, we can then construct the graph of Fig. 90.8. 
In this graph, we have plotted the curves corresponding to: 

— - 10, 15, 45, 50. 

k o 


90.31 
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A scale at the right of the figure gives the X/ju ratios. Let us 
consider an example. 

Let: 


X = 0.4, (j, = 0.7, A 0 = 1,050,000 fr, k 0 = 30,000fr; 90.32 


thus: 


- = = 0.57 , Ai- = 35 . 90.33 

0.7 k 0 

We draw a straight line such that X/fj, - 0.57. At the intersection 
of this line and the curve p = AqAq = 35, we draw a straight line 
parallel to the O, Xt axis, which gives us fii = 2.27. Consequently: 

t* = iiL. = = approximately 3 years and 3 months. 

** 0,7 90.34 



Fig. 90.8 
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Of course, we can refer to the other axis and still obtain the same 
result: 


A/* 1 3 

/* =* _ = —I— = approximately 3 years and 3 months. 90.35 

a 0.4 

This graph provides a very convenient means of finding the opti¬ 
mum and also facilitates discussion. For instance, if in our example 
the rate is twice as high, with Aq , X, and \x unchanged, then: 

t * — = approximately 2 years and 2 months. 90.36 

The highly characteristic and representative nature of these 
parameters is noteworthy. 


Section 91 


DETERMINING OPTIMUM REPLACEMENT TIME, TAKING 
THE INTEREST RATE INTO CONSIDERATION 
(DISCOUNTING) 


We have seen (41.11) that: 

A + S^^Ci j 

r » = — - wherea - — 

If a minimum exists, we must have: 

i > -U» /Vfi* 


91.1 


91.2 


for a certain value of n. 

If we replace n by (n + 1) in (91.1), we obtain: 


fn+i 


A + a*- 1 Ci A + S ( a*" 1 C% + a» C»+i 


,»+i 


— a w+1 


91.3 


(1 


a*) r n + a»C n+1 1 — ce^ a» C n+1 

1 _ a n + 1 1 — a n+1 n + 1 — a n+1 


We have then: 


Fn+i 


r n 



Cro-n 

> +1 J + 1 — a B+1 


— a») + a» C w+1 


91.4 


1 — a ** 1 
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Suppose that: 


I »+i — In > 0> 


or 


r n (ct n+1 — ct n ) + a» C n+1 

1 — a n+1 


> 0 ; 


or again, dividing by o? n : 


In(, a — 1) + Cn+i > 0. 


Since <y < 1, we can write: 


Cn+i 
1 — a 


> I'm * 


Thus, 


is equivalent to: 


Suppose now that: 


then: 


or: 


In+i — In > 0 


Cn+i 
(1 — «) 


> In¬ 


in—i — In > 


In— i (1 — o) — Cn > 0 



< In—\‘ 


Thus, 


In-r —In > 0 


C n 

1 —a 


< In 
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91.5 

91.6 

91.7 

91.8 

91.9 

91.10 

91.11 

91.12 

91.13 

91.14 

91.14a 


is equivalent to: 
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Section 92 

RANDOM DETERIORATION, EQUIPMENT SURVIVAL, 

AND FAILURE RATES 

1. General explanation.—2. Failure rate.—3. First example: Con¬ 
stant failure rate.—4. Second example: Failure rate proportional 
to time.—5. Operating limit. 
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1, General explanation. 

Using the notations of Section 43, but taking the case in which the 
survival curve 


n(t) 


n(o ) 


92.1 


is considered as continuous (monotone decreasing), the continuous 
random variable T, which represents the time elapsed since entry 
into service, will have as its distribution function: 

Pr (T< t ) = j{t) = 1 — v(/), 92.2 


because y(t) represents the complementary distribution: 


Pr(7> 0 = v(4 


92.3 


The probability density function of the random variable T will 
be called i(t): 

Pr(f sS T< t + dt) = i{t)dt. 92.4 

Between the functions y(t), j(t), and i(t), the following relations 
exist: 

/ /(«) du = j(t) = 1 — v(0; 92.5 

0 

or, in another form: 

m - = -^vw. 92.6 


Note that the function i(t) can have one or more maxima. 


2. Failure rate. 


Let us call X(t)dt the conditional probability that a piece of equip- 
ment having reached age t without failure (breakdown) has a break¬ 
down in the interval t + dt. We can write: 


Pr (/< T< t + dt) = Pr(7> 92.7 


Pr(r< T< t + d/) - i(t)dt - — v'(0df, 92.8 


Pr(7> t) = v(r). 


92.9 


but: 
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Thus: 


or again: 


A(/)df = 


v'(t)dt 


92.10 


This quantity has been called the failure rate. Like the failure 
probability in the case of discrete variables, this failure rate gives 
a measure of the risk of breakdown. 

The function X(t) can be constantly increasing or have one or 
several maxima. Clearly, it is not a probability density function. 

Now we shall explore several interesting cases. 


3. First example: Constant failure rate. 

Suppose that A(0 = X 0 = const.; 


92.12 


92.13 


where: 


92.14 


v(0) = 1 


92.15 



Fig. 92.1 


Fig. 92.2 


The solution of this differential equation gives: 


v = e -V, 


92.16 
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Thus, a constant failure rate corresponds to an exponential sur¬ 
vival curve (Fig. 92.1). 

4. Second example: Failure rate proportional to time. 

Let: 


92.17 


92.18 


92.19 


92.20 

Thus, a failure rate proportional to time and increasing corre¬ 
sponds to a bell-shaped survival curve (Fig. 92.2). 

5. Operating limit. 

If we impose an operating limit, 0, the survival curve will be 
limited to the value t = 0 (see Fig. 43.5); the corresponding proba¬ 
bility density function will then be: 

K0 « _ v '(r) 0 < t < 6 

— q d(t — 0) r = 0 92.21 

= 0 t > 0, 

where q = y(0) and 6(t) is the Dirac function, such that: 

lim f +e <5(r)dr = 1. 92.22 

« -> 0 J —e 

For the function i(t) to actually constitute a probability density 
function, it is necessary that: 


This yields: 


with: 


or: 


lit) = A 0 f. 


dv 

dr 


-f- l$tv — 0 


v(0) =* 1, 


_ g— 


J o i(r)dr = 1, 92.23 

which is achieved by the presence of an infinite probability density 
in t = 0 and such that: 
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fQ- f* c 

lim / i d/ = q 


0 •'0—e 


92.24 


Section 93 

ANALYTICAL DETERMINATION OF THE AVERAGE 
AGE AT ONSET OF FAILURE 

1. General explanation.—2. First example.—3. Second example.— 
4. General formula for calculating moments.—5. Examples. 

1. General explanation. 

We propose to find the mean and the standard deviation of the 
random variable T. 

We have: 


i = ^ 

r t= °° r t=«> 

/ — — / /dv 

93.1 


0 J tr* o 




93.2 

(ft = 

/ t 2 i(t)dt = — / / a dv 

*1—0 "t—O 


We shall present the calculation of these integrals in detail, to 
obtain some convenient formulas.* 

Let us integrate by parts: 


= — J t dv = 


t =°° 

— [fv] + / vd t, 

f=0 C=0 


93.3 


Suppose the survival curve is such that: 

lim [t v(01 = 0, 93.4 

t -*■ oo 

which is the case in practice for survival curves based on real 
measurements. It results that: 



93.5 


*We are particularly indebted to the work of M. Descamps, 
Ingenieur Principal de l’Air: “Prevision statistique des avaries 
et calcul des volants et rechanges ,, (“Statistical Prediction of 
Failures and Calculations of Flying and Replacement Aircraft”), 
DOCAERO, Nos. 41 and43, November 1956 and March 1957 (Paris). 
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Similarly, 
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then: 



(f«) = 2 

93.13 

Thus, (t 55 ) is represented by twice the shaded area in Fig. 
If we set 

93.1(b) 


ky = t = fv(t)dt, 

J o 

93.14 


k, = i(7) = f“V(t)dt ; 

93.15 

then: 




Q 

to 

t* 

1 

** w 

93.16 

or 

<*T = V 2k — kl . 

93.17 

2. First example. 



Let us return to the important special case in which ?;(t) is an 
exponential, or: 


v(r) = ; 

93.18 

we find that: 

II 

r d 

o 

I 

<D 

8^_ ^ 

II 

93.19 

Aq 

/ e d« = ~ + ~[e A °' — 1] = ~ e“ A °', 

*0 ^0 -^0 Ao 

93.20 


(7) = i( VVd '= 

93.21 


2 2 1 1 

r A 2 A 2 A 2 * 

(too 

93.22 


1 

<*T = T~ • 

A o 

93.23 


Thus, in this special case, t = crt = l/\j ( a Predictable result, 
see Section 73). The reader can verify that conditions (93.4) and 
(03.7) are satisfied. 

3. Second example. 

Suppose that ?y(t) is an exponential, and that an operating limit 
is imposed at time t = 0. 
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We find: 


v (t ) = e~ A ° f 0 < t< 6 
= 0 t>6. 


/e~ v dr =- — 


e~ A ° e i _ q 


q =- e 


A„ 


A 0 


e” A ° r — q 


<P(t) = - fe~ l *du = - 

(O<(<0) /o *o "0 




1 — q 


/e-V d , = 0 


<t>»> A, 

( 7 ) = 2 fnDdt = 2 £ A 


0 e A °'—<? 


d t 


= 77 [1 — q — qOX J, 

/to 

<4 = 

0 A 0 


A 2 


[1 — 2<70Ao - <7 2 ] 


ory = — y' 1 — 2qdA 0 — q 2 . 

Ao 


93.24 

93.25 

93.26 

93.27 

93.28 


93.29 


93.30 

93.31 


4. General formula for calculating moments. 

To calculate the moments of the distributions h(t) such that 
h(t) = 0 for t < 0, which is the case here, we shall use the Carson- 
Laplace transformation. 

One of the properties of this transformation gives: 



mi 

93.32 

We have: 



M n = f 9 t n h(t)dt = lim^ 

J o u n h(u)du . 

93.33 

If h(t) is exponential and tends uniformly toward zero 
then we may write: 

as t -* co, 

M n = lim [‘ u n h{u)du = (“ 

t ---- « J 0 * -*■ 0 

* ds n L s J 

93.34 


a formula which conveniently gives all the moments. 
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93.43 
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( , & n 
M n ■= l«m (- 1)”+' — 

J ->o i d$ w 




n\X o 


s h ™o (s + A 0 ) n+1 >’ 


_ n! 93 0 44 


2. Second example (already calculated; see 93.24). 
Let: 


v(/) = Q— X 0 f 
= 0 


0 < /< (9 

t>e. 


93.45 


with: 


We have: 


= v(0) = e* 


-A„0 


93.46 


m = 






s + 


(1 — qe~ sf >). 


__J__ (1 _ 9e - 5 8)l = 1 (1 _ „) 

S + A o Aq 


4- X Q 


(1 — qe~ 6 


>]-!« 


q — qdX 0 ) 


93.47 

93.48 

93.49 


Section 94 

PROBABILITY OF A TOTAL OPERATING LIFE H FOR N 
IDENTICAL EQUIPMENTS 

Let us consider N identical equipments, whose survival curve, 
v{t)> is known, and for which we set an operating limit of 0. What 
is the total number of operating hours, H,that we can hope for from 
these N equipments? 

If T t , T 3 .T^ is the random operating life of each of these N 

equipments, the total number of operating hours, H, is the sum: 

H = 7\ + T % + ... + T n> 94.1 

of these N independent random variables. It follows that H is a 
random variable itself, whose mean and variance are: 

h — ?i -f- fa I - ••• H - ?jv — 94.2 

or* = a* + cr> + ... + or* = No*. 

H T T Tn T 


94.3 
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If N is sufficiently large, then the variable H obeys a Gaussian 
(normal) law, no matter what the y(t) survival function may be. 
Taking the reduced variable: 


H — h 


we obtain: 

Pr(\b\ >/) = —-— r e- w * /2 d u. 94.5 

V2n ' 

As a concrete example, let us take the value 0.1 for this proba¬ 
bility; a table of the complementary Gaussian error function gives 
as the value of t: 


t - 1.645. 


Thus, we can write: 


Pr f ^ 1.645 ^ = 0.9 


The parenthesis and inequality in the first member of (94.7) can 
be written: 

£— 1.645 a H ^ h + 1.645 a H > 94.8 


Nt — 1.645 ^/N a T ^ H < Ni + 1.645 V Not . 94.9 

There is thus a probability of 0.9 that H will lie between Nt - 

1.645 /TT and Nt + 1.645 /TT^. 

Let us take as a numerical example the case in which y(t) is an 
exponential function with an operating limit of 0: 


v(f) = e A ° f 0 ^ / < 6 

= 0 / > 0 , 


94.10 


where: 


A„ = 10~’ and 0 = 1,000 hours. 


94.11 

94.12 


From this we derive: 


q - e“ A * 9 = e- 1 - 0.368, 


94.13 
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t 


1 — q 

A 0 


1 — 0.368 

f0=3 


= 632 hours, 


94.14 


o T = -L y' 1 — 2<?@ A 0 — tf 2 — 358 hours. 94.15 

Ao 

Assume we have 100 equipments of this type (considering 100 
as a large number). For these 100 equipments: 

h = M = 63.200 hours, 94.16 

a H — y/jv o T = 3580 hours. 94.17 

The inequalities give: 

57,320 hours ^ 69,080 hours. 94.18 

All of which can be translated: the probability that the total number 
of operating hours before failure of these 100 equipments lies be¬ 
tween 57,320 and 69,080 hours is 0.9. 


Section 95 

ANALYTICAL STUDY OF THE PROBABILITY 
OF CONSUMPTION 

1. General explanation.—2. Example. 

1. General explanation. 

We shall now retrace, almost exactly, the discussion given in 
Section 45, but this time as applied to a continuous curve v{t) a 

The probability Fb (t) of zero consumption, i.e. of no replace¬ 
ment (m = 0), is obviously v(t): 

Po(t) = v(/). 95.1 

To calculate p, (t), we write that there is one and only one case 
of breakdown (or replacement at the operating limit) in the interval 
between 0 and t. In other words: a replacement occurs at an instant 
u, which lies between 0 and t; from then on, there are no more re¬ 
placements between u and t. Now, the probability that there will be 
a breakdown (or replacement at the operating limit) between the 
ages u and u + du is i(u)du, or -dy(u). Furthermore, the probability 
that the replacement equipment installed at instant u will operate 
without breakdown between u and t is y(t-u). The probability that 
both of these conditions will be realized is: 
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i(u)du • v{t — u) = v(t — u) • i(u)du 
= — v(t — w)dv(w). 

Now, we must consider all the possibilities of breakdowns of 
the first equipment installed at various times, u, between 0 and t, 
and then take the sum of the corresponding probabilities: 

Pi (0 = £ v(t — u)i(u)du — — jf v(j — u)dv(u). 95.3 

More generally, there is a recurrence formula giving p m (t) 
as a function of p m-1 (t). For a consumption of m equipments in 
the interval between 0 and t, it is necessary and sufficient that 
there be a replacement (due to breakdown or the operating limit) 
at some instant u between 0 and t, and that, between u and t, m - 1 
machines be consumed. Thus: 


Pm(t) — f 9 Pm-lit — 

= — X Pm-tit 


u) • i(u) du, 
— u) dv(w), 


95.4 


with: 


Poit) ~ v(/). 95.5 

Integrals (95.4) are Stieltjes integrals, and define a simple proc¬ 
ess constituting a Markov chain. To calculate these successive 
integrals, we shall use the Carson-Laplace transformation.* 
Let us set: 


&pmi0 = p «( j ), sevit) = v(s), seat) - m 

and let us recall the covering theorem (Borel theorem). 

If: 

( 95.6 
< 95.7 
( 95.8 

then: 

H,is) = if h t {t) and H 2 (s) = if A a (/), 

95.9 

95.10 


--- = if J o hiiu) * h 2 it — u) du 



= Se j' hiit — u)*hM du. 

95.11 


*(See the footnote at the end of Section 55.) Instead of the letter 
p usually employed, we shall use the letter s, so as to avoid con¬ 
fusion with the letter p already used to represent probabilities: 


gis) = ^h(t) = sje~ 8t hit)dt. 
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Taking the transforms of (95.4) and (95.5), we obtain: 


ns)-m x> ^ Pmr-xto-m 

Pi(s) - -, Pm(s) =-- 

s s 


95.12 

95.13 


It is also necessary to calculate the transform of: 


v(0 = 1 — // ; 


95.14 


which gives: 




95.15 


Now we are able to calculate P a , P 3 .P m . 


Pa — v 


Pi = — VI 
s 


P , = 1 Pl I = 1 VP 

s s 2 


95.16 


= —— VI m 


or, as a function of V only: 


2. Example. 


Pa — V 

Pi « i/(i - k) 

/% = v{\ - * 0 5 


p™ - v{\ - vy 


Suppose: 


v(0 = e - *o' ; 


95.18 


95.19 
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*See, for example, D. Papin and A. Kaufmann, “Coursde Calcul 
Operationnel (Transformation de Carson-Laplace)” “Course in 
Operational Calculus (Carson-Laplace Transformation),” Paris. 
Albin Michel. 

**This is legitimate: the module of 1 - V is always less than 1 
(see footnote * ** on page 453). 
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453 


0 + AoP +l 


Hence: 

Pr(>m) - (1 - 
otor 

Returning to the case in which y(t) is exponential: 

/ 5 C l+1 

Pr (> m) « (l -y+xj 
A table of transforms gives: 

(>") “irr f 

) t ,n ' 

We can readily check that: 

Pr (>0) — J^ o/ e _w d« “ 1 — e_Xot “ 1 ~~ Poti) 


Pr 

otor 


dw . 


95.26 


95.27 


95.28 


95.29 


We shall use a particularly convenient method* to calculate 
m(t) and a m 

00 

w(r) = S mpm{t), 

m = 1 


95.30 


hence: 


MO) = S /w PmO) 

m= 1 


S K(1 — V) m 

m = 1 


= V(l — V) S «I(1 - K) m “ 

/fl= 1 


Consider the identity: 


(1 - xY 


= 1 + 2x + 3* 2 + ... + mx m 1 + ... 


95.31 


95.32 


where x < 1; this development can be applied to (95.31), since the 
module** of 1 - V is always less than 1. This gives us: 


♦This method was developed by Ingenieur Principal Descamps 
(see Bibliography). 

**In effect: 

1 _ v — and — = f i(0 e~ st dr 

s s 0 

!//sU f” j(r> I *' er st | dr < /" .X 0 H e-'M dr < /“ /« | dr« 1 

' -V ' 0 0 

where c = the real part of s. 
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MO) = V(1 — V)- 


1 

[1 _ (1 — V)Y’ 


or, finally: 


MO) 



1 

V 


In the example where v(t) = e~^o^, this would yield: 


MO) 


s + A 0 
s 

S 2.o 


h 
r » 
s 


95.33 


95.34 


95.35 


and hence: 


m(t) = 2ot\ 95.36 

which brings us back to (95.22). 

To calculate M 8 (s), we proceed as follows:* 


M 2 0) = 2 m 2 V(l — V) m = V(1 — V) 2 /w*(l — F)W-1 95.37 

m 1 /w — 1 

Now, using these developments: 


y(x) = * + 2* 2 + 3x 3 + ... + rnx m + ... 
where 0< *< 1, and: 


x 


0 - xy 


95.38 


y’(x) = \+4x + 9x 2 + „.+m t x m - l + ... 
where 0 <C x <C 1; 


1 + * 
0 - xf 


95.39 


We have: 


co 

2 


m = I 


/n 2 (l — K) w ' 


2 — K 
V 3 


95.40 


*We do not feel there is any possible confusion between our use 
of M to designate the random variable and the use of the same 
capital letter to indicate the Car son-Laplace transform of m. 
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It follows that: 


_ (2 — V) „ 2 3 

M*(s) — V(l — V) — - =!+-„ — 


V 8 


F a 


cr^ = Zr 1 — lL~ l M(s)f . 


Still in the example y(t) = e~\>t: 

v = VT17’ ™‘7 + 4 


- Ao 

M<» = — 

S 


L-'[M*(s)) = X.t + tit 2 , JL - 1 [M (^)] 3 = tit 2 . 
o‘i = /lo/. 


95.41 

95.42 


95.43 

95.44 

95.45 

95.46 

95.47 

95.48 


Section 96 

CASE OF ALREADY-USED EQUIPMENT 

In Section 46 we established that the survival function of used 
equipment was: 


Let us now examine a few important special cases: 


1 ) 

then: 


v(/) = e~V t > 0 , 

v(t + a) = x> o, 

v(a ) = 


VaW 


v(t + a) 
v(a) 


A 0 (t + a) 

e~ V 


= e~V 0 . 


96.1 

96.2 

96.3 

96.4 

96.5 


Thus, the conditional probability of survival in the case of ex¬ 
ponential deterioration is equal to y(t). 

2) v (t) = e-kt t>0 96.6 


We have: 


v a (/) = er 2kat e &f ‘ 


t > 0 . 


96.7 
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3) 

we have: 


v(0 = 



= o 


0^ / < k 
t 


v a(0 = 1-:- 0 < t < k — a 

k — a 

~ 0 t ^ k — a . 


96.8 


96.9 


4) Lastly, if the survival curve is exponential, and if an operating 
limit is introduced at time 0(0 > a): 


V(t) — 

= 0 

then: 

v a (t) = e~ Ao/ 

= 0 

To calculate the consumption probabilities, we use formulas 
(95.3) and (95.4), with the appropriate modifications. 

If only the first equipment is initially used: 

r t 

Plit) = J o v{t — u) i a (u) du , where i a (t) = — v ' a (t), 96.12 

r l 

Pm(t ) — J p m -i(t — «)/(«) d« . 96.13 

0 


0 ^ t < 6 
t>6 ; 


0 < t < 6 — a 
t > 6 — a. 


96.10 


96.11 


Let us pose: 

= Pm(s), £?v(t) = V(s), gi{t) - /(j). 96.14 

After calculation, we have: 


Pm = -jj- 96.15 

or: 

- F(1 — Va) (1 - V )™~*. 96.16 

If all the succeeding equipments are used to the same degree at 
the time they enter service: 
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/• t 

pxit) = j v a (t — u) i a (u) du , 

J 0 

ft 

Pm(t) = J 0 Pm-i(.t — u) • /»(«) d« , 


and 


" a 1 a 


or: 


Pm - K a (l — Va) m . 


96.17 

96.18 


96.19 


96.20 


Section 97 

CONSUMPTION PROBABILITY FUNCTION FOR N 
IDENTICAL ITEMS OF EQUIPMENT 

Let there be N items of equipment having, at t - 0, the respective 
ages: 


a lf cc 2 , a.N • 


97.1 


Suppose that, from the beginning of their operating lives, the 
assemblies in which these items are installed have completed: 


ti, tz, tN 


97.2 


hours (or any other unit of time) of service. Letting m* represent 
the mean total consumption of these items of equipment, we have: 


m* — miOO + nizitz) 4- ... + tn N (t N ). 97.6 

Let us examine the special case in which the object is to predict 
the total consumption, m*, when the N assemblies in which the N 
items of equipment are installed have all completed the same number 
of hours of operation, while at the start of the measured times, the 
age distribution ai (i - 1, 2,..., N) is defined by a function /i(a) 
such that the number of items of equipment whose age lies between 
o' and # + 6a is N/j(o!)do?. 

Under these conditions: 


fOO 

m*(t) = iV m(t)‘p(a) da 


97.4 
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and its Carson-Laplace transform will be: 

f WMa) da. 97.5 

This formula is very useful in computing the distribution of ages 
in miscellaneous equipment. (See ref. F-10 in the Bibliography.) 


Section 98 

METHOD OF NUMERICAL EVALUATION OF STIELTJES 
INTEGRALS * 

Stieltjes integrals, such as: 

fit) = £ hir)r'(t — T)dT = £ h(t — T) • r'(t) dr 

a 98.1 

= £ h i f ~ r)drir), 

play a fundamental role in the theory and calculations of replace¬ 
ment problems. The availability of a method for their numerical 
evaluation is thus of some importance; we suggest the following. 

Let us recall Poncelet’s formula for evaluating a definite in¬ 
tegral: 


f t tf(r)dT=e{*(ie)+*(| f ) + ...+£•[(„_£)*]}, 98.2 

where the interval from 0 to t has been divided into n equal parts 
such that ne = t (see Fig, 98.1); obviously, the precision of the cal- 
culation improves as the value of n is increased. 

Setting: 


git) = r'(t — ryhir), 9g o 3 

let us use (98.2) to evaluate the integrals: 

fise) - £ Se g(r)dt , 98.4 

for s = 1, 2, 3.n; i.e. in the intervals e, 2e, 3e,..., ne. 

*This method was communicated to us by Professor J. Kuntz- 
mann, Director of the Calculation Laboratory of the Universitv of 
Grenoble. * 
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Fig. 98.1 


5 * 1 , t = e, f g(i)dt = e h{\e) r\\e)> 

98.5 

s = 2, t = 2e, f g(r )dr * e[h<&e)r f (|e) + h(%e) r' (Jf)], 

•'o 

98.6 

, = 3 f = 35, f g(t)dT = e[/i(Je)r / (ie)+/i(3«)?* , (|e)+A(!e)'r , (ie) 

•'o 

98.7 

5 = 4, f = 4e, J g(t)dx—e[h(^e)r'(^e)~\-h(^e )• r'(|e)+/z(|^)r'(|^) 

98.8 

+A(|e)T / (4«)l, 


s — n f t — rie, f g(r)dr=e[h(^e)r'{(n —J)e}+/i(|e)T'{(« |r)e} 

98.9 


+... +/*{(*- t)e} • r'(le)+h{(n-i)e} • r%e )\. 

In certain research problems, one takes the functions f(t) and 
h(t) in (98.1) as given, then calculating r ; (t) and from this, r(t); 
the preceding formulas permit finding r'(t) directly. We have: 


. /(e) 
r( &- eh(le)’ 

98.10 

. /(2e) A(fc) , 

r ' < ^' ) - eA(ie) h(ie) r(ie) 

98.11 

- f<?e) H\e) Hie) 

r ^ ~ eh$e) h(\e) ^ * 

98.12 

. 

. 

98.13 
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We have thus found the n values of r / (t), which then allows us 
to plot the curve. 

The curve r(t) will be determined by discrete values as follows: 

Kie) = Ur'de) + r'iO)]-±e 98.14 

Kfe) = r(i«) + \e) + r'i%e)]e, 98.15 

r(|e) = r(le) + + r'&e)]-e, 98.16 

r((n-i)e) - /*((«—|)e) + ±[r'((« -%)e) + r'((«-|)e)].e. 98.17 

The value r'(0) which has not been evaluated, and which is very 
important, is easily obtained. 

Let us recall two more theorems concerning the Carson-Laplace 
transformation: 

If: 

H 1 (S) = seh x {0 and H t (s) = S£ A,(/) , 98.18 


—- f h x iu) hi(t — u)du 
cu J0 

= ^ 4 / — «) 6 s (w) dtt . 


98.19 


otherwise: 



if H(s) ?= ^fA(0, 

then: 


98.20 

Jim //(» = lim /*(/). 

1*1 — o 

So we can write, after having posed: 

98.21 

F t ( S ) = serw, h{s) => s?h(t) 9 

R x is) - see it) 

98.22 

Fi(s) = H^-R^s) 

* 

98.23 

lim Fx(j') — lim H(s) • 

I J | —► oo 1 s 1 —*• oo Is 

lim Riis ). 

| -* 00 

98.24 

Let us assume that 



h{t) = 1, 


98.25 

*The three functions, f'(t), h(t), and 
towards a limit when t -+ oo. 

r'(t) tend monotonically 
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then: 


lim FxO) = lim i?iO) 

|S| oo I s\ -* oo 


or: 

and, finally, we obtain: 


lim f'(i) = lim r'(t) 
t > o t -> o 


98.26 

98.27 


/'(0) - r'(0), 98.28 

which means that the curves f(t) and r(t) have the same slope at 
the origin. 


Section 99 

ANALYTICAL STUDY OF THE SUPPLY FUNCTION 
1. General explanation,—2, An important special case. 

1. General explanation. 

Suppose that the survival function is given in the form of a 
continuous function, v{t), and let us return to the description given 
in Section 47. 

If no replacement is made: 

nit) = No v(r). 99.1 

Let us call f(t) the utilization function. If r(u) is the number of 
equipments replaced up to time u, the differential: 

t'(u)du 99.2 

gives the number of objects replaced in the interval u to u + du. 
The function: 


r'(t) 


99.3 


will be called the supply rate. 

The number of equipments from this supply lot surviving at a 
future time t will be: 

r'(u)du x v(t — u ) — r'iu)'vit — u)du. 99.4 

The total number of equipments in service at time t, including 
those surviving from the initial lot, will be: 
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r t 

fit) = N 0 v(t ) + r'{u)'v(t — «)d«. 99,5 

This equation is of a very familiar type. It is a Volterra integral 
equation of the second kind, having the kernel r'(t). When N, = 0 
this integral is said to be of the first kind. ^ 

Taking the Carson-Laplace transform of this equation, we set: 


F( S ) = ns) = x(s) = <e r (i). 

( 99.6 
< 99.7 


( 99.8 

we have: 


F(») = N, V(s) + R ' (S) ' K(i) 

s 

99.9 

where 


R'(s)=&r'{t) and not dR(s)/ds. 

99.10 

From (99.9) we derive: 


R'(s) - s F ~ y No V . 

99.11 

We know R(s) at once, since: 


™ - *• 

99.12 

therefore: 


R'(s) = sR(s) — */•(<)). 

99.13 

We have: 


r(0) - o, 

99.14 

hence: 


R'(s) = . 

99.15 

Let us put (99.15) into (99.9); we have 


F = N 0 V ■+ R V, 

99.16 


hence: 



99.17 
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Thus, it is possible, knowing f(t) and y(t), to determine r'(t) and 
r(t) analytically. 

The integral equation (99.5) can be used in another way. Suppose 
that we have measured f(t) and r(t); it is then possible, by means of 
(99.17), to obtain p(t). 


v - 


F 

N 0 + R 


99.18 


hence: 



v(/) 




F(s) 

No + R(s) 


99.19 


It may be noted that the equip¬ 
ment survival function can be 
found if the utilization function 
(arbitrary) and the supply func¬ 
tion (measured or known from 
accounting records) are known. 
This is an important fact, allow¬ 
ing us to state that the equipment 
survival function can be meas¬ 
ured indirectly in this fashion. 


2. An important special case, 
Suppose that: 


and 


we have; 


/(/) = 0 

= N, 


v(t) - 0 


Therefore; 



t < 0 

99.20 


t 5? 0 



t < 0 

99.21 

-V 

t > 0 ; 



s 

99.22 

», V(S) = - 

s + lo 

99.23 

No 

_ Nolo 


s/(s + Ao) 

0 s 

99.24 

r(t) = Noht 


99.25 

r'{t) = Nolo* 


99.26 
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, We note that in the case where f(t) is a constant, the supply rate 
f is constant and equal to , which is the failure rate. If f(t) 

is constant and equal to N 0 and the supply rate is equal to , then 
the survival function is the exponential p(t) = e->o K 

Numerical evaluation of the solutions of Volterra equations 
such as (99,5) can readily be accomplished by the method given 
in Section 98. 


Section 100 

ASYMPTOTIC VALUE OF THE MAINTENANCE RATE 
If: 


fit) — = const,, 100,1 

then the function R(s) can be written: 

m - iV 0 100.2 

or: 

*'(,) = jv tS LzI. 100.3 


The function: 


= 100.4 

in the case where f(t) = N 0 = const., is called the maintenance rate. 
We shall now show that r'(t) approaches a finite limit as t -> co and 
that we can thus distinguish, in the supply situation, a transitory 
state (or period) and a quasi-permanent state. 

Let us recall the theorem: 


lim h(t) — lim g{s) 

t -> os , 5! -*■ 0 


100,5 


where: 


g(s) = Sehii)> 100.6 

provided that h(t) satisfies certain analytical conditions which we 
shall not repeat here but which are verified for y(t) functions, which 
are monotonically decreasing. 
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We shall then write: 


lim 


r'it) 

N 0 


lim 

s\ 0 


R\s) 

No 



= lim 
ij; -*■ o 


s 

V ’ 


100.7 


but: 


v 

s 


= v(u)du 


100.8 


and: 


v / r t 

lim — = lim ££ l v(u ) d u — lim / v(«) d u 

S| 0 --> S 1 s j -*■ 0 t - 1* 00 *'° 


- X"v( 0* = r 


100.9 


Thus: 


lim 


r'(t) 

N 0 


fvMt 


100.10 


which expresses the fact that the 
maintenance rate is equal, for suf¬ 
ficiently large values of t, to the 
inverse of the mean survival time. 
Fig. 100.1 shows the general shape 
of the curve representing the 
maintenance rate. 

One may say that maintenance 
is in a permanent state when the 
maintenance rate is practically 
constant. It can be convenient to 
introduce a time, tp erm , after which this quasi-constant value would 
be considered to mold. This might be defined arbitrarily as the 
point at which variations are less than 1 per cent of the limit value. 
Generally, tp erm /t is very large, and it is rarely found that mainte¬ 
nance will be in the permanent state throughout the entire period of 
equipment utilization. 

We may note that the results obtained by means of (100.7) 
can be computed directly by taking the derivative of the Volterra 
integral: 



A 

No = No v(/) + r'(u ) • v(t — u ) d u. 


100.11 



Conclusion 


Our aim in this book has been to present methods and models 
capable of solving economic management problems, never pre¬ 
tending that the reader can apply such methods without the exercise 
of reflection, analysis, and judgment on his part. No one becomes 
an analyst simply by having read a book; rather, this can only make 
one aware that problems of economic management are illuminated by 
truly scientific analysis. 

The material we have presented must be called modest indeed 
when one considers the five or six thousand articles and other works 
already produced by a thousand or more excellent analysts working 
in this field. Our desire has only been to make a contribution of 
some usefulness. We have been concerned to keep the discussion 
as simple as possible, and hope we have not thereby too greatly 
distorted the complex aspects presented by such problems as they 
actually arise. But one must begin somewhere: to classify and 
analyze complicated phenomena one must use simple ideas and 
basic concepts. Through this book, the reader may have begun to 
crystallize some of these key ideas; his interest in operations 
research and his thirst for knowledge will do the rest. If the re¬ 
ception of the present book warrants, we shall be led to extend 
and complete these developments in future works. 

Some will consider it inopportune or premature to have pre¬ 
sented, for engineers and others interested directly or indirectly 
in economic organization and management, methods that are still 
in the process of evolving. But if this were true, one could never 
learn anything, since everything changes continually. One of the 
strongest attractions of operations research, as of all scientific 
research, is the sense of adventure and discovery—with all its 
false turnings and traps, but also with the satisfactions that come 
with one’s solution of a problem, even minor and fragmentary. But 
today’s major problems will, without doubt, be the minor problems 
of tomorrow. 
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BINOMIAL DISTRIBUTION 

B r = Cr p r(\ - p )n-r 


The following table gives several values of B r . To read the 
values of B r corresponding to p = 0.90 or p = 0.95, for example, 
replace r by n - r, and refer in the table to the column q = 1 - p = 
1 - 0.90 = 0.10, orq=l-p = l- 0.95 = 0.05, respectively. 


H 

P (or q) 

ft 

n 


P (or q) 


R 

P (or q) 1 

1 

0.05 0.10 0,50 



0.05 0.10 0.50 

R 



1 

0 

0.950 

0.900 

0.500 


l 

0.050 

0.100 

0.500 

2 

0 

0.902 

0.810 

0.250 


1 

0.095 

0.180 

0.500 


2 

0.002 

0,010 

0.250 

3 

0 

0.857 

0.729 

0.125 


1 

0.135 

0.243 

0.375 


2 

0.007 

0.027 

0.375 


3 

0.000 

0.001 

0.125 

4 

0 

0.814 

0.656 

0.062 


1 

0.171 

0.291 

0.250 


2 

0.013 

0,048 

0.375 


3 

0,000 

0.003 

0.250 


4 

0.000 

0.000 

0.062 

5 

0 

0.773 

0,590 

0.031 


1 

0,203 

0,328 

0,156 


2 

0,021 

0.072 

0,312 


3 

0,001 

0.008 

0.312 


4 

0,000 

0,000 

0.156 


5 

0.000 

0.000 

0.031 

6 

0 

0.735 

0,53 r 

0.015 


1 

0.232 

0.354 

0.093 


2 

0.030 

0.098 

0.234 


3 

0.002 

0.014 

0.312 


4 

0.000 

0.001 

0.234 


5 

0.000 

0.000 

0.093 


6 

0.000 

0.000 

0.015 

7 

0 

0.698 

0,478 

1 X 007 


1 

0.257 

0.372 

0,054 


2 

0.040 

0.124 

0.164 


3 

0.003 

0.023 

0.273 


4 

0.000 

0.002 

0.273 


5 

0.000 

0.000 

0.164 

6 

0,000 

0.000 

0.054 

ILt 

0.000 

0,000 

0,007 


8 

0 

0.663 

0.430 

0.003 


1 

0,279 

0.148 

0.109 


2 

0.051 

0.382 

0.031 


3 

0.005 

0,033 

0,218 


4 

0.000 

0.004 

0.273 


5 

0,000 

0,000 

0.218 


6 

0.000 

0.000 

0,109 


7 

0,000 

0.000 

0.031 


8 

0.000 

0.000 

0.003 

~ 9 ~ 

0 

0.630 

0.387 

0.002 


1 

0.298 

0.387 

0.017 


2 

0.062 

0.172 

0.070 


3 

0,007 

0,044 

0,164 


4 

0.000 

0.007 

0.246 


5 

0.000 

0.000 

0.246 


6 

0.000 

0.000 

0.164 


7 

0.000 

0.000 

0.070 


8 

0,000 

0.000 

0.017 


9 

0,000 

0.000 

0.002 

10 

n<r 

0.598 

0.348 

"oool 


i 

0.315 

0,387 

0.009 


2 

0.074 

0.193 

0.043 


3 

0.010 

0.057 

0.117 


4 

0.000 

0,011 

0.205 


5 

: — 

0.001 

0.246 


6 

: — 

0,000 

0,205 


7 

; — 

— 

0.117 


8 

— 

— 

0.043 


9 

— 

— 

0,009 


10 

— 

— 

0,001 


0 

0.463 0.205 0.000 

1 

0.365 0.343 0.000 

2 

0.134 0.266 0.003 

3 

0.030 0.128 0,013 

4 

0.004 0.042 0.041 

5 

0.000 0.010 0,091 

6 

— 0.001 0,152 

7 

— 0.000 0.196 

8 

— — 0.196 

9 

— — 0.152 

10 

— — 6.091 

11 

— — 0,041 

12 

— — 0,013 

13 

— — 0.003 

14 

— — 0,000 

15 

— — 0.000 

0 

0.358 0.121 0,000 

1 

0,377 0.270 0.000 

2 

0.188 0.285 0.000 

3 

0.059 0.190 0.001 

4 

0,013 0.089 0.004 

5 

0,002 0.031 0,014 

6 

0.000 0.008 0.037 

7 

— 0,002 0,073 

8 

— 0.000 0.120 

9 

— — 0.160 

10 

— — 0,176 

11 

— — 0,160 

12 

— — 0.120 

13 


14 


15 

— — 0,014 

16 

— — 0.004 

17 


18 


19 


20 
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PROBABILITY DENSITY OF GAUSS’S LAW 


p(x) = 


1 


e -** 2 


±X 

pipe) 

±x 

p(x) 

±x 

Pi.x ) 

±x 


±x ! 

p(x) 

0,00 

0.398 

0,80 

0,289 

1.60 


2,40 

0.022 

3,20 

0.002 

0.02 

0.398 

0.82 

0.285 

1,62 

0.107 

2,42 

0.021 

3,22 

0.002 

0,04 

0.398 

0,84 

0.280 

1.64 

0.104 

2,44 

0,020 

3,24 

0.002 

0.06 

0.398 

0.86 

0.275 

1,66 

0,100 

2.46 

0.019 

3,26 

0.002 

0.08 

0.397 

0.88 

0.270 

1.68 

0,097 

2,48 

0.018 

3.28 

1 0 001 

0.10 

0.397 

0.90 

0.266 

1,70 

■SSI 

2.50 

0.017 

3,30 ! 

0,001 

0,12 

0.396 

0,92 

0.261 

1.72 

m 

2,52 

0.016 

3.32 

0.001 

0,14 

0,395 


0,256 

1.74 

0.087 

2.54 

0.015 

3.34 

0.001 

0.16 

0.394 

0,^6 

0.251 

1.76 

0,084 

2,56 

0,015 

3,36 

0,001 

0.18 

0.392 

0.98 

0.246 

1.78 

0.081 

2,58 

0,014 

3,38 

0,001 

0.20 

0,391 


0,242 

1.80 

, 0.079 

2.60 

0.013 

3,40 

0.001 

0.22 

0,389 

1.02 

0,237 

1,82 

0.076 

2.62 

0.012 

3,42 

0.001 

0.24 

0.387 


0,232 

1.84 


2.64 

0.012 

3.44 

0.001 

0.26 

0.385 

1,06 

0,227 

1.86 


2.66 

0,011 

3.46 

0.001 

0.28 

0.383 

1,08 

0,222 

1.88 

0.068 

2.68 

0.011 

3.48 

0,000 

0.30 

0.381 

1.10 

0,217 

1.90 

0,065 ! 

2,70 

0.010 

3,50 

— 

0.32 

0,379 

1,12 

0.213 

1,92 

0,063 

2.72 

0,009 

3,52 

— 

0,34 

0.376 

1,14 

0.208 

1.94 

0.060 

2.74 

0.009 

3.54 

— 

0.36 

0.373 

1,16 


1.96 

0,058 

2.76 

0,008 

3.56 

— 

0.38 

0,371 

1,18 

0,198 

1,98 

0.056 

2.78 

0,008 

3.58 

— 

0.40 

0.368 

1.20 

0,194 

2,00 


2.80 

0.007 

3.60 

— 

0,42 

0.365 

1,22 

0,189 

2,02 

0.051 

2,82 

0,007 

3.62 

— 

0,44 

0,362 

1,24 

0,184 

2,04 

0.049 

2.84 

0,007 

3,64 

— 

0.46 

0,358 

1.26 

0,180 

2.06 

0.047 

2.86 

0.006 

3.66 

— 

0.48 

0.355 

1,28 

0,175 

2,08 

0.045 

2,88 

0.006 

3,68 

— 

0.50 

0,352 

1,30 

0,171 

2.10 

0.044 

2.90 

0,006 

3.70 

— 

0,52 

0,348 

1,32 

0,166 

2,12 

0,042 

2.92 

0.005 

3.72 

— 

0,54 

0.344 

1,34 

0.162 

2.14 

0,040 

2.94 

0.005 

3,74 

— 

0,56 

0.341 

1,36 

0.158 

2.16 

0,038 

2,96 

0,005 

3.76 

— 

0,58 

0.337 

1.38 

0.153 

2.18 

1 

2,98 

0.004 

3.78 

— 

0.60 

0.333 

1.40 

0,149 

2.20 

Hn 1 1 

3.00 

0.004 

3.80 

— 

0,62 

0.329 

1,42 

0,145 

2,22 

HK! 9 

3,02 

0.004 

3,82 

— 

0,64 

0.325 

1,44 

0,141 

2,24 

HSR 19 

3.04 

0.003 

3.84 

— 

0.66 

0.320 

1,46 

0,137 

2.26 

HJT: ■ 

3,06 

0.003 

3,86 

— 

0.68 

0.316 

1,48 

ESSI 

2.28 

0.029 

3.08 

0.003 

3.88 

— 

0.70 

0.312 


m&M 

2,30 


3,10 

0.003 

3.90 

— 

0.72 

0.307 

1.52 

0.125 

2,32 

HoREEl 

3,12 

0.003 

3.92 

— 

0.74 

0.303 

1,54 

0,121 

2.34 

0.025 

3.14 

0,002 

3.94 

— 

0.76 

0.298 

1,56 

0,118 

2.36 

0,024 

3.16 

0,002 

3.96 

— 

0.78 

0.294 

1.58 

0.114 

2.38 

0,023 

3.18 

1 

o' 

3,98 

— 
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FUNCTION OF GAUSS’S LAW 


m 



2 dX 


X 

P { x ) 

X 

p <*) 

X 

P ( x ) 

X 

P(x) 

X 

P(x) 

— 3.00 

0.001 

— 1,18 

0,119 

— 0.38 

0,352 

0.42 

0.663 

1.22 

0,888 

— 2.90 

0.002 

— 1,16 

0,123 

— 0,36 

0,359 

0,44 

0,670 

1,24 

0.892 

— 2.80 

0.003 

— 1,14 

0,127 

— 0,34 

0,367 

0,46 

0,677 

1,26 

0.896 

— 2.70 

0,003 

— 1.12 

0,131 

— 0.32 

0.374 

0.48 

0.684 

1,28 

0,900 

— 2.60 

0,005 

— 1.10 

0,136 

— 0.30 

0,382 

0,50 

0.691 

1,30 

0,903 

— 2.50 

0.006 

— 1,08 

0,140 

— 0,28 

0,390 

0,52 

0,698 

1.32 

0.907 

— 2.40 

0.008 

— 1,06 

0,145 

— 0.26 

0.397 

0,54 

0,705 

1.34 

0,910 

— 2.30 

0.011 

— 1,04 

0.149 

— 0.24 

0,405 

0.56 

0,712 

1,36 

0,913 

— 2.25 

0.012 

— 1,02 

0,154 

— 0,22 

0.413 

0,58 

0.719 

1,38 

0,916 

—2.20 

0,014 

— 1,00 

0,159 

— 0,20 

0.421 

0,60 

0,726 

1,40 

0.919 

— 2.15 

0,016 

— 0,98 

0,164 

— 0,18 

0,429 

0,62 

0,732 

1,42 

0,922 

—2.10 

0,018 

— 0.96 

0,169 

— 0,16 

0,436 

0.64 

0,739 i 

1.44 

0.925 

— 2,05 

0,020 

— 0,94 

0,174 

— 0.14 

0,444 

0,66 

0,745 

1,46 

0.928 

—2,00 

0,023 

— 0,92 

0.179 

— 0,12 

0.452 

0,68 

0,752 

1.48 

0.930 

— 1,95 

0,026 

— 0,90 

0.184 

— 0,10 

0.460 

0.70 

0,758 

1,50 

0.933 

— 1,90 

0,029 

— 0,88 

0.189 

— 0.08 

0.468 

0,72 

0,764 

1,54 

0,938 

— 1,85 

0,032 

— 0,86 

0,195 

— 0,06 

0,476 

0,74 

0,770 

1,58 

0.943 

— 1.80 

0,036 

— 0,84 

0,200 

— 0.04 

0,484 

0,76 

0,776 

1.62 

0.947 

— 1,75 

0,040 

— 0,82 

0.206 

_0,02 

0.492 

0,78 

0,782 

1.66 

0.952 

— 1.70 

0.045 

— 0,80 

0.212 

0 

0.500 

0,80 

0,788 

1.70 

0,955 

—1.66 

0.048 

— 0,78 

0,218 

0.02 

0,508 

0,82 

0,794 

1.75 

0.960 

— 1,62 

0.053 

— 0.76 

0,224 

0.04 

0.516 

0,84 

0,800 

1,80 

0,964 

— 1.58 

0,057 

— 0.74 

0,230 

0,06 

0.524 

0,86 

0,805 

1,85 

0.968 

— 1.54 

0,062 

— 0,72 

0,236 

0.08 

0,532 

0,88 

0,811 

1.90 

0.971 

— 1.50 

0.067 

— 0.70 

0,242 

0.10 

0,540 

0,90 

0,816 

1.95 

0.974 

— 1,48 

0.069 

— 0.68 

0.248 

0,12 

0.548 

0.92 

0,821 

2.00 

0,977 

— 1.46 

0,072 

— 0.66 

0,255 

0.14 

0,556 

0,94 

0,826 

2,05 

0,980 

— 1,44 

0.075 

— 0,64 

0,261 

0,16 

0.564 

0.96 

0.831 

2,10 

0,982 

— 1.42 

0.078 

— 0,62 

0.268 

0.18 

0,571 

0,98 

0.836 

2,15 

0.984 

— 1,40 

0,081 

— 0.60 

0,274 

0,20 

0,579 

1,00 

0.841 

2,20 

0,986 

— 1,38 

0,084 

— 0.58 

0,281 

0.22 

0,587 

1,02 

0,846 

2.25 

0,988 

— 1.36 

0,087 

— 0.56 

0.288 

0,24 

0,595 

1.04 

0,851 

2.30 

0.989 

— 1.34 

0,109 

— 0.54 

0,295 

0,26 

0,603 

1,06 

0,855 

2.40 

0,992 

— 1.32 

0,093 

— 0,52 

0.302 

0,28 

0,610 

1,08 

0,860 

2,50 

0.994 

— 1,30 

0,097 

— 0.50 

0,309 

0.30 

0,618 

1,10 

0.864 

2,60 

0.995 

— 1,28 

0,100 

— 0,48 

0.316 

0.32 

0.626 

1.12 

0,869 

2,70 

0.997 

— 1.26 

0,104 

— 0,46 

0.323 

0.34 

0.633 

1,14 

0.873 

2.80 

0.997 

— 1.24 

0,107 

— 0,44 

0.330 

0,36 

0,641 

1,16 

0,877 

2,90 

0,998 

—1,22 

0,111 

— 0.42 

0.337 

0,38 

0.648 

1,18 

0,881 

3.00 

0.999 

—1.20 

0.115 

— 0.40 

0.345 

0.40 

0.655 

1,20 

0.885 
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EXTRACT FROM THE TABLE OF THE PEARSON y s 
DISTRIBUTION FUNCTION 


Cumulative function P = 



fix*) 


(^2) (1-/2- 1) e — jc 8 /2 

2^T^T~ 


f(X) 


o 






\ p 

V \ 

P « 0,99 

P - 0.95 

P = 0.90 

*0 

II 

£ 

° 

P == 0.05 

__ 

1 

C '-' 0 

0 

0.01 

2.70 

3.84 

6.63 

2 

0.02 

0.10 

0.21 

4.60 

5.99 

9.21 

3 

0.11 

0,35 

0.58 

6.25 

7.81 

11,3 

4 

0,29 

0.71 

1.06 

7.77 

9.48 

13.2 

5 

0.55 

1.14 

1,61 

9,23 

11.0 

15.0 

6 

0,87 

1.63 

2,20 

10.6 

12,5 

16,8 

7 

1,23 

2,16 

2.83 

12.0 

14.0 

18,4 

$ 

1,64 

2.73 

3,49 

13,3 

15.5 

20.0 

9 

2.08 

3.32 

4.16 

14,6 

16,9 

21,6 

10 

2,55 

3.94 

4.86 

15.9 

18.3 

23.2 

11 

3,05 

4.57 

5.57 

17,2 

19.6 

24.7 

12 

3,57 

5,22 

6.30 

18.5 

21,0 

26.2 

13 

4,10 

5.89 

7.04 

19,8 

22,3 

27,6 

14 

4,66 

6,57 

7.79 

21,0 

23.6 

29.1 

15 

5.22 

7.26 

8,54 

22.3 

24,9 

30.5 

16 

5,81 

7,96 

9,31 

23,5 

26.2 

32.0 

17 

6,40 

8.67 

10.0 

24.7 

27,5 

33.4 

18 

7,01 

9.39 

10,8 

5.9 

28.8 

34.8 

19 

7,63 

10,1 

11.6 

27,2 

30.1 

36.1 

20 

8.26 

10,8 

12.4 

28.4 

31.4 

37.5 

21 

8,89 

11.5 

13.2 

29.6 

32.6 

38.9 

22 

9,54 

12.3 

14,0 

30.8 

33,9 

40,2 

23 

10,1 

13.0 

14,8 

32,0 

35.1 

41.6 

24 

10,8 

13.8 

15.6 

33.1 

36,4 

42.9 

25 

11.5 

14.6 

16.4 

34.3 

37.6 

44.3 

26 

12,1 

15,3 

17,2 

35,5 

38.8 

45.6 

27 

12.8 

16,1 

18.1 

36.7 

40.1 

46.9 

28 

13.5 

16.9 

18,9 

37.9 

41.3 

48.2 

29 

14.2 

17,7 

19,7 

39.0 

42,5 

49.5 

30 

14.9 

18.4 

20,5 

40,2 

43.7 

50.8 


For degrees of freedom y > 30, use the formula: 
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EXTRACT FROM THE TABLE OF THE FISHER-SNEDECOR 
F DISTRIBUTION FUNCTION 


/ WJ 

<pQ) dA 

r ' 


<p(F)= 


I\\(v l + »,)] F '/2( v i- 2 ) r j' /j ’ 1 1>, 1/2 "' 

nivdrQvM't + 


P = 0.05 



\ 







100 

’ 

\ 


2 

3 

4 

5 

10 

00 

to 

/ 









1 

161 

200 

216 

225 

230 

242 

253 

; 254 

2 

18.5 

19,0 

19.2 

19.3 

19.3 

19.4 

19.5 

19.5 


10,1 

9,55 

9,28 

9.12 

9.01 

8.79 

8.55 

8,53 


7,71 

6,94 

6.59 

6,39 

6.26 

5,96 

5.66 

' 5.63 


6.61 

5,79 

5.41 

5.19 

5.05 

4.74 

4.41 

4.37 

10 

4,96 

4,10 

3.71 

3.48 

L 33 “ 

2.98 

2.59 

' 2.54 

100 

3,94 

3.09 

2,70 

2.46 

2.31 

1.93 

1.39 

1.28 

OO 

3.84 

3.00 

2.61 

2.37 

2.21 

f , 84 ~ 

1.24 

“XoT 


P = 0,01 


1 2 3 4 5 10 100 oo 


1 I Values greater than 1,000 


2 


99.0 

99.2 

99.2 

99.3 

99.4 

99.5 

99.5 

3 

34.1 

30.8 

29.5 

28.7 

28.2 


26.2 

26.1 

4 

21.2 

18.0 

16.7 

16.0 

15.5 


13.6 

13,5 

5 

— 

13.3 

12.1 

11.4 

11,0 


9.13 

9.02 

10 

10,0 

7.56 

6.55 

5.99 

5.64 

4.85 

4.01 
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This bibliography provides a selection of titles chosen from 
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ations research, as surveyed in June, 1958. The size of this 
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VIII— Works published after the preparation of this book. 
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VII, below, for information concerning sources): 
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